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PREFACE 


Secondary  School  Mathematics  Grade  Ten  is  the  fourth  text  published  in 
the  Copp  Clark  Modern  Mathematics  series  from  Grade  7  through  Grade 
12.  The  preliminary  editions  of  this  book  have  been  in  trial  use  for  the 
past  two  years,  and  this  edition  reflects  the  suggestions  and  experience 
gained  from  this  experimental  use.  It  also  reflects  the  recent  developments 
in  curriculum  planning. 

The  text  has  been  written  to  provide  a  two-stage  introduction  to  the 
Modern  Mathematics  program.  Classes  that  have  not  been  taught  new 
mathematics  prior  to  Grade  10  should  be  able  to  master  quickly  the 
bridging  material  which  provides  the  background  necessary  for  the  new 
approach.  These  students  should  then  be  able  to  complete  many  of  the 
new  topics  covered  in  the  text. 

Classes  that  have  been  introduced  to  the  new  program  at  the  Grade  9 
level,  or  earlier,  should  not  find  it  necessary  to  spend  as  much  time  on  the 
review  sections  and  should  be  able  to  complete  the  entire  program. 

The  emphasis  in  this  text  is  on  the  understanding  of  general  principles 
and  processes.  To  give  insight,  meaning,  discovery,  and  understanding 
their  proper  significance,  many  discovery  sections  and  exercises  are 
included.  Well-organized  practice  examples  also  provide  an  opportunity 
for  the  student  to  work  independently  and  then  compare  his  work  with 
models  provided  at  the  back  of  the  book.  Although  more  attention  has 
been  given  to  mathematical  ideas  and  thinking  than  in  the  past,  the 
authors  have  kept  in  mind  that  students  must  develop  an  adequate  mastery 
of  the  skills  of  algebra. 

Throughout  the  study  of  geometry,  the  emphasis  is  on  the  nature  of 
reasoning  and  on  the  development  of  the  basic  rules  of  inference  employed 
in  logical  thinking.  Analysis  of  deductions,  both  symbolic  and  geometric, 
has  a  key  place  in  this  development.  A  comprehensive  section  of  solu¬ 
tions,  which  contains  the  analyses  and  proofs  of  many  deductions,  makes 
it  possible  for  the  student  to  compare  and  assess  his  original  discoveries, 
to  develop  his  power  of  perception  and  his  ability  to  think  independently. 
The  introduction  of  the  basic  rules  of  inference  provides  the  background 
necessary  for  courses  in  logic  in  subsequent  grades  and  for  understanding 
the  logical  organization  of  mathematics. 
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SETS 


A*1  The  concept  of  a  set.  From  earliest  times  people  have  thought  in 
terms  of  sets  or  collections  of  objects:  for  example, 

a  collection  of  books, 
a  collection  of  coins, 
the  members  of  a  family, 
the  set  of  fingers  on  one’s  hand. 

A  set  is  a  well-defined  collection  of  objects. 

Each  object  in  a  set  is  called  a  member  or  element  of  the  set.  The  words 
well-defined  mean  that  it  is  clearly  established  whether  or  not  an  object  is 
included  in  a  particular  set.  In  mathematics  the  members  of  sets  are 
generally  mathematical  objects,  such  as  counting  numbers,  fractions, 
points,  lines,  or  angles. 

Membership  in  a  set  may  be  indicated  in  several  ways : 

(a)  by  stating  a  rule  of  membership  such  as 

(i)  the  set  of  all  odd  whole  numbers; 

(ii)  the  set  of  all  boys  in  a  school; 

(b)  by  using  a  capital  letter  which  suggests  the  defining  rule  of  the  set: 
for  example,  E  might  be  used  to  represent  the  set  of  all  even  whole  numbers ; 

(c)  by  listing  the  members  of  the  set  in  trace  brackets :  for  example,  the  set 
of  all  prime  numbers  between  1  and  20  may  be  written 

P  =  {2,  3,  5,  7,  11,  13,  17,  19} 

which  presents  a  complete  list  of  all  the  members  of  the  set.  The  statement 
is  read,  “P  is  the  set  2,  3,  5,  7,  11,  13,  17,  19”;  the  brace  brackets  symbol 
{  }  is  read,  “the  set  of”. 
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In  the  preceding  example,  P  represents  the  set  whose  members  are  2,  3, 
5,  7,  11,  13,  17,  19.  The  fact  that  3  is  a  member  of  this  set  is  expressed 

3  eP. 

The  symbol  €  (the  Greek  letter  epsilon)  is  read,  “is  a  member  of”  or 
“is  an  element  of”  or  “belongs  to”. 

Write  a  solution  for  each  of  the  following  problems;  compare  your  solutions 
with  those  on  page  463. 

1.  If  A  =  {2,  4,  6,  8,  10) 

(i)  describe  the  set  in  words; 

(ii)  express  in  symbols  the  fact  that  6  is  a  member  of  the  set. 


2. 


State  a  defining  rule  for  membership  in  each  of  the  following  sets: 


(i)  {3,  5,  7,  9} 


A  3  5  71 

|2’  2’  2’  2  / 


3. 


The  concept  of  a  set  implies  that  the  members  are  different  from  each 
other.  How  many  members  are  there  in  each  of  the  following  sets  ? 
Rewrite  each  set  listing  each  element  only  once. 


(i)  { 1,  2,  4,  9}  (ii)  {a,  b,  c,  d,  a)  (iii)  { 1,  1,  1,  2,  2,  2,  2} 

(iv)  jo)  (v)  jo,  2,  3,  4,  3,  2,  o)  (vi)  {a,m,  a) 


A»2  Finite  sets,  infinite  sets,  null  set.  A  set  may  consist  of  any  number  of 
elements.  If  there  is  a  counting  number  which  represents  the  number  of 
elements  in  a  set,  then  the  set  is  a  finite  set  (“finite”  from  the  Latin  finitus 
meaning  “finished”  or  “ended”).  Thus,  a  finite  set  is  a  set  with  a  limited 
number  of  elements. 

The  following  are  examples  of  finite  sets: 

(i)  {xi,  x2,  x3\  is  a  finite  set  with  three  members; 

(ii)  { 2,  4,  6,  8,  ...  ,  100 }  is  a  finite  set  with  fifty  members; 

(iii)  { alf  02,  o3,  .  .  .  ,  On }  ,  where  n  represents  some  counting  number,  is 
a  finite  set  with  n  members. 

The  three  dots  .  .  .  are  used  to  indicate  the  continuing  nature  of  the 
set  and  in  example  (ii)  imply  the  even  numbers  between  8  and  100. 

The  set  of  all  even  numbers  between  10  and  12  contains  no  members. 
The  set  of  all  prime  factors  of  27  which  are  greater  than  6  also  has  no 
members.  Sets  with  no  members  are  said  to  be  empty  sets,  and  each  is 
referred  to  as  the  null  set.  The  null  set  is  represented  by  the  Greek  letter 
phi,  0.  Thus, 

(i)  the  set  of  all  even  numbers  between  10  and  12  is  0; 

(ii)  the  set  of  all  prime  factors  of  27  greater  than  6  is  0. 


Sets 


3 


Sets  which  are  neither  finite  nor  null  are  called  infinite  sets  (not  finished, 
unlimited)  and  are  usually  designated  by  a  rule  of  membership  or  verbal 
description.  The  membership  of  an  infinite  set  may  be  implied  by  listing 
some  members  in  brace  brackets  and  using  three  dots  to  indicate  that  the 
membership  suggested  by  the  listing  is  unending.  The  following  are 
examples  of  infinite  sets : 

(i)  the  set  of  all  counting  numbers  is  { 1,  2,  3,  4,  .  .  . } ; 

(ii)  the  set  of  all  odd  numbers  is  { 1,  3,  5,  7,  .  .  . } ; 

(iii)  the  set  of  all  even  numbers  is  { 2,  4,  6,  8,  ... }  . 

A*3  Identical  sets  and  equivalent  sets.  Two  or  more  sets  are  said  to  be 
identical  if  they  have  exactly  the  same  members.  Thus,  the  sets 

A  =  { x,  y,  z }  and  B  =  { x,  z,  y } 

are  identical.  The  members  are  not  written  in  the  same  order,  but  this  is 
not  important  since  membership  is  not  concerned  with  the  order  of  listing. 
To  express  the  idea  that  set  A  is  identical  to  set  B,  we  write 

{x,  y,  z},_=  {x,  z,  y\ 
or  A  =  B. 


Each  of  the  sets 

A  =  {a,  b,  c}  and  B  =  { m,  n,  p } 

has  the  same  number  of  elements,  but  the  elements  are  different.  Such 
sets  are  said  to  be  equivalent.  If  the  symbol  n{  }  is  defined  to  mean  the 
number  of  elements  in  the  set,  then  we  may  write 

n  { a,  b,  c }  =  n  { m,  n,  p } 
or  n(A)  =  n(B) 

where  A  and  B  represent  the  two  sets  respectively. 

Exercise  A-l 

(A) 

State  the  members  of  each  of  the  following  sets: 

1.  The  set  of  all  even  numbers  between  3  and  9. 

2.  The  set  of  all  natural  number  divisors  of  12. 

3.  The  set  of  all  prime  numbers  between  23  and  29. 

4.  The  set  whose  members  belong  to  both  {  —  3,  —  2,  —  1,  0}  and 
{0,  1,2,3}. 


4 


Review  A 


State  the  number  of  elements  in  each  of  the  following  sets: 

5.  {1,2,2,3,4,3,3,1,2|  6.  {7,  7,  7,  6}  7.  {0} 

8.  {a,  a,  b,  b,  b,  c}  9.  [a,  a2,  b,  b,  b,  b2}  10.  {  } 

State  a  rule  which  describes  the  set  in  each  of  the  following: 

11.  {2,4,6,8,10}  12.  ji,  |  |  |...j  13.  {3,6,9,12,...} 

14.  {1,4,9,16,25,36,49,64,81}  15.  ji,  j 

16.  Classify  the  following  sets  as  finite,  infinite,  or  null : 

(i)  all  odd  natural  numbers  less  than  25; 

(ii)  the  natural  numbers;  (iii)  all  squares  between  50  and  60; 

(iv)  the  set  of  all  factors  of  120;  (v)  the  set  of  all  multiples  of  5. 


(B) 

17.  List  (i)  equivalent  sets  (ii)  identical  sets,  from  the  following: 

A  =  {4,  5,  6,  7,  8}  B={a,b]  C  =  { 2,4} 

D  =  { 7 }  E  =  {0}  F  =  {100,  101} 


G  —  0 


— <2 


I  =  {6,  4,  7,  5,  8} 


19. 

20. 
21. 

22. 


List  the  members  of  the  following  sets  in  brace  brackets: 

18.  The  set  of  all  prime  numbers  less  than  24. 

The  set  of  all  multiples  of  9  between  30  and  35. 

The  set  of  all  natural  number  divisors  of  60. 

The  set  of  all  proper  fractions  whose  numerators  and  denominators 
are  chosen  from  U  =  {3,  4,  7,  11 }. 

A  circle  separates  all  the  points  on  a  page  into  three  sets.  Describe 
these  point  sets  in  words. 

23.  In  the  accompanying  figure,  the  circle  and  the  rectangle  separate  all 
points  on  the  page  into  sets  indicated  by  the  letters  A,  B,  C,  D,  E , 
and  F.  Give  a  description: 

(i)  for  the  set  A ; 

(ii)  for  the  set  F; 

(iii)  for  the  set  which  includes  the 
sets  C  and  B  only; 

(iv)  for  the  set  which  includes  the 
sets  D  and  E  only. 
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A»4  Subsets.  If  A  =  {2,  3  j  and  B  =  { 1,  2,  3,  4,  5} ,  then  A  is  said  to  be 
a  subset  of  B,  because  every  member  of  set  A  is  also  a  member  of  set  B.  This 
is  expressed  by  the  symbols  ACjB  read,  “A  is  a  subset  of  B”. 

Using  this  definition  of  a  subset,  do  the  following  problem  and  compare 
your  solution  with  the  one  on  page  4G3. 

1.  List  all  the  subsets  of  the  set  A  =  { a,  b,  c,  d]  and  thereby  determine 
the  number  of  subsets  of  A. 


A»5  Venn  diagrams.  Sets  are  sometimes  represented  pictorially  by  the 
type  of  diagram  illustrated  in  Figures  A-l  to  A-5.  In  considering  two 
sets,  A  and  B,  all  the  members  of  set  A  may  be  represented  by  points 
within  or  on  the  circle  marked  A,  and  all  the  members  of  set  B  by  points 
on  or  within  the  circle  B. 


Fig.  A-l 


Any  relationship  that  may  exist  between  the  members  of  A  and  B  can 
be  indicated  by  the  positioning  of  the  circles  with  respect  to  each  other. 
In  Fig.  A-l  the  two  circles  are  completely  separate  or  distinct  from  each 
other.  This  signifies  that  the  two  sets  A  and  B  have  no  members  in  common. 
Such  sets  are  said  to  be  disjoint  sets. 

In  Fig.  A-2  (a)  the  circle  B  is  entirely  within  circle  A,  which  signifies 
that  B  is  a  proper  subset  of  A :  that  is,  B  c:  A.  In  Fig.  A-2  (6)  the  circles 
A  and  B  coincide,  which  signifies  that  A  and  B  are  identical :  that  is,  A  =  B. 

In  Fig.  A-3  the  circles  A  and  B  partially 
overlap.  This  signifies  that  some,  but  not 
all,  members  of  B  are  also  members  of  A, 
and  vice-versa.  The  shaded  portion  of  the 
diagram  corresponds  to  those  members  which 
belong  both  to  set  A  and  to  set  B.  This 
set  of  elements  is  called  the  intersection  or 
intersection  set  of  A  and  B  and  is  indicated 
symbolically  by  A  fl  B  read,  “ A  intersect  pig 

B ”  or  “ A  cap  B ”  or  the  “intersection  of 
A  and  B ”.  The  word  “and”  is  also  used 
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to  imply  the  intersection  of  two  sets.  Thus,  A  fl  B  may  also  be  written 
“A  and  B”. 


The  intersection  of  two  sets  A  and  B  is  the  set  of  all  elements  which 
belong  both  to  set  A  and  set  B. 

Write  a  solution  to  the  following  problem ;  compare  your  solution  with  that 
on  page  463. 

!•  A  =  {a,  b,  c,  d,  e] ,  B  =  {c,  d,  e,  f,  g,  h},  C  =  {/,  g,  h} 

(i)  Draw  a  diagram  to  illustrate  how  the  sets  A  and  B  are  related. 

(ii)  List  the  elements  in  A  fl  B  and  shade  the  diagram  to  illustrate 
this  set. 


(iii)  Draw  a  diagram  to  illustrate  how  sets  A  and  C  are  related. 

(iv)  What  is  meant  by  11 A  and  R”  ? 

(v)  List  the  elements  in  B  fl  C. 

(vi)  How  is  C  related  to  B  ?  Draw  a  diagram  to  illustrate  your  answer. 

In  Fig.  A-4-  the  circles  A  and  B  also  overlap  partially.  The  shaded 
portion  includes: 

(i)  the  members  of  set  A ; 

(ii)  the  members  of  set  B ; 

(iii)  the  members  belonging  both  to 

A  and  B. 

This  set  is  called  the  union  or  union  set  of 
sets  A  and  B  and  is  designated  symbolically 
by  A  U  B  which  is  read,  “A  union  R”  or 
“A  cup  B ”  or  “the  union  of  A  and  R”.  The 


word  “or”  is  also  used  to  imply  the  union 
of  two  sets.  Thus,  A  U  B  may  also  be 
written  “ A  or  R”. 


Fig.  A -4 


The  union  of  two  sets  is  the  set  of  all  elements  which  belong  to  at 
least  one  of  the  two  sets. 

Write  a  solution  to  the  following  problem;  compare  your  solution  with  that 
on  page  464. 

2.  A  =  {1,2,  3,  4},  B  =  \ 3,4,5,61,  C  =  {7,8,9} 

(i)  Draw  a  diagram  to  illustrate  how  set  A  and  set  B  are  related. 

i 

(ii)  List  the  elements  in  A  U  B.  (Remember,  elements  are  listed 
only  once.) 

(iii)  Shade  the  diagram  to  indicate  A  or  B. 

(iv)  Draw  a  diagram  to  illustrate  how  set  B  and  set  C  are  related. 

(v)  List  the  elements  in  B  or  C. 

(vi)  Shade  the  diagram  to  illustrate  B  U  C. 
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(vii)  Under  what  circumstances  is  n{B  U  C)  =  n(JS)  +  n(C)  ? 

(viii)  Find  n(A  U  B )  . 

Two  sets  A  and  B  in  some  particular  situation  may  be  subsets  of  some 
general  set.  For  example,  the  sets 

A  =  {2,  4,  6,  8)  and  B  =  { 1,  3,  5,  7,  10} 
are  subsets  of  the  general  set,  the  set  of  all  counting  numbers 

U  =  { 1,  2,  3,  4,  . . . } . 

The  general  set  contains  all  the  objects  being  considered  in  a  particular 
situation  and  is  referred  to  as  the  universal  set  U.  It  is  usually  represented 
in  a  diagram  by  a  rectangle.  The  sets  A  and  B  are  usually  represented  by 
circles  within  the  rectangle. 


Fig.  A-5 

For  example,  in  Fig.  A-5 , 

U  might  represent  all  the  boys  in  your  school; 

A  might  represent  all  the  boys  in  your  class; 

B  might  represent  all  the  boys  who  play  hockey  in  your  school. 

Since  the  circles  A  and  B  overlap,  the  figure  illustrates  that  some  of  the 
boys  in  your  class  play  hockey.  These  boys  are  the  members  of  the 
intersection  set  A  f!  B. 

This  use  of  circles  originated  with  an  eighteenth-century  Swiss  mathe¬ 
matician  named  Leonhard  Euler  (1707-1783).  The  circles  are  often  re¬ 
ferred  to  as  Euler  circles.  John  Venn,  an  English  mathematician  (1834- 
1923),  made  use  of  the  same  type  of  figure  in  his  writings  on  logic.  He 
did  not  restrict  himself  to  circles  but  used  any  closed  figure.  These  dia¬ 
grams  are  often  referred  to  as  Venn  diagrams. 

Write  solutions  to  the  following  problems;  compare  your  solutions  with 
those  on  page  464. 

3.  Make  a  Venn  diagram  to  illustrate  how  the  following  sets  are  related; 
list  the  members  of  (i)  A  f)  B  (ii)  A  U  B. 

U  =  {all  letters  in  the  alphabet  j 
A  =  {a,  c,  e,  g,  i}  B  =  {a,  b,  c,  d,  e,  f} 
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4.  Given  the  following  sets : 

A  =  { 1,  2,  3,  4,  5,  6,  7,  8,  9}  B  =  { 1,  3,  5,  7,  9} 

C  =  {2,4,  6,  8}  D={  2,  3,  5,  7} 

(a)  Which  of  the  following  relations  are  true  ? 

(pci  (ii)  CCA 

(iii)  DCi  (iv)  0  c  A 

(b)  List  the  sets  described  below : 

(i)  A  U  B;  A  PI  B  (ii)  A  U  C;  A  fl  C 

(iii)  B  U  C;  B  fl  C  (iv)  A  U  D;  A  fl  D 

(v)  C  U  D;  C  D  D  (vi)  (B  U  C)  U  D 

(c)  State  the  number  of  subsets  of : 

(i)  A  (ii)  B  (iii)  C  (iv)  D 

Exercise  A-2 

(B) 

Draw  Venn  diagrams  to  illustrate  how  the  following  sets  are  related: 

1.  (i)  A  =  {p,  q,  r,  s,  t,  v,  w}  B  =  [m,  n,  o,  p,  t,  w,  x,  y} 

U  =  {all  letters  of  the  alphabet } 

(ii)  Shade  the  area  representing  A  or  B. 

2.  A  =  {all  students  in  Grade  9  classes  at  Middletown  High  School) 

B  =  {all  Grade  9  students  at  Middletown  High  School  who  take 
French) 

U  =  {all  students  of  Middletown  High  School) 

3.  Given  the  following  sets 

A  =  {all  boys  taking  Grade  10  Latin ) , 

B  —  {all  Grade  10  boys  on  the  football  team ) , 

U  =  {all  Grade  10  boys), 

draw  a  Venn  diagram  to  illustrate  each  of  the  following  possibilities 

(i)  No  football  player  takes  Latin. 

(ii)  All  Grade  10  football  players  also  take  Latin. 

(iii)  Some,  but  not  all,  boys  taking  Latin  also  play  football. 

4.  Given  the  following  sets 

U  is  the  set  of  all  students  in  your  high  school, 

G  is  the  set  of  all  students  in  your  grade, 

B  is  the  set  of  all  students  who  play  basketball, 
draw  Venn  diagrams  to  illustrate  each  of  the  following: 
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(i)  All  students  who  play  basketball  are  in  your  grade. 

(ii)  No  students  who  play  basketball  are  in  your  grade. 

(iii)  Some  students  who  play  basketball  are  in  your  grade. 

(iv)  Only  those  students  who  are  in  your  grade  play  basketball. 

(v)  All  students  in  your  grade  play  basketball. 

Use  Venn  diagrams  to  solve  the  following  problems: 

5.  In  a  class  of  32  students,  each  of  whom  must  take  English  or  History, 
20  take  English,  9  take  both  English  and  History.  How  many  take 
History  ? 

6.  There  are  38  cars  on  a  dealer’s  lot;  25  have  automatic  transmissions, 
and  20  have  power  steering.  How  many  of  these  cars  have  both 
automatic  transmission  and  power  steering  ? 

7.  At  a  certain  university,  all  freshmen  must  take  English  or  Philosophy. 
If  180  take  English  and  152  take  Philosophy,  how  many  freshmen 
are  there  for  each  of  the  following  situations  ? 

(i)  No  freshman  can  take  both  English  and  Philosophy. 

(ii)  Both  courses  may  be  taken,  and  32  freshmen  take  both  English 
and  Philosophy. 

8.  If  28  girls  belong  to  the  basketball  team,  19  girls  belong  to  the  swim¬ 
ming  team,  and,  of  these,  6  girls  belong  to  both  the  basketball  team 
and  the  swimming  team,  how  many  box  lunches  would  be  required  to 
feed  both  teams  ? 

9.  In  one  neighbourhood  the  set  of  people  each  owning  a  sports  car  is 
{Jcfties,  Larkin,  Smith,  Brown,  White,  Ross,  Miller};  the  set  of 
people  each  owning  a  station  wagon  is  {Larkin,  Woods,  Reilly, 
Stephens,  Jones} ;  and  the  set  of  people  each  owning  a  family  car  is 
{Jones,  Clark,  Anderson,  Woods,  Smith,  Reilly,  Brown,  Howard, 
Hughes}  .  Draw  a  Venn  diagram  to  show  the  names  of  the  people 
owning  one  car,  two  cars,  or  three  cars. 

10.  In  preparing  a  timetable  for  a  class  of  38,  the  following  facts  are 
known:  25  pupils  take  History,  27  take  French,  28  take  Algebra.  Of 
these,  20  take  both  History  and  French,  23  take  both  French  and 
Algebra,  and  21  take  both  History  and  Algebra.  Among  these  there 
are  18  who  take  all  three  subjects.  How  many  pupils  take  (i)  'only 
French  (ii)  only  Algebra  (iii)  none  of  these  three  subjects? 

11.  In  a  survey  of  100  people,  43  said  they  watched  television  pro¬ 
gram  A,  55  watched  program  B,  and  45  watched  program  C.  Of 
these,  15  watched  programs  A  and  B,  25  watched  programs  B  and  C, 
and  20  watched  programs  A  and  C.  This  includes  8  who  watched 
all  three  programs.  How  many  of  these  people  did  not  watch  any 
of  the  three  programs  ? 


Review 


NATURAL  NUMBERS  AND  ZERO 
INTEGERS 


B»1  The  set  of  natural  numbers.  The  set  of  natural  numbers,  invented 
for  counting  purposes,  is  represented  symbolically  by 

N  =  { 1,  2,  3,  4,  ... }  . 

The  following  are  the  properties  of  the  natural  number  system. 


If  a,  b,  c  e  N,  then 


ADDITION 

Closure  Law  a  -f  b  represents  one  and  only 
one  natural  number  (CIA) 

Commutative  Law  a-\~b  =  b-{-a  ( CA ) 

Associative  Law  (a+h)+c  =  a+(b+c)  (AA) 


MULTIPLICATION 

ab  represents  one  and 
only  one  natural  num¬ 
ber  ( CIM ) 

ab  =  ba  (CM) 

(ab)c  =  a(bc)  (AM) 


Distributive  Law  a(b  +  c)  =  ab  -f-  ac  ( D ) 

Identity  Element  |  Unity 


The  number  1  (or  unity)  has  the  special  property  with  respect  to 
multiplication  that 

ii  a  e  N,  then  aXl  =  lXa  =  a. 

Thus,  1  is  called  the  identity  (or  neutral)  element  for  multiplication. 

The  inverse  (undoing)  operations  of  subtraction  and  division  are 
defined  in  terms  of  addition  and  multiplication  respectively. 

10 


11 


Natural  Numbers  and  Zero ,  Integers 
If  a,  b,  x  e  N,  then 

a  —  b  =  x  if  and  only  if  a  =  b  +  X 

and 

a  +  b  =  x  if  and  only  if  a  =  b  X  x . 

The  set  N  is  not  closed  under  subtraction  or  division,  and  these  opera¬ 
tions  are  neither  commutative  nor  associative. 

B»2  The  set  of  natural  numbers  and  zero.  The  natural  numbers  together 
with  zero  form  the  set  of  whole  numbers  (No). 

No  =  {0,  1,  2,  3,  4,  .  .  .} 

Operations  involving  zero  are  defined  as  follows: 

a.  Addition  and  subtraction. 

If  a  e  No,  then 

ct  +  0  =  0  +  a  =  a. 

Since  the  sum  of  zero  and  any  whole  number  is  that  number  itself, 
zero  is  called  the  identity  (or  neutral)  element  for  addition. 

Since  subtraction  is  the  inverse  of  addition, 

a  —  0  =  a  and  a  —  a  —  0 . 

b.  Multiplication. 

If  a,  b  €  No,  then 

b  +  0  =  b  .  (Definition) 

If  No  is  to  be  closed  under  multiplication,  then 

a(b  +  0)  =  a  »b  . 

If  multiplication  is  to  be  distributive  over  addition,  then 

a  •  6  +  a  •  0  =  a  •  6  . 
a  •  0  is  the  identity  for  addition. 

.*.  a  •  0  =  0 

If  multiplication  is  to  be  commutative,  then 

0  •  a  —  0  . 

Thus,  a  •  0  =  0  •  a  =  0 . 

Also,  if  ab  =  0,  then  a  =  0  or  b  =  0. 

c.  Division.  There  are  three  cases  of  division  involving  zero.  Consider 
the  quotient  a  -r-  b,  where  a,  b  e  No  . 

(i)  If  a  =  0,  b  9^  0,  then 

0  -r-  b  =  x,  x  €  No  if  and  only  if  0  =  b  X  x . 

This  is  true  if  and  only  if  x  =  0,  since  b  9^  0  . 

Therefore  0  +  b  =  0  if  beNojb^O. 
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(ii)  If  a  0,  b  =  0,  then 

a  -s-  0  =  x  if  and  only  if  a  =  0  •  x . 

This  is  not  true  for  any  whole  number  represented  by  x. 

Therefore  the  quotient  a  -r-  0,  a  9^  0  is  meaningless. 

(iii)  If  a  —  0,  6=0,  then 

0  -7-  0  =  x  if  and  only  if  0  =  0X2. 

This  is  true  for  every  whole  number  represented  by  x. 

Thus,  there  is  no  unique  whole  number  which  represents  0  -5-  0  . 

Therefore  the  quotient  0  -r-  0  is  indeterminate. 

Division  by  zero  is  not  defined. 

The  number  1  (or  unity)  has  the  special  property  with  respect  to  multi¬ 
plication  that 

if  a  €  No,  then  aXl  =  lXa  —  a. 

Thus,  1  is  the  identity  (or  neutral )  element  for  multiplication. 

No  is  closed  under  the  operations  of  addition  and  multiplication.  These 
operations  are  commutative  and  associative,  and  multiplication  is  distri¬ 
butive  over  addition.  No  is  not  closed  under  the  operations  of  subtraction 
and  division.  These  operations  are  neither  commutative  nor  associative, 
and  division  by  zero  is  not  defined. 

B»3  The  N-line  and  the  No -line.  The  set  of  natural  numbers,  N,  may  be 
represented  geometrically  on  a  number  line  called  an  N-line  {Fig.  B-l). 
Two  points  are  selected  on  a  line  and  the  numerals  1  and  2  associated 
with  them,  as  indicated  in  Fig.  B-l.  Using  this  line  segment  as  a  unit, 
other  points  to  the  right  of  these  are  selected  by  marking  off  unit  dis¬ 
tances  in  succession.  The  numerals  3,  4,  5,  . . .  are  associated  with  these 
points  as  shown.  The  numerals  are  called  the  coordinates  (names)  of  the 
points.  The  number  line  also  illustrates  the  idea  of  order  or  magnitude 
that  is  inherent  in  the  set  of  whole  numbers.  This  is  discussed  in  B-l. 

If  the  coordinates  0  and  1  are  given  to  the  first  two  points  selected,  the 
number  line  pictures  the  set  of  whole  numbers  and  is  called  an  No-line. 

1  2  3  4  5  6  7  8 

N-line 

q  j  2  3  45  6  7 

No-line 
Fig.  B-l 
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B*4  The  set  of  integers.  As  civilization  progressed,  the  natural  numbers 
and  the  whole  numbers  proved  to  be  inadequate: 

(i)  to  represent  opposites,  such  as  profit  and  loss; 

(ii)  to  provide  a  solution  to  equations,  such  as  x  -f-  3  =  0  (that  is,  the 
set  of  whole  numbers  is  not  closed  under  subtraction). 

The  integers,  or  signed  numbers,  were  invented  to  indicate  oppositeness 
in  sense  or  quality.  The  set  of  all  integers,  designated  by  /,  is  represented 
as  follows : 

I  =  {• . —  3,  —  2,  —  1,  0,  +  1,  +  2,  +  3, . . .} 
or  I  —  {  ±a  |  a  e  N}  U  { 0 }  . 

The  +  and  —  signs  are  called  signs  of  quality. 

The  properties  of  (i)  magnitude  and  (ii)  oppositeness  in  sense  or  direction 
with  respect  to  zero  are  indicated  on  an  integer-line,  or  I-line,  in  Fig.  B-2. 
It  should  be  noted  that  zero  is  neither  positive  nor  negative. 

The  whole  number  line  starts  with  a  point  whose  coordinate  is  zero 
and  extends  endlessly  to  the  right  with  certain  points,  a  unit  distance 
apart,  having  natural  number  coordinates.  If  the  extension  of  the  line  to 
the  left  has  unit  distances  marked  off  in  succession  from  the  zero  point 
(origin),  then  corresponding  to  each  marked  point  to  the  right  of  the 
origin  there  is  a  point  an  equal  distance  to  the  left  from  the  origin.  If 
the  points  to  the  right  of  the  origin  are  given  coordinates  +  1  (read, 
“positive  one”),  +  2,  +3,  . . .,  then,  to  indicate  their  oppositeness  in 
sense  or  direction,  the  selected  points  on  the  left  of  the  origin  may  be 
given  coordinates  —  1  (read,  “negative  one”),  —  2,  —  3,  . . .,  as  indi¬ 
cated.  Note  that  all  distances  are  measured  to  the  right  or  left  from  the 
origin. 


Non-positive  Integers 


Non-negative  Integers 


5  -4  -3  -2  -1 


0  +1  +2  +3  +4  +5 


Negative  Integers 


Positive  Integers 


Fig.  B-2 


Fig.  B-2  also  indicates  the  following  important  subsets  of  the  set  of 
integers : 

(i)  the  set  of  positive  integers,  {  +  1,  -f  2,  +  3,  .  . . } ; 

(ii)  the  set  of  negative  integers,  {  —  1,  —  2,  —  3,  . . . } ; 

(iii)  the  set  of  non-positive  integers,  { 0,  —  1,  —  2,  —  3,  . . ; 

(iv)  the  set  of  non-negative  integers,  {0,  -f  1,  +  2,  -f  3,  .  .  . }  . 
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B»5  Addition  in  the  set  of  integers. 

a.  Addition  of  positive  integers.  If  the  positive  integers  are  to  correspond  to 
the  natural  numbers,  it  is  necessary  to  define 

(+  2)  +  (+  3)  =  +  (2  +  3)  =  +  5 
to  correspond  to  2  +  3  =  5. 

In  general,  if  a,  b  e  N,  then 

(+  a)  +  (+  h)  =  +  (a  +  b) . 

This  definition  produces  a  sum  which  is  a  unique  integer,  and  therefore 
the  positive  integers  are  closed  under  addition. 

Examples  like  (+  2)  +  (+  3)  =  +  (2  +  3)  =  +  5 

and  (+  3)  +  (+  2)  =  +  (3  +  2)  =  +  5 

suggest  that  this  addition  is  commutative. 

In  general,  if  a,  b  €  N  since  (+  a)  +  (+  6)  =  +  (a  +  b ) 

and  (+  6)  +  (+  a)  =  +  (b  +  a) 

=  +  (a  +  b)  (CA  in  N) 

(+  a)  +  (+  b)  =  (+  b)  +  (+  a) 

=  +  (a  +  b)  . 

Thus,  addition  of  positive  integers  is  commutative. 

Examples  such  as  [(+  1)  +  (+  2)]  +  (+  3)  =  (+  3)  +  (+  3)  =  +  6 
and  (+  1)  +  [(+  2)  +  (+  3)]  =  (+  1)  +  (+  5)  =  +  6 

suggest  that  addition  is  associative. 

Fig.  B-3  illustrates  the  statement  (+  2)  +  (+  3)  =  (+  5)  . 


£ _ (+2)  +  (+3)  =  +5 _ ^  p 

C . -+- - >D 

A - -2 - >B 

~^i  0  +1  +2  +3  +4  +5  +6  +7  +§- 

Fig.  B-3 

In  Fig.  B-3  the  directed  line  segment  AB  represents  the  integer  (+2). 
This  directed  line  segment  is  called  a  vector.  In  general,  a  vector  is  a 
directed  line  segment  used  to  represent  a  quantity  which  has  the  two  properties 
of  ( i )  magnitude  (ii)  sense  or  direction.  The  length  of  the  vector,  to  some 
scale,  represents  the  magnitude  of  the  quantity,  and  the  arrow  on  the 
vector  represents  its  sense  or  direction.  In  Fig.  B-3,  EF  is  the  vector  sum 
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of  the  vectors  AB  and  CD.  The  vector  sum  of  two  vectors  ( AB  and  CD) 
is  the  single  vector  (EF)  which  is  equivalent  to  the  two  vectors.  This 
sum  is  determined  in  the  manner  illustrated  in  Fig.  B-3. 

b.  Addition  of  negative  integers. 

t  (-2)  +  (-3)  -  -5 

« - -3- - 

^  _  -2 _ 

~A  ^3  -2  "-i  0  +1  +2  +3  +4  +5“ 

Fig.  B-4 

Fig.  B-4  suggests  the  following  definition  for  adding  negative  integers: 

(-  2)  +  (-  3)  =  -  (2  +  3)  =  -  5 
(-  3)  +  (-  4)  =  -  (3  +  4)  =  -  7 
In  general,  if  a,  b  e  N,  then 

(-  a)  +  (-  b)  =  -  (a  +  b) . 

ii , 

Particular  examples  suggest  that  I  is  closed  under  addition,  and  ad¬ 
dition  is  commutative  and  associative. 

c.  Addition  of  positive  and  negative  integers. 

(+3)  +  (-5)  =  -2 

4 - 

* - -5 - 

_ -+-3 _ _ 

-  l  _ 1 _ I  _  i  ■■  -  I  ,  1  ■  ■■  -  .A .  1 

—6  -5  -4  -3  -2  -1  0  +1  +2  +3 

i 

Fig.  B-5 

Fig.  B-5  suggests  the  following  definition  for  adding  positive  and  negative 
integers : 

(+  3)  +  (-  5)  =  -  (5  -  3)  =  (-  2) 

Also,  (+  5)  +  (-  2)  =  +  (5  -  2)  =  (+  3) 

In  general,  if  a,  b  e  N,  then 

(+  a)  +  (-  b)  =  +  (a  -  b)  if  a  >  b 

=  —  (b  —  a)  if  a  <  b . 

d.  Addition  involving  zero.  Zero  is  the  identity  element  for  addition  in  the 

set  of  whole  numbers.  To  extend  this  concept  to  the  set  of  integers,  we 

define  addition  involving  zero  as  follows : 
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If  a  el,  then 

a-j-O  =  O-f-a  =  0. 

Zero  is  the  identity  (or  neutral )  element  for  addition. 

Write  solutions  for  each  of  the  following  problems  and  compare  them  with 
those  on  page  465. 

1.  Using  the  definition  of  addition,  determine  the  following  sums  and  use 
the  examples  to  illustrate  that  addition  is  commutative.  Illustrate 
the  sums  with  vector  diagrams. 

(i)  (+  3)  +  (+  4)  (ii)  (-  2)  +  (-  4)  (iii)  (-  6)  +  (+  3) 

2.  Show  that  each  of  the  following  sums  is  associative  and  illustrate  on 
a  vector  diagram. 

(i)  (+  2)  +  (+  3)  +  (+  4)  (ii)  (—  1)  +  (—  3)  +  (—  2) 

(iii)  (+  2)  +  (-  1)  +  (-  4) 

}  -  'v  .  -  -  * 

These  examples  suggest  that  the  set  of  integers  is  closed  under  addition 
and  that  addition  is  commutative  and  associative. 

e.  Summary  of  addition  of  integers . 

If  a,  b  e  N,  then 

(i)  (+  a)  +  (+&)  =  (+  b)  +  (+  a)  =  +  (a  -f  b); 

(ii)  (-  a)  +  (-  b)  =  (-  b)  +  (-  a)  =  -  (a  +  b); 

(iii)  (+  a)  +  (~  b)  =  (-  b)  +  (+  a)  =  +  (a  -  b)  if  a  >  b 

=  —  (b  —  a)  if  a  <  b  . 

Zero  is  the  identity  (or  neutral )  element  for  addition  of  integers. 

(iv)  If  b  =  a,  then  from 

(iii)  (+  a)  +  (“  a)  =  (—  a)  +  (+  a)  =  +  (a  —  a)  —  0  . 

Thus,  the  integers  may  be  paired  off  (+  1)  and  (—  1),  (-f  2)  and  (—2), 
(+  3)  and  (—  3),  and  so  on,  in  such  a  way  that  the  sum  of  each  pair  of 
integers  is  zero.  The  members  of  these  pairs  are  called  additive  inverses 
or  negatives  of  each  other.  The  additive  inverse  of  zero  is  zero. 


Exercise  B-l 


(A) 


1. 


Find  the  following  sums : 

(i)  +  3  (ii)  -  4 

+  7  -  5 


(iii)  +8 
—  2 


(iv)  —  15 
+  13 
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(v)  —  23 

(vi)  +17 

(vii)  +  32 

(viii) 

-  45 

-  14 

+  24 

-  37 

+  25 

i  b 

4  / 

*  5 

•  c 

(ix)  -  12 

(x)  —  16 

(xi)  +  52 

(xii) 

-  14 

+  19 

-  8 

+  9 

-  6 

1-  <0 1  ~  z  o 

2.  State  the  negatives  of  the  following  integers: 

(i)  +  3  l-i  (ii)  -  35  -I?  (iii)  +  256  (iv)  -  32 

(v)  +  (4  +  7)  (vi)  -  (3  -  2)  (vii)  -  b  (viii)  -  (x  +  y) 

-(<*  +  '?) 

(B) 

3.  Simplify,  then  illustrate  each  of  the  following  with  a  vector  diagram : 

(i)  (+  3)  +  (+  7)  (ii)  (—  5)  +  (—  4)  (iii)  (+  7)  +  (—  6) 

f  3  ^  )  —  (  b  ^  ^  ~  K  ~  \o^) 

4.  Simplify,  then  illustrate  each  of  the  following  with  a  vector  diagram : 

(i)  (+  5)  +  (-  7)  +  (+  3)  (ii)  (-  6)  +  (-  4)  +  (+  8) 

5.  Simplify:""  ^  ^  '  5  ■  4b  ^  “U  ^  { 


(i) 

(- 

3)  +  (+ 

12)  +  (- 

-4) 

(ii) 

(+ 

27)  +  (- 

-  7)  +  (- 

-  13) 

(iii) 

(- 

8)  +  (- 

7)  +  (- 

9) 

(iv) 

(+ 

12)  +  (- 

-  11)  +  (+  13) 

(v) 

(- 

15)  +  (- 

-  14)  +  (+  20) 

(vi) 

(+ 

17)  +  (- 

-  3)  +  (- 

-  14) 

(vii) 

(+ 

3)  +  (- 

2)  +  (+ 

7)  +  (-  8) 

(viii) 

(- 

3)  +  (+ 

5)  +  (- 

6)  +  (-  2) 

(ix) 

(+ 

7)  +  (+ 

10)  +  (- 

-  13)  +  (-  4) 

(x) 

(+ 

32)  +  (- 

-  15)  +  ( 

-  12)  +  (+  7) 

6.  Show  that  [(+  3)  +  (-  4)]  +  (+  9)  =  (+  3)  +  [(-  4)  +  (+  9)] 

(i)  hy  finding  the  sums  (ii)  by  drawing  vector  diagrams 

B»6  Subtraction  of  integers.  Since  subtraction  is  the  inverse  operation 
to  addition,  it  is  defined  as  follows : 

If  a,  b,  c  e  I,  then 

a  —  b  =  c  if  and  only  if  c  -f  b  =  a  , 

That  is,  the  difference  a  —  b  exists  if  and  only  if  an  integer  c  can  be 
found  whose  sum  with  b  is  a.  The  following  examples  suggest  that  the 
integer  c  always  exists  and  indicate  how  it  may  be  determined. 
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ADDITION 

SUBTRACTION 

(inverse) 

addition  producing 

THE  SAME  RESULT 

Since  (+6)+(+2)  =  (+8) 

Since  (+6)  +  (~ 2)  =  (+4) 

Since  (-6)  +  (+2)  =  (-4) 

Since  (— 6)+(— 2)  =  (— 8) 

(+8)  —  (+2)  =  (+6) 

•••  (+4)- (-2)  =  (+6) 

(—4)  —  (+2)  =  (—6) 

/.(— 8)-(— 2)  =  (— 6) 

(+8)+(— 2)  =  (+6) 

(+4)+(+2)  =  (+6) 

(— 4)  +  (— 2)  =  (— 6) 

(-8)  +  (+2)  =  (-6) 

The  third  column  suggests : 

To  subtract  an  integer,  add  its  negative  (or  additive  inverse ). 


B»7  Order  relation  in  the  set  of  integers.  The  idea  of  order  is  inherent 
in  the  set  of  natural  numbers.  Since  they  were  invented  to  count  the 
number  of  objects  in  various  sets,  it  is  natural  when  thinking  of  any  two 
counting  numbers  to  say  that  one  of  these  is  equal  to,  or  is  greater  than 
(>),  or  is  less  than  (<)  the  other  and  that  only  one  of  these  can  be  true. 
In  this  sense  the  natural  numbers  are  ordered,  and  this  order  is  precisely 
defined  as  follows: 

If  a,  b  €  N,  then  a  >  b  if  (a  —  b)  e  N  . 

To  have  the  ordering  of  the  positive  integers  correspond  to  the  ordering 
of  the  natural  numbers  it  is  necessary  to  say: 

If  a,  b  are  positive  integers,  then 

a  >  b  ii  a  —  b  is  a,  positive  integer,  or 

a  >  b  \i  a  =  b  c,  where  c  is  a  positive  integer. 

If  we  extend  this  definition  to  include  all  integers,  then  the  definition 
of  order  in  the  set  of  integers  is : 

If  a,  b  €  I,  then 

a  >  6  if  a  —  6  is  a  positive  integer,  or 

a  >  b  if  a  =  b  +  c,  where  c  is  a  positive  integer. 

The  consequents  of  this  definition  are  illustrated  in  the  following 
examples : 

(i)  all  positive  integers  are  greater  than  zero, 

(+  5)  is  greater  than  zero  since  (+5)  =  0  +  (+  5) ; 

(ii)  all  negative  integers  are  less  than  zero, 

0  is  greater  than  (—5)  since  0  =  (—  5)  +  (+  5); 

(iii)  all  positive  integers  are  greater  than  all  negative  integers, 

(+  5)  is  greater  than  (—5)  since  (+  5)  =  .(—  5)  +  (+  10); 
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(iv)  (+  5)  is  greater  than  (+  2)  since  (+  5)  =  (+  2)  +  (+  3);  this 
corresponds  to  the  ordering  of  the  corresponding  natural  numbers ; 

(v)  (—  2)  is  greater  than  (—5)  since  (—2)  =  (—  5)  +  (+  3)  . 

Since  the  set  of  integers  is  closed  under  addition  and  subtraction,  the 
following  trichotomy  assumption  of  order  is  made : 

If  a,  b  e  I,  then  a<b  or  a  =  b  or  a>b. 

The  geometric  interpretation  of  this  definition  on  a  number  line  is  as 
follows: 


-  ' _ 1 _ | _ 1 _ i _ l _ l _ I _ ! _ i _ i _ 

-*4  -3  I  -2  0  1  2  [  3  4  5 

a  b 

Fig.  B-6 

if  a  >  b,  then  the  point  with  coordinate  a  lies  to  the  right  of  the  point 
with  coordinate  b ; 

if  a  =  b,  then  a  and  b  are  coordinates  of  the  same  point; 

if  a  <  b,  then  the  point  with  coordinate  a  lies  to  the  left  of  the  point 
with  coordinate  b  (Fig.  B-6). 

A  further  consequent  of  the  definition  of  order  is  the  transitive  property 
of  order: 

If  a,b,  c  e  I,  and  a  <  b  and  b  <  c,  then  a  <  c. 

Geometrically  this  means  that  if  a  point  with  coordinate  a  lies  to  the 
left  of  a  point  with  coordinate  b,  which  lies  to  the  left  of  a  point  with 
coordinate  c,  then  the  point  with  coordinate  a  lies  to  the  left  of  the  point 
with  coordinate  c. 


Exercise  B-2 

( The  variables  are  integers.) 

(A) 


Find 

the  following 

sums: 

(i) 

+ 

6 

(ii) 

-  7 

(iii) 

+  7 

+ 

12 

-  13 

-  6 

(iv) 

— 

\% 

18 

(v) 

-  17 

(vi) 

\ 

-  40 

+ 

12 

-  32 

+  20 

V* 

-  4  ^ 

-  VO 

(vii) 

(- 

■  13)  +  0 

-  \S 

(viii) 

(+  35) 

+ 

(+ 

16) 

V  1 

(ix) 

(- 

•  46)  +  (- 

■  64) 

(x) 

(-49) 

+ 

(+ 

57) 

- It  & 
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2. 


3. 


State  the  negative  of  each  of  the  following: 

(i)  (+  4)  (ii)  (-  176)  (iii)  +  (4  +  2) 

(iv)  —  (3  —  2)  (v)  negative  of  (+  5)  5(vi)  negative  of  ( —  7) 

(vii)  (— a )  (viii)  —  (a  +  b )  (ix)  —  (—  a  —  b) 

Find  the  following  differences: 


(i) 

+ 

6 

(ii) 

+ 

17 

(iii)  - 

•  18 

+ 

3 

— 

14 

5 

(iv) 

+ 

16 

(v) 

+ 

52 

(vi)  - 

10 

— 

27 

+ 

25 

■  20 

(vii) 

(- 

-  15)  - 

-  (+  12) 

(viii) 

(+  27) 

-  (- 

35) 

(ix) 

(- 

-  32)  - 

-  (-  37) 

(x) 

(-  72)  ■ 

—  (+ 

100) 

(B) 


4.  Simplify,  then  illustrate  each  of  the  following  with  a  vector  diagram : 


(i) 

(+  4)  +  (—  6)  +  (+  3) 

(ii) 

(-  7)  +  (+  3)  +  (- 

1) 

(iii) 

(-  1)  +  (-  2)  +  (-  2) 

(iv) 

(-  5)  +  (+  3)  +  (+  2) 

5.  Simplify : 

(i) 

(+  2)  +  (-  3)  +  (-  4) 

(ii) 

(+  1)  -b  (+  4)  +  (— 

6) 

(iii) 

(-  1)  +  (-  5)  +  (+  4) 

--£^iv) 

(+  6)  +  (-  7)  +  (+  12)  +  (- 

15) 

(v) 

(-  2)  +  (-  4)  +  (+  3)  +  (+  3) 

-Mvi) 

(-  5)  +  (+  14)  +  (0)  +  (-  6) 

6.  Simplify  each  of  the  following  by  first  replacing  each  subtraction 
operation  by  addition  of  a  negative : 

(i)  (+4)-(-f(3)  (ii)  (+5)  -(-2) 

(iii)  (-  2)  -!(+  4)  -1(-  5)  (iv)  (—  .3 (-$>,)-  (+  4) 


7.  Simplify : 

I  (+  2)  -  (-  3)  \+  1)  HU)  (+  7)  -  (-  2)  +  (-  9) 
(iii)  0  —  (—  3)  +  (+  3)  -£(iv)  (+  4)  -  (-  5)  -  (-  2) 

(v>/(-  7)  +  (+  12)  -  (-  7)  +  (-  12) 

-^(vi)  (+9)  —  (—  12)  +  (—  8)  —  (+  11) 

I 

8.  Illustrate  graphically  that: 

(i)  if  +  2  >  —  4  and  —  4  >  —  6,  then  +  2  >  —  6 

(ii)  if  —  4  <  0  and  0  <  +  3,  then  —  4  <  +  3 

(iii)  if  a  <  1  and  1  <  b,  then  a  <  b 

(iv)  if  a  >  0  and  b  <  0,  then  a  >  b 
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B*8  Multiplication  in  the  set  of  integers. 

a.  The  product  of  two  positive  integers.  Since  the  integers  are  to  be  an 
extension  of  the  set  of  natural  numbers  in  which  the  positive  integers 
correspond  to  the  natural  numbers,  then  the  product  of  two  positive 
integers  is  defined  to  correspond  to  the  product  of  the  corresponding 
natural  numbers. 

Thus,  since  3X4  =  4X3  =  12 
define  (+  3)  X  (+  4)  =  (+  4)  X  (+  3)  =  +  12 . 

In  general,  if  a,  b  e  N,  then 

(+  fl)(+  b)  —  (+  &)(+  fl)  =  +  (ab) . 

b.  The  product  of  any  integer  and  zero.  A  discussion  similar  to  that  in 
section  B  •  2  leads  to  the  statement : 

If  a,b  e  I,  then 

(i)  a  •  0  =  0  •  a  =  0; 

(ii)  if  ab  =  0,  then  a  =  0  or  b  =  0 . 


c.  The  product  of  a  positive  and  a  negative  integer.  To  determine  the  pro¬ 
ducts  (+  3)(—  4)  and  (+  a)(  —  b),  a,  b  e  N,  wre  make  use  of  the  fact  that 
the  sum  of  an  integer  and  its  negative  is  zero :  that  is 

(+  4)  +  (-  4)  =  0  and  (+  b)  +  (-  b)  =  0  . 


To  determine  (+  3)(—  4): 

V  (+  4)  +  (-  4)  =  0 
/.  (+  3)[(+  4)  +  (-  4)]  =  0 


To  determine  (+a)(  —  b),  a,  b  z  N: 
v  (+  b)  +  (-  b)  =  0 
(+  &)[(+  b)  -K(-  b)]  =  0 


If  multiplication  is  ,to  be  distributive  over  addition,  then : 


(+  3)(+  4)  +  (+  3)(—  4)  —  0  (D) 
(+  12)  +  (+ 3)(- 4)  =  0 
(+  3)(—  4)  is  the  additive 
inverse  or  negative  of  (+  12)  . 

(+  3)(—  4)  =  —  12 
In  a  similar  manner  it  may  be 
shown  that  (—  4)(+  3)  =  —  12  . 


(+  fl)(+  b)  +  (+  a)(—  b)  =  0  (D) 
Jr  (ab)  -f-  (-j-  a)(—  b)  =  0 
(+  a)(—  b)  is  the  additive 
inverse  or  negative  of  +  (ab)  . 

(+  a)(—  b)  =  —  (ab) 

In  a  similar  manner  it  may  be 
shown  that  (—  b)(+  a)  =  —  (ab). 


In  general,  if  a,  b  e  N,  then 

(+  a)(—  b)  =  (-  &)(+  a)  =  -  (ab) . 


d.  The  product  of  two  negative  integers. 

To  determine  (—  4)(—  3): 

v  (-  3)  +  (+  3)  =  0 
.*•  (“  4)[(—  3)  +  (+  3)]  =  0 


To  determine  (—a)(—b),  a,  b  €  N: 
v  (-  b)  +  (+  b)  =  0 

(—  a)[(—  b)  +  (+  b)]  =  0 
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If  multiplication  is  to  be  distributive  over  addition,  then : 


(— 4)(-3)-K  — 4)(+3)  =  0  (D) 

(-  4)(—  3)  +  (-  12)  =  0 
(—  4)(—  3)  is  the  additive 
inverse  or  negative  of  (—  12)  . 

•*.  (--4)(-  3)  =  (+  12) 

In  a  similar  manner  it  may  be 
shown  that  (—  3)(—  4)  =  +  12  . 


(-a)(-b)+(-a)(+b)=0  (D) 

(—  a)(—  b)  +  (—  ab )  =  0 
(—  a)(—  b)  is  the  additive 
inverse  or  negative  of  (—  ab)  . 

(-  a)(—  b)  =  +  (ab) 

In  a  similar  manner  it  may  be 
shown  that  (—  b)(—  a)  =  +  (ab). 


In  general,  if  a,  b  e  N,  then 

(-  a)(—  b)  =  (-  b)(-  a)  =  +(ab) 


e.  Associative  'property  of  multiplication  of  integers. 

Since  [(+  3)(+  2)](—  4)  =  (+  6)(-  4)  =  -  24 

and  (+  3)[(+  2)(—  4)]  =  (+  3)(-  8)  =  -  24 

then  [(+  3)(+  2)](—  4)  =  (4*  3)[(4-  2)(—  4)  ]. 


This  and  similar  examples  suggest  that  the  multiplication  of  integers  is 
associative. 


In  general,  if  a,  b,  c  €  I,  then  (ab)c  —  a(bc) . 

f.  Summary  of  multiplication  in  the  set  of  integers. 

If  a,  6  €  N,  then 

(i)  (+  fl)(4"  b)  =  (+  b)( 4*  a)  =  4"  (ab) ; 

(ii)  (-  a)(—  b)  =  (-  b)(-  a)  =  4-  (ab); 

(hi)  (+  a)(-  b)  =  (-  b)(+  a)  =  -  (ab)  . 

(iv)  If  a,  6  €  I,  then 

a  •  0  =  0  •  a  =  0  ; 

if  ab  =  0,  then  a  =  0  or  b  =  0 . 

The  product  of  any  integer  and  zero  is  zero.  If  the  product  of  two 
integers  is  zero ,  then  at  least  one  of  them  is  zero. 

(v)  If  a  be  replaced  by  1,  then 

from  (i)  (4-  1)(+  b)  =  (4  b)(+  1)  =  +  (b  X  1)  =  4  b; 

from  (iii)  (4-  1)(—  b)  =  (—  6)(4-  1)  =  —  (b  X  1)  =  —  b  . 

The  product  of  any  integer  by  (4-  1)  is  that  integer. 

(+  1)  is  the  identity  (or  neutral)  element  for  multiplication. 

(vi)  If  b  be  replaced  by  1,  then 

from  (ii)  (—  a)(-  1)  =  (—  1)(-  a)  =  +  (a  X  1)  =  4-  a; 

from  (iii)  (-f  a)(—  1)  =  (—  1)(+  a)  =  —  (a  X  1)  =  —  a  . 

The  product  of  any  integer  and  (—1)  is  the  negative  of  the  integer. 
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B»9  Division  in  the  set  of  integers.  Since  division  is  the  inverse  operation 
of  multiplication,  it  must  be  defined  as  follows: 

If  a,  b  €  N,  then 

v  (+  a)(+  b)  =  +  ab  — — —  =  Ap  a 

+  b 

V  (+  a)(—  b)  =  —  ab  ^  =  +  a 

—  b 

V  (—  a)(—  b)  =  +  ab  =  —  a  . 

Since  there  is  no  integer  whose  product  with  (+  3)  is  (+  13) 

.*.  (+  13)  (+  3)  is  not  an  integer. 

Therefore  the  set  of  integers  is  not  closed  with  respect  to  division. 

A  discussion  similar  to  that  of  section  B  •  2  leads  to  the  statement : 
Division  by  zero  is  not  defined  in  the  set  of  integers. 


B*10  Summary  of  the  properties  of  the  integer  number  system. 
If  a,  b,  c  e  I,  then 


ADDITION 

Closure  Law  (a  +  b )  represents  one  and  only 

one  integer  {CIA) 

Commutative  Law  a  +  b  =  b  +  a  {CA) 
Associative  Law  (a+6)+c  =  a+(h-l-c)  {A A) 
Distributive  Law  a{b  +  c)  = 

Identity  Element  0  {Zero) 

Inverse  Element  —  a 


MULTIPLICATION 

{ab)  represents  one  and 
only  one  integer  {CIM) 

ab  =  ba  {CM) 

{ab)c  =  a  {be)  {AM) 

ab  +  ac 

1  {Unity) 


Since  the  positive  integers  behave,  under  addition  or  multiplication,  in 
exactly  the  same  way  as  the  natural  numbers,  we  use  the  natural  number 
symbols  to  represent  the  positive  integers,  unless  otherwise  specified. 


Exercise  B-3 

{The  letter  symbols  are  placeholders  for  integers  for  which  the 
expressions  are  defined.) 

(A) 

1.  Simplify :  . 

(i)  (+4-7) 

(iv)  (-  10)  (-  1) 


(ii)  (+  4)(+  7)  (iii)  (-  3)(+  5) 

(v)  (-  3)(—  2)  (vi)  (+  6)(+  13) 
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Simplify: 

^Kvii)  (-  2)  (x)  (viii)  (-*)(-») 

(x)  0)(-  y)  *  (xi)  (-  m)(-  ??i3) 

(xiii)  (—  2 a)(  —  3a2)  .(xiv)  (—  5xy)(2xy) 


(ix)  (-  2/)(—  1) 

(xii)  (-  4)  (3 y2) 

(xv)  (  — 2a26)(  — 3a52) 


2.  State  the  sign  of  the  following  products : 

(i)  (-  6)(—  7)(+  6)  (u)f  7(2) (—  3)  (hi)  (3)(-  4)(-  6) 

(iv)  (-  8)(—  9)(—  10)  (v)  (-  1 Y  (vi)  (-  2) 7 

3.  Simplify  each  part  of  question  2. 


4.  Simplify: 

(i)  (+  16)  (+  4)  (ii)  (+  16)  -r-  (-  4) 

(iii)  (-  16)  -5-  (-  4)  .  '  (iv)  (25a)  -v-  (-  5a) 

(v)  (-  225 b)  4-  (-  25)  f  (vi)  (Sab)  4-  (35) 

(vh)  (—  2x)  +  (—  1)  .  (viii)  (0)  -f-  (—  3a) 


(B) 


5,  Simplify : 

(i)  (a)(—  b)(—  c) 

(iii)  (—  2  ab)(—  4ab)(—  ab) 

(v)  (—!)(  —  x2a)(ax ) 


6. 


7. 


Simplify : 

(i)  (-  1)1° 

(iii)  (—  l)7  X  (—  l)16 
(v)  (-  DV+^neN 

Simplify : 

49a:3 

7x! 

—  1  Qxzy 
-  8  xy 

42  a564c3 

—  7  a463c3 

(+  6a)(0)(-3a3) 


(hi) 


(v) 


(vii) 


(ii)  (-  2z)(6x)(x) 

(iv)  ( + 3mw)  ( —  2mw)  (0)  ( —  4mn) 

(vi)  (—  a3)(-  a*) 


(ii)  (-  1) 
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(iv)  (-  1 


(ii) 


(iv) 


(vi) 


(viii) 


8. 


—  25ab 
5a 

(-  3)(—  8) 

(-  2)(—  12) 

(-  1)7(-  a2)b* 

(-  l)14as(—  6) 

(-  10b) (—  5fc)(—  2a)  .y- 

(-  25a) 

/ 


(-  2a2)  (—  9a*) 

Expand,  using  the  distributive  property : 

(i)  (+  5)[(+  x)  +  (+  y)]  -^Kii)  (+  6)[(-  m)  +  (-  »)] 

(iii)  (-  2)[(+  a)  +  (+  b)]  (iv)  (-  3)[(-  c)  +  (+  d)] 

(v)  (-  1)[(-  3)  +  (+  2)]  Mvi)  (-  UR-  a)  +  (+  b )] 
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9.  Expand : 

(i)  (+  a)[(+  b)  +  (—  c)] 

(iii)  (+  2x)[{-  a)  +  (-  3 y)] 
(v)  (-  3y)[( —  2 y)  +  (-  3z)] 
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(ii)  (-  m)[(—  2)  +  (+  n)] 
(iv)  (-  z2)[(-  2x)  +  (+  3t/)] 
(vi)  (+  2m)[(—  n)  +  (-  5p)] 


B»ll  Polynomials.  ^The  symbols  2,  3,  0,  4  +  7,  6X7  are  numerals 

or  expressions  which  represent  number  ideas.  In  the  expression  4  +  7 
the  numerals  4  and  7  are  called  the  terms  of  the  expression.  In  the  expres¬ 
sion  4X7  the  numerals  4  and  7  are  called  factors  of  the  expression. 

Similarly,  if  the  symbols  x,  y,  z  represent  integers,  then 

Sx,  4 y,  -,  Sx  +  4 y,  5x  —  z  +  3,  X  2,  x2  +  2x  —  7 
y  V  +  2 

are  expressions  which  represent  number  ideas.  These  expressions  which 
involve  variables  are  called  algebraic  expressions.  In  these  expressions,  the 
set  of  integers  I  is  the  replacement  set  for  the  symbols  x,  y,  z  which  represent 
variables,  since  they  are  placeholders  for  the  integer  number  ideas.  An 
expression  like  2>x  +  4y  is  meaningless  without  a  given  replacement  set 
for  x  and  y  . 

Algebraic  expressions  of  the  form 

f.r,  3z  +  4?/,  5x  —  y  +  2z  +  3,  %x  +  \y 

in  which  the  variables  do  not  appear  as  denominators  are  called  poly¬ 
nomial  expressions  or  simply  polynomials. 

The  expression  (+  1)  +  (—  2)  +  (+  3)  is  an  expression  whose  three 
terms  are  the  integers  (+  1),  (—  2),  (+  3)  .  Because  it  is  cumbersome  to 
write  the  expression  in  the  manner  indicated,  including  parentheses  to 
separate  the  +  and  —  signs  of  operation  and  quality,  it  is  customary 
to  write  the  expression 

1-2  +  3 

leaving  out  the  operation  signs  of  addition.  Although  the  addition  signs 
are  not  written,  they  are  understood,  and  the  terms  of  the  expression  are 
considered  to  be  (+  1),  (—  2),  and  (+  3).  This  expression  may  be  read, 
“positive  one  plus  negative  two  plus  positive  three”  or  “one  plus 
negative  two  plus  three”. 

Also,  (+  2)  -  (+  5)  =  (+  2)  +  (-  5) 

=  2-5 

In  the  expression  2  —  5,  the  addition  sign  of  operation  is  understood. 
The  expression  2  —  5  may  be  read,  “two  minus  five”  which  is  understood 
to  mean  “positive  two  minus  positive  five”  or  “positive  two  plus  negative 
five”. 
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56 

Similarly,  in  the  algebraic  expression 

3a  —  46  +  2c  —  4 d,  where  a,  b,  c,  d  e  /, 
the  terms  of  the  expression  are  understood  to  be 

T  3a,  —  46,  -j~  2c,  —  4d, 
and  it  is  understood  that  these  terms  are  to  be  added.  Thus,  for  the 
purpose  of  applying  the  laws  of  addition  and  multiplication,  the  expression 
is  considered  to  be  (or  mean) 

(+  3a)  +  (-  46)  +  (+  2c)  +  (-  4d)  . 

This  means  that  every  expression  is  considered  to  be  a  sum,  and  thus 
the  commutative  law  of  addition  and  the  distributive  law  may  always  be 
applied. 

For  ease  in  reference,  polynomials  with  one,  two,  and  three  terms  are 
referred  to  as  monomials,  binomials ,  and  trinomials ,  respectively. 

B*12  Addition  and  subtraction  of  polynomials.  In  the  following  examples 
the  variables  are  integers. 

Example  1.  (i)  Simplify  (5a  +  36  —  c)  -f  (4a  +  56  —  6c)  . 

This  expression  is  read,  “the  expression  5a  plus  36  minus  c  plus  the  ex¬ 
pression  4a  plus  56  minus  6c”. 

(ii)  Add  5a  +  36  —  c  and  4a  +  56  —  6c  . 

Solution . 

(i)  (5a  -f  36  —  c)  +  (4a  -f  56  —  6c)  (ii) 

=  5a  +  36  —  c  +  4a  +  56  —  6c 
=  5a  +  4a  +  36  +  56  —  c  —  6c  (CA) 

=  (5  +  4)a+  (3  +  5)6  +  (-  1  -  6)c  (D) 

=  9a  +  86  +  (-  7 )c 
=  9a  -f-  86  —  7c 

It  should  be  realized  that  in  (ii)  the  term  +  9a  in  the  sum  is  determined 
by  applying  the  distributive  property  to  5a  -f-  4a,  and  the  term  -f  86  by 
applying  the  distributive  property  to  36  +  56,  and  so  on. 

With  practice  the  commutative  and  distributive  properties  may  be 
applied  to  examples  like  (i)  as  follows: 

(5a  +  36  -  c)  +  (4a  +  56  -  6c)  =  5a  +  36  -  c  +  4a  +  56  -  6c 

=  9a  -f  86  —  7c 

In  the  worked  examples  of  the  text  the  authorities  which  are  most  significant 
in  the  development  are  given  in  brackets.  When  writing  a  solution  you  should 
think  the  authorities  for  the  steps,  but  it  is  not  necessary  to  include  them  in 
your  solution. 

The  study. of  the  subtraction  of  integers  leads  to  the  working  rule: 

To  subtract  an  integer,  add  its  negative. 


5a  +  36  —  c 
4a  +  56  —  6c 
9a  +  86  —  7c 
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The  following  example  illustrates  how  the  negative  of  an  integer  rep¬ 
resented  by  a  polynomial  may  be  determined. 

Example  2.  Determine  the  negative  of  the  following  algebraic  expressions: 

(i)  3a  +  46  (ii)  -  4x  +  3y  -  2  (hi)  -  (2a  -  36  +  4c) 

Solution.  Since  the  negative  of  an  integer  may  be  obtained  by  multiplying 
the  integer  by  (—  1): 

(i)  the  negative  of  3a  +  46  is  (—  l)(3a  +  46)  =  —  3a  —  46;  ( D ) 

(ii)  the  negative  of  -4a;+3y-2  is  (-  l)(-4x+3y-2)  =  4x-3y+2;  (D) 

(iii)  the  negative  of  —  (2 a  —  36  +  4c)  is  (—  1)(—  l)(2a  —  36  +  4c) 

=  2a  -  36  +  4c  .  (D) 

The  negative  of  an  algebraic  expression  may  be  obtained  by  replacing 
each  term  by  its  negative. 

Example  3.  (i)  Simplify  (5a:  —  2y  +  6a;2)  —  (4a;2  —  3a:  +  2 y)  . 

(ii)  Subtract  4a;2  —  3a;  -f  2 y  from  5a;  —  2 y  Qx2 . 

Solution. 

(i)  (5a;  —  2 y  6x2)  —  (4a;2  —  3a;  +  2 y)  (ii)  5a;  —  2y  +  6a;2 

=  5x  —  2 y  -\-  6a;2  +  (—  4a;2  +  3a;  —  2 y)  —  3a;  +  2y  +  4a;2 

=  5x  -  2 y  +  6a;2  -  4a;2  +  3a;  -  2 y  8a;  -  4 y  +  2x 2 

=  6a;2  —  4a;2  —  2?/  —  2y  +  5a;  +  3a;  ( CA ) 

=  (6  -  4)a;2  +  (-  2  -  2)y  +  (5  +  3)a;  (D) 

=  2x 2  +  (—  4  )y  +  8a; 

=  2a;2  —  4y  +  8a; 

In  the  column  solution  of  (ii)  the  distributive  law  is  applied  to  5a;  and 

3a;  (after  noting  mentally  that  3a;  is  the  negative  of  —  3a;)  to  obtain  Sx, 

and  so  on. 

With  practice  the  solution  of  (i)  may  be  abbreviated  as  follows: 

(5a;  —  2y  +  6a;2)  —  (4a;2  —  3a;  +  2  y)  =  5x-2y+6x2—4:X2-{-3x  —  2y 

—  8x  —  4y  Sr  2x2 

The  simplification  of  a  polynomial  is  sometimes  referred  to  as  the 
collection  of  like  terms  (terms  containing  the  same  variable  or  literal 
coefficient).  By  means  of  the  distributive  law  the  specific  numerical 
coefficient  of  this  variable  in  the  simplified  expression  is  obtained. 

Write  a  solution  for  each  of  the  following  and  compare  your  solutions  with 
those  on  page  466. 

1.  Add  7a;2  —  x  +  2,  3x  —  10a;2  —  5,  x2  —  2x  +  7  . 

2.  Simplify  (5a;  -f*  3y  —  2)  +  (3a;  —  4y  +  3)  —  (6a;  -f*  3y  —  6)  ♦ 
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Exercise  B-4 

( The  variables  are  integers .) 
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(A) 


1.  State  the  negatives  of  each  of  the  following: 


(i)  -3a 

(iii)  —  by  -f  42  —  2c 
(v)  —  3n  +  4p  —  5c 


(ii)  2a  —  36  4-  4c 
(iv)  —  (3a  —  2b  -f*  c) 
(vi)  3a  +  5  m  —  2  q 


(B) 

Simplify: 

^2.  2a  —  36  4-  (—  a  +  2 b)  -p>3.  ( x  —  4 y)  —  (2 y  —  a;) 

4.  6a;2  +  x  -  2  -  (4a;2  -  3a;  +  1)  +  (a;2  -  7x  +  2) 

^>5.  (3a  —  6  +  2c)  -  (2a  +  5 b  -  4c) 

6.  (6 n  —  2m  +  4p)  —  (—  m  —  2n  +  3p)  +  (3m  +  2p  —  4n) 

7.  (a  +  26  —  3c)  —  (3a  —  56  +  c)  —  (4a  +  66  —  2c) 

If  x  =  —  3,  y  =  —2,  find  the  number  represented  by  each  of  the  following: 

6x  —  3y  +  (—  6z  +  y)  —  (3x  —  by) 

9.  ( x 2  —  Qxy  +  y2)  —  (—  3a:2  +  xy  —  y 2) 

10.  (x  —  2 y)  —  (2x  +  3 y)  —  2x  —  3 y) 

Simplify: 

11.  0  -  (a  -  56)  -  [(56  -  a)  +  (2a  -  36)] 

12.  [(-  x  -  2y)  -  (-  3a;  +  4 y)]  -  [(x  +  4 y)  -  (2a;  +  y)\ 

13.  [  —  (in  +  n)  —  (3m  —  4 n)\  —  [(bin  —  n)  —  (9m  —  4 n)] 

14.  If  x  =  2a  —  6,  and  y  —  a  —  36,  express  (x  —  2 y)  —  (2x  —  y)  in 
terms  of  a  and  6. 


TFnte  as  expressions  in  x  and  y: 

15.  a(x  +  y)  +  6(3o;  +  2 y)  —  c(2y  —  3x) 

16.  p(3a;  -  y)  -  q(2y  -  x)  -  r(x  -  y) 

17.  x(m  —  n)  +  y(n  —  in)  —  p(x  —  y) 

Arrange  each  of  the  following  in  descending  powers  of  x: 

18.  ax  —  dx2  -f  cx 3  +  bx2  —  2x  +  8  —  3a;3 

19.  px2  —  hx  +  ax2  —  kxz  +  x3  —  bx 

20.  p(x2  —  x)  —  qx 2  —  2(a;  —  x3)  +  mx 8  —  n(x3  —  1) 

21.  Write  the  coefficient  of  x2  in  6x3  +  4aa;  +  6a; ^  —  cx  —  da;2  +  xz . 


Natural  Numbers  and  Zero ,  Integers 

22.  Write  the  coefficient  of  x  in  mx2  —  8  +  ax  —  x2  —  bx  —  4 cx  . 

23.  Write  the  coefficient  of  y  in  3a(l  —  y)  —  2b  (y  —  2)  —  y  . 
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B»13  Multiplication  of  polynomials.  In  each  of  the  following  examples 
the  variables  are  integers. 

Example  1.  Expand:  (i)  3 (a  +  26)  (ii)  3a(2a  —  4 b) 

(iii)  3a(2a  +  36  —  4c  -f-  5d) 

Solution,  (i)  3 (a  +  26)  (ii)  3a(2a  —  46) 

=  3a  +  66  (D)  =  3a[(2a)  +  (—  46)] 

=  6a2  +  (3a)  (-  46)  (D) 

=  6 a2  —  12a6 

(iii)  3a(2a  +  36  —  4c  +  5  d) 

=  3a[(2a  +  36)  +  (-  4c  +  5d)]  {A A) 

=  3a(2a  +  36)  +  3a(—  4c  +  5d)  ( D ) 

=  6a2  +  9a6  —  12ac  +  15  ad  ( D ) 

In  practice  the  intermediate  steps  shown  in  (ii)  and  (iii)  may  be  omitted. 

Example  2.  If  a  —  —  3,  6  =  +  2,  c  =  —  2,  factor  Sab  —  12 ac  and 
evaluate. 

Solution.  Sab  —  12  ac  =  4a(26  —  3c)  (D) 

=  4(—  3)[2(+  2)  -  3(—  2)] 

=  (-  12)(+4  +  6) 

=  (-  12)(10) 

=  -  120 


Example  3.  Expand  the  product  (2x  +  3 y)  (x  —  2 y)  . 


Solution. 

(2z-f 3 y)  ( x  -  2 y)  =  (: 2x+3y)x+  (2x-{-3 y)  ( - 2 y)  (D) 

=  2x2  +  3 xy  j-  4xy  —  6 y2  (D) 
=  2x2  +  (3  -  4 )xy  -  6 y2  (D) 
=  2x2  —  xy  —  6  y2 


2x  +  3  y 
x  —  2  y 

2x2+  3  xy  ( D ) 

—  4 xy  —  6z/2  ( D ) 

2x2—  xy  —  6y2  ( D ) 


Exercise  B-5 

(Variables  are  integers.) 

(A) 

1.  Expand  the  following: 

(i)  3  (2a  +  36)  (ii)  (-  4)  (2x  -  by)  (iii)  (-  1)(-  3m  -  bn) 
(iv)  5(3 a  —  26  +  4c  —  5d)  (v)  (—  6)(2x  —  4 y  -\-  6z  —  2 q) 


Review  B 


2.  Factor  the  following: 

(i)  4 m  +  8 p  (ii)  6a6  —  4 ac  (iii)  —  3a  —  126 

(iv)  16a2  —  4a6  —  8  ac  (v)  —  7  vip  —  14  mq  —  21mr 

3.  State  the  negative  of  each  of  the  following: 

(i)  4m  +  5w  (ii)  3a  —  2 b  (iii)  —  ( 2x  +  y ) 

(iv)  —  4m  —  2n  +  p  (v)  x2  —  5x  +  6 

(vi)  —  (—  2x2  —  x  +  1) 

(B) 

4.  Simplify : 

(i)  2 (a  +  b  —  c)  +  3(2a  —  b  +  3c) 

(ii)  (3x  +  2y)  -  2(x  +  4 y)  +  3(2x  -  3 y) 

(iii)  0  -  2(3z  +  2 y)  +  (-  4) (2*  -  8 y) 

(iv)  (-  3) (2a  -  46)  +  2(3a  -  66)  -  4 (a  +  6  -  3c) 

(v)  4m (2m  +  3 n)  —  4n(3m  —  2 n)  +  3(m2  —  n 2) 

5.  If  a  =  2,  6  =  —  4,  c  =  —  1,  compare: 

(i)  a2  —  6 2  and  (a  —  6) (a  +  6) 

(ii)  a3  +  6 3  +  c3  —  3a6c  and 

(a  +  6  +  c)(a2  +  62  +  c2  —  a6  —  ac  —  6c) 


6. 

If  x  =  3,  2/  =  —  2,  2  =  4,  find 

2x  +  3y  (  4x  —  hz 
z  +  -2y  ■ 

7. 

Factor : 

(i)  a2  +  a6 

(ii) 

3a  +  66  —  12c 

(iii)  —  4mp  —  8  p  —  12  pg 

(iv) 

-  12x  +  3 a  -  156 

8. 

Expand  and  simplify : 

(i)  m  —  n[(z  +  2/)  —  5z] 

(ii) 

(x  +  ?/)  (3a  +  26) 

(iii)  (4a  +  6)(a  -  3b) 

(iv) 

(x  -  2y)  (2x  -  2/) 

9. 

Expand  each  of  the  following : 

(i)  (3x  +  2)  (2x  +  3) 

(ii) 

(5m  +  2)  (5  m  +  2) 

(iii)  (9a  +  5b)  (9a  -  56) 

(iv) 

(2a  -}“  6)  (3a  —  6-1-  2c) 

(v)  (m  —  3w)(6m  —  2n  +  7) 

(Vi) 

(2x  +  3){4x2  +  12z  +  9) 

10. 

Expand  and  simplify: 

(i)  (3a  -  26)  (3a  +  2b)  +  (4a  - 

-  36)  (2a  +  6)  —  (a  —  76)  (a  +  6) 

(ii)  (2m-l)(m2+m+l)-(m-2)(m2+2m+4)  +  (2m-3)(m2-l) 
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hi  The  set  of  rational  numbers  (Q).  The  extension  of  the  number 
system  to  the  set  of  integers  provides  a  set  of  numbers  closed  under  the 
operations  of  addition,  subtraction,  and  multiplication,  but  not  closed 
under  division.  Since  there  is  no  integer  whose  product  with  (+2)  is 
(+7),  the  quotient  (+  7)  (+  2)  does  not  exist  in  this  set.  To  over¬ 

come  this  deficiency  a  further  extension  of  the  number  system  has  been 
made,  and  a  set  of  numerals  of  the  form 

-  3  -  4  +  5 

+  2’  -7’  -  11 

has  been  invented  to  represent  quotients  of  every  integer  divided  by  a 
non-zero  integer. 

In  general,  for  every  pair  of  integers  represented  by  a  and  b,  b  0, 

a 

there  is  a  numeral  of  the  form  —  (read,  “a  over  b”)  which  represents  the 

b 

quotient  a  +  b.  The  set  of  numbers  thus  represented  is  called  the  set  of 
rational  (ratio)  numbers.  It  is  designated  by  Q  (quotient)  and  is  defined 

a 

to  be  the  set  of  all  numbers  represented  by  —  such  that  a  and  b  represent 

b 

integers  and  b  0. 
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In  set-builder  notation, 

Q  =  |  a,  b  €  I,  b  *  oj. 


a 


The  symbol  M  0  is  called  a  fraction ;  a  is  the  numerator,  and  b  the 
b 

denominator  of  the  fraction;  a  and  b  are  the  terms  of  the  fraction. 


If  a,  b  e  I,  b  X  0 

V  7  =  a  -s-  b  (a  -f-  b)  (6)  =  a  (Definition  of  division) 
b 

a 

-  X  b  —  a  . 
b 

Since  multiplication  is  to  be  commutative,  this  property  is  expressed  as 
follows : 

If  a,  b  €  I,  b  X  0,  then 

a  1  ,  a 

-Xb  =  bX~=  a. 
b  b 


1*2  Multiplication  in  the  set  of  rational  numbers.  If  the  set  of  rational 

numbers  is  to  be  an  extension  of  the  set  of  integers,  it  is  necessary  that  the 
operations  of  addition  and  multiplication  be  consistent  with  those  of  the 
integers.  The  set  should  be  closed  under  the  operations,  and  the  opera¬ 
tions  should  be  commutative  and  associative,  and  multiplication  should 
be  distributive  over  addition. 


a.  Product  of  any  two  rational  numbers. 

If  7,  -  e  Q,  then 
b  d 

a 

V  7  X  b  =  a 
b 


( 


and  -  X  d  =  c 
d 


lxb 


X  d)  =  a  X  c . 


If  multiplication  is  to  be  commutative  and  associative,  then 

a 

'  dj 


( 


r  X  )(6Xd)  =  oXc 


a  , ,  c  .  (Definition  of 

TX5=(aXc)  +  (&X<*)  division) 
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a  c  _  a  X  c 
bX  d~  bXd  ' 


Thus, 


a  c  a  c 

ifi’deQ’thenixd 


a  X  c 


Since  a,  c,  b,  d  e  I,  therefore  ac  and  bd  €  /,  and  therefore  —  e  Q  . 

bd 

Thus,  the  set  of  rational  numbers  is  closed  under  multiplication.  The 
definition  was  developed  on  the  assumption  that  multiplication  be  com¬ 
mutative  and  associative. 


b.  Identity  element  for  multiplication. 


If  7  €  Q,  then 
o 

n  a  (+  1)  =  a(+  1)  =  a 
[1)  6  (+  1)  6(+  1)  b 


(ii) 


-  a  (+  1)  (-  a)(+  1)  -  a 

f  X 


(+ 1) 


b(+  1) 


+  1 


These  examples  illustrate  that  — -  or  1  is  the  identity  element  for  multi- 


+  1 


plication. 


c.  Reciprocal  (multiplicative  inverse). 
If  a,  b  e  I,  a,  b  0,  then 


a  b  ab 
bX  a  ba 


ab 

ab 


(CM) 


Two  numbers  whose  product  is  1  are  called  reciprocals  or  multiplicative 
inverses  of  each  other.  Division  by  zero  is  not  defined;  zero  has  no  recip¬ 
rocal. 


Example  1.  State  the  reciprocals  of: 

zr2  (ii)  v-f  (;ii)  "T  (iv)  7  (v)  1  (vi)  0 

Solution. 

(i)  -jp  (ii)  (iii)  (iv)  y  (v)  1 

(vi)  Zero  has  no  reciprocal. 
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1*3  The  principle  of  equivalent  fractions.  Since  1  is  the  identity  element 
for  multiplication  and 


12  3-1 

1  ”  2  ”  3  “  -  1 


—  3  x 

— -  =  -  ,  x  el,  x  X  0, 

—  3  x 


a 


then  if  -  €  Q , 
b 


a  a  1  a  X  1 
b  =  b  x  1  =  b  X  1 
a  2  a  X  2 
=  bX2  =  bX2 
a  —  3  a(—  3) 

=  6  X  - 3  =  6(-  3) 


a  x  ax 
b  X  x  bx’ 


x  el, 


x  X  0. 


Thus,  there  are  many  fractions  which  represent  the  same  rational 
number.  This  fact  is  expressed  in  the 

Principle  of  equivalent  fractions  ( PEF ) : 


a  a 

If  -e  Q  and  x  el,  x  X  0 ,  then  -  = 
b  b 


ax 
bx * 


a 


In  the  following  exercises,  symbols  of  the  form  —  represent  rational  numbers. 

b 


Exercise  1-1 
(A) 

1.  State  two  fractions  equivalent  to  each  of  the  following: 


<»  - . 

(ii)  / 

-  4 
(iu)  — 

(iv)  +  3 
v  ;  +  8 

Using  the  principle 

of  equivalent  fractions, 

reduce  the  following 

to  lowest  terms: 

«  “ 10 

44 

,..n  120 

(u)  - 

w  -  15 

(iii)  -  34 

v  -  85 

/•  n  +36 

U  +  180 

-  66 
(V)  21 

,  ..  14a6 

(vl)  n. 

91a 

,  ...  0 
(vn)  _  2 

(viii)  — 
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-  4  9 

(i)  —  X 


(ii)  —3  X  3 


/•  *  *\  —  3  4 

(1U)  T  X  7 


15  -  16 

(iv)  5  X  (^;)  (V)  (^1)  X  (Jj)  X  f  (vi,  f  X  5  X  | 

(ix) 


(vii) 


-6  10a 

5  X  156 


.  ....  —5  0  7 

(vm)  —  X  —  X  - 


10 


y 2  x3 

x  — 


2/ 


4.  State  the  reciprocals  of : 


(i) 


-  3 


(ii) 


-  4 


(hi)  4 


(iv)  -  4 


(v) 

-  7 

-  8 

(vi)  - 

■  1  (vii) 

0 

-  2 

(vm)  - 

(B) 

Reduce  to  lowest  terms: 

(i) 

—  2a 

6a 

(ii) 

1 5pqr 

—  r 

oii) 

5z  +  5  y 

5a 

(iv) 

3X0 

(v) 

-  3 

(vi) 

a 

-  4 

24  X  10 

ab  +  ac 

a 


—  a 


6.  List  three  rational  numerals  equivalent  to 


V 


7.  Write  the  reciprocals  of : 
-  15a 


T\0 


(i) 


(ii) 


0 


305  N  -  4 

8.  Write  the  negative  reciprocal  of: 


(hi)  1 


(iv) 


—  9x 


3x 


J 


(i) 

2 

3 

....  3 

(U)  -4 

(iii) 

(iv) 

-i  "/ 

(v)  0 

(vi) 

Express  the  following  products  in  simplest  form : 

(i) 

-  6  4 

7  X  3 

•  (in  3  2a +  36 
'  ^  }  2  X  3 

(iii) 

—  a 


..  —  6  _  Vi 


-  8 


6a 


X 


xy 


2(—  b )  —  3a 
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Express  the  following  products  in  simplest  form: 


(iv)  6(—  a)  X  ~  (v)  “  X  (  8)  X  - — 

12  ac  2  —a 

,  ...  4xu  9v2  .  ....  a  —  b  —  c 

(vn)  — ^  X  (vm)  —  X  —  X  — 

—  3x2  2x?/2  —  o  c  a 


,  ..  3a6  ac 

(vi) -  X  — 

—  c  a2 


(ix) 
10.  If  a  = 

(i)  ^ 


1  -  2  3 

X  —  X  — 


-  2 
-  2 


^  and  b  =  —  ,  find: 
3  4 


(ii)  afr  (iii)  b1 2 

11.  If  x  =  —  1,  y  =  —  2,  2  =  —  3,  find: 

(i)  x3  +  yz  +  23  —  3 xyz 

(ii)  (x  +  y  +  z) (x2  +  y 2  +  22  -  xi/  -  2/2  -  2x) 


12.  If  p  - - ,  5  =  0,  r  =  0,  find  pq  +  qr  +  rp. 

6 


13.  Show  that  (  — -  X  — -  )  X 


14.  Show  that  ( — -  X  — }  X 


6 


17 

—  m 


2  /-  5  -  6 

-  3  (-  7  X  17 


y 


-  q, 


n 


(m 

n 


X 


V  \(  ~  x 


y 


)■ 

)• 


1*4  Positive  and  negative  rational  numbers. 

2 


If 


+  3 


=  x,  then  x(~f*  3)  =  —  2  . 

.*.  x  represents  a  negative  rational  number. 


-  2  .  . 

That  is,  — -  represents  a  negative  rational  number. 

In  general ,  a  rational  number  is  negative  if  the  product  of  its 
terms  is  negative. 

-  2 

If  — r  =  y ,  then  y  (—  3)  =  —  2 . 


-3 


.*.  y  represents  a  positive  rational  number. 


-  2 


That  is,  — -  represents  a  positive  rational  number. 

O 

In  general,  a  rational  number  is  positive  if  the  product  of  its 
terms  is  positive. 
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1»5  Alternate  form  of  numerals  for  rational  numbers.  Since 

-  2  (-1)  (+2)  (+  2) 

+  3  (+1)  (+3)  v  ’  (+3) 

.  “2.  •  ,  ..  +2  2 

..  - is  equivalent  to - or - . 

+  3  +3  3 


The  form 
number. 


—  —  emphasizes  that 


-  2 
+  3 


represents  a  negative  rational 


Similarly, 


(-D,(+  2) 

(-D'  (+3) 


(+  1)  X 


(+2) 

(+3) 


•  • 


-  2  .  .  2  2 

- is  equivalent  to  +  -  or  -  . 

~3  3  3 


The  form 


+  —  emphasizes 


number. 


that 


— |  represents  a  positive 


rational 


Also, 


•  • 


+  2 

-3 


(±_1)  (±2 ) 

(-  1)  X  (+3) 


(-l)X 


(+2) 

(+3) 


+  2 
-3 


is  equivalent  to  — 


2 

3* 


In  general ,  if  a,  b  €  +I,  then 


—  a  _  a 
+  6  b 


+  cl 
- "6 


a 


b 


a 


U6  Division  in  the  set  of  rational  numbers.  Since  division  is  the  inverse 
operation  of  multiplication, 

if  a,b,ce  Q,  then  a  -f-  b  =  c  if  and  only  if  be  =  a. 

The  following  examples  illustrate  how  the  quotient  may  be  determined. 
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MULTIPLICATION 

DIVISION 

MULTIPLICATION 
WHICH  PRODUCES 

THE  SAME  RESULT 

-2  -5  ( — 2) ( — 5) 

( — 2)( — 5)  .  -5  -2 

(-2)(-5)w+7 

+3  +7  (+3)(+7) 

(+3)  (+7)  '  +7  +3 

(+3)(+7)  -5 

( — 2)( — 5)(+7) 
(+3)(+7)(-5) 

-  2 
“  +3 

If  7,  -  €  Q,  then 
b  d 

a  c  ac 

~bXd==bd' 

ac  c  a 

Td^d^b 

ac  d  acd 

bdX  c  bde 

a 

=  ~b 

To  divide  by  a  fraction,  multiply  by  its  reciprocal. 

a  c 

In  general,  if-,  -  e  Q,  then 
b  d 

a  c  a  d  ad 

-b  +  d  =  bX-c  =  Tc’C*°- 


ad 

Since  —  {b,c  9^  0)  is  a  rational  number,  the  set  of  rational  numbers  is 
be 

closed  under  division,  except  for  division  by  zero  which  is  not  defined. 


Example  1.  Find: 

2  8 


(i) 


-  3 


(ii)  I-  (-4) 


(iii)  - 


,  .  I 


Solution. 


(i) 


-  2 


16 


(iv) 


35 

8 


7 

6 


8  -  2  -  3 

-  3  _  5  X  8 


(v) 


-  2 
+  5 

-  3 

-  7 


....  ..  16  1 

(U  25  ~  ~  “  25  X  —4 


2X3  = 
5X8 
16  X  1 
25  X  4 


3_ 

20 


£ 

25 
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35  7  35  y  6  35  X  6  15 

8  6  _  8  X7"  “  8X7  ~  "7 


14  _  _  14 

-  15  ~  ”  15 


Exercise  1-2 


—  x 


n 
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1»7  Addition  in  the  set  of  rational  numbers. 

a.  Addition  of  rational  numbers  with  the  same  denominator. 

__  a  c  a  c  a  lcl 

If-,  l,Q,then-  +  -b=-1X-b  +  iX-b 

1  1 

=flX-+cX~ 
b  b 


(a  +  O- 
a  -f  c 


(O) 


b.  Addition  of  any  two  rational  numbers.  The  sum  of  any  two  rational 
numbers  may  be  related  to  the  sum  of  two  rational  numbers  with  the  same 
denominator  by  means  of  the  principle  of  equivalent  fractions. 


^  ,  2  -  5 

To  find  the  sum  -  H — — 

note  that: 

2  _  2X4 

3  “ 

-  5  (-  5)  X  3  -  15 


=  —  (PEF) 
3  X  4  12 


4X3 


12 


2  -  5  8 

— 1_ - = - f-  - 

3  4  12 

8-5 

12 


(PEF) 
-  5 


12 


=  -  (PEF) 
4 


To  find  the  sum  7+7 if  7,7  eQ 

b  d  b  d 

note  that: 

a  ad  . 

=  M  {PEF) 

c  cb  be 

5-5J-W  {PEF)  {CM) 

a  c  ad  be 

b  +  d  bd^bd 
ad  +  be 

=  ~bd 


a  c 

In  general,  if  - ,  —  e  Q,  then 
b  a 

a  c  ad  be  ad  +  be 

b  d  ^  bd+bd  =  bd  ' 

The  set  Q  is  closed  under  addition;  addition  is  commutative  and  associ¬ 
ative,  and  multiplication  is  distributive  over  addition. 


c.  Identity  element  for  addition. 

a  ,  ^  o(0  <z-fO  a 

5"  '  ~  ~b~^  b  ~  b  ~  ~b 

Thus,  zero  is  the  identity  element  for  addition. 
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d.  Additive  inverse  or  negative  of  a  rational  number. 

a  a  -|-  ( —  a ) 


41 


Since 


-  + 
b  b 


0 

“  b 
=  0 

~  is  the  additive  inverse  or  negative  of  and 
b  b 

—  is  the  additive  inverse  or  negative  of  — -  . 
b  b 

the  product  of  any  rational  number  ( except  zero )  and  (• 
the  negative  of  the  rational  number. 

—  a  a  a 

'  ~h~  =  “  b  = 

the  negative  of  7  mav  be  written  —7 -  or  ~  —  or  . 

b  b  b  —  b 


1)  is 


1»8  Subtraction  in  the  set  of  rational  numbers.  Since  subtraction  is  the 
inverse  operation  of  addition,  therefore  if  a,  b,  c  e  Q,  then 

a  —  b  —  c  if  and  only  if  c  +  b  =  a  . 


The  following  examples  illustrate  subtraction  of  rational  numbers. 


ADDITION 

SUBTRACTION 

ADDITION  WHTCH  PRODUCES 

THE  SAME  RESULT 

1  3  _  2  +  3  _ 5 

2 +  4  4  4 

5  3  1 

4  ~  4  “  2 

5  (—3)  5  + (-3)  2  1 

4  4  4  4  2 

If  7,  7  €  Q,  then 
b  d 

a  (  c  ad  be 
b  +  d~  bd  ' 

ad  +  be  c 

bd  d 

a 

=  b 

% 

ad  A- be  —c  ad  +  be  +  ( —  be) 
bd  d  bd 

ad 
=  bd 

a 

=  b 
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To  subtract  a  rational  number,  add  its  negative. 


a  c 

If  -  €  Q,  then 
b  d 


a  c  a  t  —  c  ad  —  be 
b~  d  =  b  +  ~d  =  bd~ 


Since  a,  b,  c,  d  e  I, 


.*.  ad,  be,  bd,  ad  —  be  e  I . 
ad  —  be 


bd 


€  Q 


Thus,  the  set  of  rational  numbers  is  closed  under  subtraction. 

Write  a  solution  to  the  following  problem  and  compare  it  with  that  on 
page  466. 


1.  Simplify  the  following: 

7 


2-5 
(1)  3  +  T" 


-  2 


("\  ^  3—2 

(n) - 1 - ,  x,  y  el 

xy  xy  xy 


State  the  negative  of: 


Exercise  1-3 

(A) 


-T? 

2  +3 
*  -  10 

3. 

-  5 

-  11 

5  ab 

+  2x 

6‘  -3, 

6. 

a 

~  3c 

'-h 

8* 

2a 

9. 

-  5b 

-  lie 

Simplify : 

2  2 

10.  -  +  - 

3  3 

2  2 
n.  -  +  — 

12. 

-3+  3 

“•  (-!)+(-!) 

15. 

16>  l + 1 

17. 

—  o  7 

# 

18. 

2x  —  x 

3  3 
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Simplify: 


1*9  Order  relations  in  the  set  of  rational  numbers.  If  the  same  idea  of 
order  as  that  established  for  the  integers  is  to  be  extended  to  the  rational 
numbers,  it  is  necessary  to  make  the  following  definition : 

If  a,  be  Q,  then 

a  >  b  if  a  —  b  is  a  positive  rational  number,  or 
a  >  b  if  a  —  b  +  c,  where  c  is  a  positive  rational  number. 


It  follows  from  this  definition  that: 

(i)  all  positive  rational  numbers  are  greater  than  zero ; 

(ii)  all  negative  rational  numbers  are  less  than  zero; 

(iii)  all  positive  rational  numbers  are  greater  than  all  negative  rational 
numbers ; 


(iv) 

since 


-  is  greater  than  — 
4 


-1  +  6 
4 


=  -  (a  positive 

^  rational  number). 


% 
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The  following  are  the  two  fundamental  properties  of  this  order  relation. 

(i)  The  trichotomy  'property: 

If  a,  b  e  Q,  then  a<b  or  a=b  or  a>b. 

(ii)  The  transitive  property: 

If  a,  b  eQ  and  a  >  b  and  b  >  c,  then  a  >  c  . 

Write  a  solution  for  the  following  problem  and  compare  it  with  that  on 
page  466. 

1.  Arrange  the  elements  of  the  following  set  of  rational  numbers  in 
increasing  order  of  magnitude: 


Exercise  1-4 


(B) 


Determine  the  order  relation  for  the  following  pairs  of  rational  numbers: 


2  3 
3’  5 

9’ 


_9 

10 


3. 


2 

3 


7_ 

17 


12 

5 


Arrange  the  elements  of  the  following  sets  in  increasing  order  of  magnitude: 


7. 


9. 


-  3  -  3  _3_\ 

4  ’  4  ’  —  8/ 


10. 


/  1  1  5  -251 

t  3’  4’  6’  3  ’  12/ 


DIO  Rational  numbers  in  decimal  notation.  In  decimal  notation 

|  =  -75,  |  =  -375,  |  -  2.5  . 

In  changing  the  rational  numerals  -f,  -J  to  their  decimal  equivalents, 
the  division  process  is  complete,  or  terminates.  The  decimals  are  called 
termmating  decimals. 

In  decimal  notation, 

-  =  .3333  ...  or  ^-  =  .3 
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|  =  .285714285714  .. .  or  ^=.285714 

In  attempting  to  change  the  rational  numerals  ^ ,  -f-  to  their  decimal 
equivalents,  the  division  does  not  terminate  but  has  recurring  sets  of 
digits.  These  decimals  are  referred  to  as  non-terminating  recurring  decimals. 

It  is  also  customary  to  write  the  repeating  decimals  .3  and  .285714  in 
the  form  .3  and  .285714  . 


theorem  A.  Any  rational  number  may  be  represented  by  either  a 
terminating  or  a  non-terminating  recurring  decimal. 


Two  particular  examples  illustrate  the 
plausibility  of  this  theorem,  (i)  To  find 
the  decimal  equivalent  of  a  fraction  which 
represents  a  rational  number,  the  numera¬ 
tor  is  divided  by  the  denominator.  At  each 
step  of  the  division  a  remainder  occurs.  If 
at  one  stage  of  the  division  the  remainder 
is  zero,  the  division  is  complete  and  the 
decimal  terminates. 

(ii)  If  2  is  divided  by  7,  the  only  possible 
remainders  which  can  occur  are  0,  1,2,  3, 
4,  5,  6.  If  the  remainder  zero  does  not 
occur,  then,  as  the  division  continues,  some 
remainder  must  occur  again.  The  division 
then  repeats  itself. 

Either  (i)  or  (ii)  is  true  for  all  rational 
numbers.  The  division  of  2  by  7  has  been 
completed  by  the  long  division  method 
only  to  display  the  remainders. 


.375 

8 | 3.0000 
2  4 

60 

56 

40 

40_ 

0 


.2857142 

7 | 2.0000000 

1  4 

60 

56__ 

40 

35 


50 

49 

10 

7^ 

30 

28 


20 

14_ 

60 


theorem  B.  Any  terminating  or  non-terminating  recurring  decimal 
represents  a  rational  number. 


The  following  examples  illustrate  the  plausibility  of  this  theorem. 

(i)  Any  terminating  decimal  may  be  written  as  a  fraction  with  denominator 
10  or  a  power  of  10  and  is,  therefore,  a  rational  number. 


.5  = 


5_ 

10 

1 

2 


.34  = 


34_ 

102 

17 

50 


(ii)  Any  non-terminating  recurring  decimal  may  be  expressed  as  a  fraction 
by  employing  the  method  shown  in  the  following  example. 
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Example  1.  Show  that  the  following  non-terminating  recurring  decimals 


represent  rational  numbers: 

(i)  .6  (ii)  .i8  (iii)  .235 

Solution. 

(i)  Let  x  =  .6  =  .6666  . .  • 

10a;  =  6.66666  . . . 
x  =  .66666  . .  • 

.'.  9a;  =  6 


(iv)  .235 

(ii)  Let  y  =  .  1.8  =  .181818  .  . . 
100?/  =  18.18181818... 
y  =  .18181818... 

99 y  =18 


6 


(iii)  Let  m  =  .235  =  .235235  . . . 


1000/?i  =  235.235235  . . . 
m  =  .235235  . . . 

999m  =  235 


m  = 


235 

999 


.\  .18  =  — 


18 

99 

2_ 

11 


(iv)  Let  n 
lOOO/i 
10?? 


.235  =  .2353535.. 

235.353535... 

2.353535... 


.*.  990/7  =  233 
233 


.*.  n  = 


990 


Each  of  the  above  results  may  be  checked  by  division.  The  decimal 
fraction  .375  is  often  referred  to  as  a  non-terminating  recurring  decimal, 
the  repeating  digit  being  zero,  that  is,  .3750.  Thus,  all  rational  numbers 
may  be  represented  by  non-terminating  recurring  decimals  which  are  re¬ 
ferred  to  as  'periodic  decimals. 

It  is  interesting  to  note  that  some  rational  numbers  have  two  decimal 
equivalents.  This  is  illustrated  in  the  following  example. 


Example  2.  Show  that  (i)  .5  and  (ii)  .49  both  represent  the  rational 
number  ^ . 


(ii)  Let  x 

then  100a; 
10a; 

.*.  90a; 
x 


.499 . . . 

49.999... 
4.999  . . . 

45 

1 

2 


Solution,  (i) 
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Similarly  it  may  be  shown  that  the  numbers  5  and  4.9  represent  the 
same  rational  number. 


Write  a  solution  for  the  following  problem  and  compare  it  with  that  on 
page  467. 

1.  Show  that  (i)  .3749  and  (ii)  .375  are  equivalent  to  the  rational 
numeral  f. 

It  should  be  noted  that  the  decimal  part  of  any  periodic  decimal  can  be 
expressed  in  fraction  form  by  the  following  rules. 

The  numerator  is  obtained  by  subtracting  the  number  formed  by  the 
non-repeating  digits  from  the  number  formed  by  all  the  digits. 

The  denominator  is  formed  by  writing  a  9  for  each  repeating  digit, 
followed  by  a  zero  for  each  non-repeating  digit. 


For  example:  .235  = 


235  -  2  233 


990 


990 


Exercise  1-5 

(A) 

State  each  of  the  following  periodic  decimals  in  fraction  form: 


1. 

(i) 

.6 

(ii)  .75 

(iii)  .72 

(iv) 

.15 

2. 

(i) 

.2 

(ii)  .24 

(iii)  .305 

(iv) 

.472 

3. 

(i) 

.27 

(ii)  .13 

(iii)  .324 

(iv) 

.092 

4. 

(i) 

.233 

(ii)  .4562 

(iii)  3.32 

(iv) 

3.42 

(B) 

Show  by  the  process  of  division  that  the  following  are  equivalent  to 
periodic  decimals : 


5.  31  23-+ 

6.  8f 

7-  Tz 

8. 

13 

27 

9  ?* 

9 

130 

10-  7 

11.  -  331 

12. 

27 
”  31 

Show  that  the  following  represent 

rational  numbers: 

13. 

14.  .23 

15.  3.2 

16. 

1.345 

17.  2.7825 

18.  10.2327 

19.  0.3524i 

20. 

1.4837 

21.  32.6215 
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Show  that  the  following  pairs  of  periodic  decimals  represent  the  same 
number: 

22.  .7  and  .6§  23.  .64  and  .639 

24.  Copy  the  table  below  and  check  off  the  properties  possessed  by  the 
indicated  number  systems. 


PROPERTY 

N 

No 

I 

Q 

Addition:  (1)  Closed 

(2)  Commutative 

(3)  Associative 

(4)  Identity 

(5)  Inverse 

Multiplication :  (6)  Closed 

(7)  Commutative 

(8)  Associative 

(9)  Identity 

(10)  Inverse 

(11)  Distributive 

1*11  The  density  of  rational  numbers.  The  rational  numbers  may  be 
considered  as  coordinates  of  points  on  a  number  line.  Such  a  number  line 
may  be  called  the  rational  number  line .  It  is  both  interesting  and  essential 
to  note  that  between  any  two  rational  numbers  there  is  another  rational 
number,  and  hence  between  any  two  points  on  the  rational  number  line 
there  is  another  point  with  a  rational  coordinate.  This  is  suggested  by  the 
following  examples. 

If  a,  b  €  Q  and  a  <  b,  then  between 
a  and  b  lies  the  rational  number 
a  ~j~  b 


Between  1  and  2  is  the  rational 
1  +  2  _  3 
2  “  2  ' 


number 


2 
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Between  -  and  2  is  the  rational 

Jj 


number 


t+*  7 


2  4 

and  so  on,  without  limit. 


CL  -J-  J) 

Between  — - —  and  b  Hes  the 

jU 

rational  number 

a-±±  +  b 

2  a  +  3b 


2  4 

and  so  on,  without  limit. 


> . ....  i 


1+23 

r  — 


-4-2 
r2  +  /  7 

2  “4 


-  +  2 

ri__  15 
'  2 


]5  +  2 
■8^  31 
2  16 


JJL 


0 


+1 


+2 


jFzV/.  1-2 


To  describe  mathematically  the  fact  that  between  any  two  rational 
numbers  there  is  another  rational  number,  we  say  the  rational  numbers  are 
dense. 

It  might  appear  from  this  discussion  that  not  only  is  there  a  distinct 
point  on  a  line  corresponding  to  each  rational  number,  but  that  to  each 
point  on  that  line  there  corresponds  a  rational  number  coordinate.  In 
other  words,  it  appears  that  there  is  a  one-to-one  correspondence  between 
the  points  on  a  line  and  the  rational  numbers.  But  this  is  not  so.  The 
points  on  a  line  which  have  rational  coordinates  are  only  a  small  portion 
of  all  the  points  on  that  line. 


1*12  The  set  of  irrational  numbers.  In  section  1*11  it  was  stated  that 
although  there  is  a  point  on  a  line  which  corresponds  to  each  rational 
number,  there  is  not  a  rational  coordinate  for  each  point  on  that  line.  The 
rational  number  system  is  not  complete  in  this  sense.  It  was  also  observed, 
although  not  proved,  that  each  rational  number  could  be  represented  in 
the  form  of  a  periodic  decimal  and  that  each  periodic  decimal  represents 
a  rational  number. 

It  is  easy,  however,  to  make  up  a  decimal  form  which  is  not  periodic  in 
nature.  For  example,  such  a  number  form  may  be  constructed  by  starting 
with  the  periodic  decimal: 


.32323232 


•  •  • 
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If  the  digit  5  is  inserted  after  the  first  period  .32,  55  after  the  second 
period,  555  after  the  third  period,  5555  after  the  fourth  period,  and  so  on, 
the  resulting  number 

.325325532555325555... 

neither  terminates  nor  repeats  and  is  called  a  non-periodic  decimal. 

Similarly,  by  inserting  different  digits  in  this  way,  any  periodic  decimal 
may  be  changed  into  any  number  of  non-periodic  decimals.  Thus,  there  is 
an  unlimited  number  of  non-periodic  decimals  that  can  be  formed  from 
each  periodic  decimal.  Since  the  numbers  represented  by  these  non¬ 
periodic  decimals  are  not  rational  numbers,  they  are  called  irrational 
numbers. 

Numerals  such  as  the  following  represent  irrational  numbers: 

y/2  =  1.4142136... 

V3  =  1.73205080... 

-v/TOOl  =  10.00333222283909464  . . . 

7T  =  3.1415926535897932384626433832... 

The  following  example  illustrates  that  the  irrational  numbers  are 
coordinates  of  definite  points  on  the  number  line. 


A  circle  with  radius  \  unit  {Fig.  1-2 )  has  a  circumference  of  (27 r  X  -%) 
units  =  7 r  units.  If  such  a  circle  is  rolled,  without  slipping,  for  one  com¬ 
plete  revolution  along  a  number  line  starting  with  a  point  P  on  the  circum¬ 
ference  coinciding  wdth  the  zero  point  on  the  line,  then  a  point  correspond¬ 
ing  to  7r  units  is  determined.  This  point  has  the  irrational  coordinate  tt. 

1*13  Finding  the  point  corresponding  to  an  infinite  decimal.  Theoretically, 
we  may  determine  the  point  corresponding  to 

7T  or  3. 1415926535... 

by  considering  rational  approximations  to  this  number.  For  example, 
3.14  is  a  rational  approximation  to  the  infinite  decimal  because: 
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(i)  it  is  a  rational  number  (a  terminating  decimal) ; 

(ii)  it  is  an  approximation  obtained  by  rounding  off  the  infinite  decimal 
to  two  decimal  places. 

Evidently  tt  lies  between  3 . 1  and  3 . 2,  both  of  which  represent  rational 
numbers  and  are  the  coordinates  of  points  which  can  be  determined  on 
a  rational  number  line. 

Similarly,  r  lies  between  3 . 14  and  3.15, 

7 r  lies  between  3.141  and  3 . 142, 

7 r  lies  between  3.1415  and  3.1416, 


7 r  lies  between  3.141592  and  3.141593. 

Each  of  these  pairs  of  numbers  determines  a  segment  of  the  number 
line,  and  each  successive  segment  lies  within  the  previous  one  and  is  yo 
as  long. 


!L. 


7T 

1 - Jl 


) 1  ■  < - 1 - 1 - L 


till 


J  L. 


3.0  / 


3.5 


4.0 


i r 


j _ i _ JL _ i _ i _ i _ ± 

3.10 


^5 


—  . 

I  i  i  I  ~~  ^  I  i  i 

3.20 


i 


-1  L. 


3.140; 

/ 

I 

I 

/ 

/ 

/ 

1 


3.145 


3.150 


71 

1 


J  I  I ,\  I  I  1  -J  I  L 


3.1410 


s 


3-.1415 


3.1420 


N 


'  ■ L2  i  i  i  i  i  i  i 


n7T 

"k, 

.it  >1 


3.14150 


f 


-1  In  JmJ  L 


'3.14jl60 


L I  I  I  I  I  L 


3.141590 


3.141592 


V  v_ 


3.141600 


3.141593 


Fig .  1-3 
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This  is  illustrated  in  Fig.  1-3.  It  seems  likely  that  if  this  process  is 
continued  without  limit  there  is  just  one  point  common  to  all  these  segments, 
and  this  point  corresponds  to  the  number  x.  The  same  procedure  could  be 
carried  out  for  any  infinite  decimal.  The  nature  of  the  method  makes  us 
feel  certain  there  is  a  definite  point  corresponding  to  each  infinite  decimal, 
and  to  each  point  there  corresponds  an  infinite  decimal.  It  will  be  neces¬ 
sary  for  us  to  assume  that  this  is  true. 

1*14  The  set  of  real  numbers  ( R ).  The  set  of  all  decimals  (the  union  of 
the  periodic  and  non-periodic  decimals)  represents  a  set  of  numbers 
which  is  called  the  set  of  real  numbers.  This  set  is  complete  in  the  sense 
that  there  is  a  one-to-one  correspondence  between  its  elements  and  the 
points  on  a  number  line.  Its  composition  is  shown  in  Fig.  1-4. 

Real  numbers  (R) 


Rational  numbers  Irrational  numbers 

(Q) 

_ I _ l - 1 - 1 - 1 - 1 - L - i _ I _ _L _ I— _ 

-5  -4  _3  ~2  _1  0  +1  +2  +3  +4  +5 

Fig.  1-4 

The  real  number  line  in  Fig.  1-4  draws  attention  to  the  fact  that  the 
set  of  real  numbers  contains  all  positive  and  negative  decimals.  Each 
decimal  may  be  paired  with  its  negative:  for  example,  the  real  number 
represented  by  a  may  be  paired  with  its  negative,  —  a. 

Whenever  operations  with  irrational  numbers  in  decimal  form  are  re¬ 
quired,  rational  approximations  are  used.  For  example,  to  find  the  area 
of  a  circle  (x r2),  useful  rational  approximations  to  the  area  of  the  circle 
are  obtained  by  using  or  3.14,  or  3.142,  or  3.1416  as  rational  ap¬ 
proximations  for  x .  Similarly,  any  infinite  decimal  is  rounded  off  to  provide 
a  suitable  rational  approximation  for  use  under  given  circumstances, 
according  to  the  following  rule. 

In  rounding  off,  discard  all  unnecessary  digits  and  add  1  to  the 
last  retained  digit  whenever  the  next  digit  on  its  right  is  5  or  more, 
except  when  a  single  digit  5  is  being  discarded,  in  which  case  it  is 
customary  to  round  off  to  the  nearest  even  digit. 

It  is  assumed  that  the  definitions  and  properties  of  addition  and  multi¬ 
plication  of  rational  numbers  are  extended  to  the  real  numbers. 


Rational  Numbers ,  Irrational  Numbers ,  Real  Numbers  53 

1*15  Summary.  The  set  of  real  numbers,  R ,  which  consists  of  the  set  of 
rational  numbers,  Q,  and  the  set  of  irrational  numbers,  has  subsets  which, 
under  addition  and  multiplication,  behave  in  exactly  the  same  manner  as 
the  integers  and  the  natural  numbers.  In  this  sense,  the  set  of  real  numbers 
is  an  extension  of  each  of  these  sets,  retaining  the  basic  properties  of  them 
and  providing  a  set  of  numbers  closed  with  respect  to  addition,  multiplica¬ 
tion,  subtraction,  and  division. 

The  set  of  real  numbers  has : 

(i)  an  identity  element  for  addition  (zero) ; 

(ii)  an  identity  element  for  multiplication  (unity) ; 

(iii)  a  negative  or  additive  inverse  for  each  element; 

(iv)  a  reciprocal  or  multiplicative  inverse  for  each  element, 
except  zero. 

The  steps  in  the  development  from  the  natural  numbers  to  the  real 
numbers  are  listed  below : 

(i)  N  =  {1,2,3,...} 

(ii)  N*  =  {0,  1,2,3,  ...} 

(iii)  /  =  2,  -  1,0,  +  1,  +2,... J 

=  }±a | a  €  N  j  U  joj 

(iv)  Q  =  |  a,  b  €  /,  i>  oj- 

(v)  R  is  the  union  set  of  Q  and  the  set  of  irrational  numbers, 

that  is,  the  set  of  all  decimals. 

The  laws  of  the  real  number  system  are  listed  below: 

If  a,  b,  c  e  R,  ihen 


ADDITION 

Closure  Law  a  -f  b  represents  one  and  only 
one  real  number  (CIA) 

Commutative  Law  a  -T  b  —  b  -f  a  ( CA ) 

Associative  Law  (a  +  b)  -f  c  —  a  +  (b  +  c)  (AA) 


MULTIPLICATION 

ab  represents  one  and 
only  one  real  number 
(< CIM ) 

ab  =  ba  (CM) 
(ab)c  -  a(bc)  (AM) 


Distributive  Law 
Identity  Elements 
Inverse  Elements 


a(b  -f  c)  =  ab  +  ac 


Zero 


—  a 


1 

a 


(D) 

Unity 

’  a  ^  0 


Order:  If  a,  b  e  R,  then 

a  >  6  if  a  —  b  is  a  positive  real  number,  or 

a>b  if  a=b  +  c,  where  c  is  a  positive  real  number. 
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Trichotomy  property:  a  <  h  or  a  =  b  or  a  >  b  . 

Transitive  property:  If  a  >  h  and  b  >  c,  then  a  >  c  . 

Completeness  property:  The  real  number  system  is  complete,  that  is,  each 
point  on  a  number  line  corresponds  to  a  real  number,  and  each  real  number 
corresponds  to  a  point  on  the  number  line. 

Unless  otherwise  specified,  it  will  be  understood  that  the  variables  are  real 
numbers  in  the  remainder  of  this  text. 


Exercise  1-6 

(A) 

1.  Describe  in  set  notation  the  sets  N,  No,  I,  Q,  R  . 

2.  Name  two  important  subsets  of  R  . 

3.  From  the  periodic  decimal  2.34  form  four  different  non-periodic 
decimals.  Discuss  the  statement:  “There  are  infinitely  many  more 
irrational  numbers  than  rational  numbers.” 

4.  Of  what  elements  is  the  set  of  real  numbers  composed  ? 

5.  What  is  a  periodic  decimal  ? 

6.  What  assumption  was  made  concerning  (i)  the  real  numbers  and 
points  on  a  number  line  (ii)  points  on  a  number  line  and  real  numbers  ? 

7.  How  are  the  real  numbers  ordered  ?  What  is  meant  by  saying  a  >  b 
where  a,  b  represent  real  numbers  ? 

8.  State  one  rational  number  and  one  irrational  number  between  the 

irrational  numbers:  a  =  6.3274108  .  . .  and  b  =  5.3725038  ...  . 

9.  State  one  rational  number  and  one  irrational  number  between  the 
rational  numbers:  c  =  0.32323232  . . .  and  d  =  0.65372372  ...  . 

(B) 

State  rational  approximations  for  the  following  real  numbers  correct  to 

2,  3,  4  decimal  places: 

10.  3.14159...  11.  1.41426...  12.  15.345726... 

13.  17.432768...  14.  2.15  15.  18.23 

16.  15.235  17.  3.6725 

1*16  Powers,  definition  of  am ,  m  €  +I.  It  is  convenient  shorthand  to  write 

2X2X2X2X2  =  25 

where  the  exponent  5  indicates  that  the  base  2  is  to  be  taken  as  a  factor 
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5  times.  25  or  32  is  called  the  fifth  power  of  2.  26  is  read,  “2  (raised)  to 
the  exponent  five”. 

This  example  leads  to  the  general  definition: 

//  a  €  R  and  m  e  +I,  then 

am  means  a»a*a. . .  to  m  factors. 
am  is  called  a  power  and  is  referred  to  as  the  mth  power  of  a. 

bl7  The  law  of  exponents  for  multiplication  for  a  positive  integral  ex¬ 
ponent.  The  product 

x3  X  x4  =  (x  •  x  •  x) (x  •  x  •  x  •  x)  (Definition) 

=  x7  (Definition) 

=  a: 3+4 . 

This  and  similar  examples  suggest  the  general  law: 

am  X  an  =  am+n,  m,  n  e+I 
which  is  called  the  law  of  exponents  for  multiplication. 

Example  1.  Simplify:  (i)  a7  •  a8  (ii)  x4  •  x2  •  x5 

Solution.  (i)  a7  •  a8  =  a7+8  (ii)  x4  •  x2  •  xb  =  x4+2+B 

=  a16  =  x11 

Example  2.  Simplify  the  product  (x2ys)(x4yh)  . 

Solution.  (x2y3)(x^yb)  =  x2  •  y*  •  x4  •  yb 

=  x2  •  x4  •  y3  •  yb  (CM) 

=  (x 2  •  x4)  (y 3  •  yb)  (AM) 

=  x2+4  •  y3+b  (Multiplication  law) 

=  x6y8 

Example  3.  Find  the  4th  power  of  x2 . 

Solution.  (x2)4  —  x2  •  x2  •  x2  •  x2  (Definition) 

=  x8  (Multiplication  law) 

=  z2‘4 

This  and  similar  examples  suggest  the  general  law: 

(an)m  =  anm,  n,  m  e  +/ 
which  is  called  the  power  law. 

Example  4.  Find  the  3rd  power  of  3 xy  . 

Solution.  (3  xy)3  =  (Sxy)  (Sxy)  (Sxy)  (Definition) 

=  3 3x3y3  (Multiplication  law) 

=  27  x3y3 
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This  and  similar  examples  suggest  the  general  law: 

(a •  b)m  =  am-bm,  me  +1 

which  is  called  the  law  of  exponents  for  the  power  of  a  product. 

Write  equivalent  expressions  for  each  of  the  following  and  check  your 
solutions  with  those  on  page  467. 

1.  x4  2.  {a -by  3.  (a263)(a466)  4.  (d3)6 

6.  (a263)4  6.  (3 abed)2  7.  32 a5610c16  8.  (-a2)3 

bl8  Summary  of  the  laws  of  exponents  involving  multiplication. 

If  a,  b  e  R  and  m,  n  e  +I,  then 

(i)  multiplication  law:  am  X  an  = 

(ii)  power  law:  {am)n  =  amn 

(iii)  power  of  a  product:  (a  •  b)m  —  a™bm  . 


Exercise  1-7 

(Variables  are  real  numbers  for  which  the  expressions  are  defined.) 


(A) 

State  the  meaning  of : 

(i)  m6 

(ii)  (2a)4 

(iii)  (3  X  2) 3 

(iv)  ( ab )2 

(v)  a262 

(vi)  (a2)2 

(vii)  ( b2c 2)2 

(viii)  3a263 

(Lx)  a4  X  a6 

Simplify  or  state  an  equivalent  form  for : 

(i)  3a2  X  4a2 

(ii)  x2y3  X  £3y2 

(iii)  3m4yhX2Xm2y2 

(iv)  a2  X  (2 a)3b2 

(v)  5p2q3rAXSp3qr2 

(vi)  (apY 

(vii)  64c4d4 

(viii)  (a263)2 

(ix)  7p3XSp2Xp 4 

State  the  second  and  third  power  of  each  of  the 

following: 

(i)  4 

(ii)  5a 

(iii)  3a4 

(iv)  6a  6 2 

(v)  3x?/3 

(vi)  2x2yb 

(B) 

Simplify: 

(i)  3a  26  X  4 a3fr2 

(ii)  3(a253)2 

(iii)  3a2(53)3 

(iv)  5pV  X  Qp'q11 

(v)  (2 x4y6)3 

(vi)  5??i5(p4)6 

Rational  Numbers ,  Irrational  Numbers ,  /?<?#/  Numbers 

5.  Find: 

(i)  the  fifth  power  of  2x2y3  (ii)  the  7th  power  of  3 xy2z3 

6.  Supply  the  missing  factor  in  each  of  the  following: 

(i)  3 6xsy4zb  —  (9 x2y2z2){  )  (ii)  42 a4b2c3  =  (7 a4bc3)( 

(iii)  27 a366c9  =  (3a62c3)(  )  (iv)  3 5a26c8  *=  (7ac)(  ) 

(v)  18a:4?/ 3z  =  (— 6a:2?/)(  )  (vi)  24 mbp\4  =  (4ra3p3</3)( 
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2»19  The  law  of  exponents  for  division.  Zero  exponent. 

a.  Since  division  is  the  inverse  operation  of  multiplication, 


b. 


then  v  x2  X  x3  =  xb 

xb  -T-  a;3  =  x2,  x  5*  0 
=  x6-3 . 

This  and  similar  examples  suggest  the  general  law : 

am  -b  an  =  am~n,  m>  n,  m,  n  e  +J 

V  1  X  a:3  =  a:3 


(Multiplication  law) 


or 


x* 


—  1  ,  X  7^  0 


This  and  similar  examples  suggest  the  general  law : 

am  -f-  am  =  1,  m  e  +/ 

However,  if  the  division  law  of  a  is  applied  to  this  example,  then 


X' 


x3  =  x3  3 


,  x  9^  0 


—  x° ,  x  ^  0. 

This  and  similar  examples  suggest  the  definition: 

a°  =  1,  a  t*  0 

The  following  example  indicates  that  the  law  of  exponents  for  multi¬ 
plication  leads  to  the  same  conclusion: 

x4  X  x°  =  x4+0  (Multiplication  law) 

=  x4 

which  can  be  true  only  if  x°  =  1  . 

In  deriving  the  definition  from  examples  involving  division,  the  base 
could  not  be  zero;  therefore  this  restriction  is  placed  on  the  definition: 
0°  is  not  defined. 

This  definition  extends  the  laws  of  exponents  to  allow  the  exponent 
to  be  any  non-negative  integer. 

x? 


Example  1.  Simplify  —  . 


x 1 
x 


x ' 


x°  -s-  x°  1 
— - -  =  — - ,  x  5*  0 

6  X5  -5-  X3  X2 


Solution. 
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Simplify  or  write  equivalent  expressions  for  each  of  the  following  and 
compare  your  solutions  with  those  on  page  467.  Consider  that  the  variables 
are  not  zero. 


1.  a7  4-  a4 
4.  6°  X  6° 

7.  (zV)  4-  (; xy 2) 


2.  67  X  6° 

5.  6°  4-  b° 

6  pV 
*  3pY 


3.  67  4-  6° 

6.  c6  c7 

_  6a866c7 

9.  - 

2  a264c9 


3  77^ 

Example  1.  Find  an  equivalent  expression  for  (i)  (  -  )  (ii) 


Solution. 


if  b,  n  5*  0  . 

...  / a\3  a  a  a 

(1)  y  -  5*6*6 

a3 


wr 


(ii)  -7  = 


b3 

m  •  m 


nl 


n  •  n 

m  m 

-  •  — 

n  n 


m  /mV 
n  \nj 


(Definition) 


(Definition) 


This  and  similar  examples  suggest  the  general  law: 


a\m 


nd 


=  —  ,5^0,  m  is  a  non-negative  integer , 


which  is  called  the  law  of  exponents  for  the  power  of  a  quotient. 


Simplify  or  write  an  equivalent  expression  for  each  of  the  following  and 
compare  your  solutions  with  those  on  page  467.  Consider  that  the  variables 
are  real  numbers  for  which  the  expressions  are  defined. 


“■  (IT 

11. 

43 

73 

12. 

a2b2 

c 2 

X3yZ 

13‘  Jb 3 

14. 

/  abc  \4 
\mnp) 

15. 

8  a3 

12563 

1»20  Summary  of  laws  of  exponents  involving  division. 

If  a,  b  e  R,  a,  b  ^  0,  m,  n  are  non-negative  integers,  then 

(i)  am  -7-  an  =  am~n,  m^n 

(ii)  a°  =  1 
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Exercise  1-8 

( Variables  are  real  numbers  for  which  the  expressions  are  defined.) 


1.  State  the  meaning  of : 


(A) 


(i)  a4  -f-  as 

(ii)  (aft)* 

(iii) 

(lv)  :r 

V 

(v)  0° 

(vi) 

Simplify  or  state  an  equivalent  form  for: 

(i)  a17  4-  a14 

(ii)  (6p5)  4-  (p») 

(iii) 

« (;)• 

m4 

(v)  ^ 

(vi) 

,  ...  r4sb 
(vll)  rV 

(viii)  ^ 
x4y4 

(ix) 

/  N  6x4y2 
(X)  3*V 

(X1)  2a2 

(xii) 

15  x2y4z° 
(X1U)  Zxy2 

,  .  ,  49a9i>7 
(X1V)  7a1067 

(xv) 

(B) 

Find:  ' 

-  • 

(i)  (Z5a3b2)  4- 

(5a&)  (ii)  x8  -7-  x 

(iii) 

250a5cd2 
(lV)  25abcd 

121a4b2c°db 
(V)  lla252c2d2 

•>  (vi) 

(=)■ 


(2x\o 

w 

3  x°y4zb 
2  xy2z6 

24a7616 

2abb12 

125x°y4ze 
250 x2y3z7 


15  x4y3z? 
Sxyz 

72m°nby6z4 

6m2n3y8z10 


4.  Why  is  the  quotient  of  (15a253c)  -f-  (3 abc)  e_qual  to  5a52? 

5.  Find  the  following  quotients: 

-  (i)  (25a2)  -tr  (5a2)  (ii)  (16x2y4)  +  (8xy)  -(iii)  (15y4pb)-i- (3y2p) 
(iv)  (25a4?/0)  *r- (5a2)  -(v)  (20a354)  -f- ((2a52)2)  (vi)  (0)-^(3a5c) 


-  (vii) 


3  6x4y*z 
9xyz 


6*12 


10 


(viii) 


10a°52c4 

2a°5°c 


-(«) 


3 x2y3  X  4iXyz 
2  xy 
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6.  What  information  is  obtained  by  division  in  the  following?  Perform 
the  division  and  interpret  the  results. 

(i)  A  rectangle  of  area  10 xzy2  square  inches  has  width  2 xy  inches. 

(ii)  A  trip  of  30 mV  miles  is  made  at  5m2  miles  per  hour. 

(iii)  At  $7 m2s  per  ton,  a  quantity  of  coal  costs  $42m2$2 . 

(iv)  The  cost  of  x  dozen  oranges  is  . 

(v)  The  perimeter  of  a  square  is  20m  inches. 

1*21  The  laws  of  exponents  extended  to  negative  integral  exponents.  The 

law  of  exponents  for  multiplication  for  non-negative  exponents  states 

am  X  an  —  am+n  ,  a  ^  0  . 

If  we  wish  to  extend  this  law  to  permit  m  and  n  to  be  any  exponents, 
then  it  must  be  true,  for  example,  that : 

46  X  4“ 6  =  46+(_6)  =  40  =  1 

or,  in  general,  am  X  a~m  =  am+i~m)  =  a0  =  1 ,  me/. 


This  suggests  the  definition  a  m  — 


a 


m 


Then  am  and  a~  m  are  reciprocals  since  their  product  is  1. 

Also,  if  the  division  law  am  -s-  an  =  am~n  for  non-negative  integral 
exponents  is  to  be  extended  to  include  integral  exponents,  then  it  must  be 
true,  for  example,  that 

(-  2 )4  4-  (-  2)7  -  (-  2)4-7  =  (-  2)“3 . 

(  —  2) 4  1 

But  we  know  that  (—  2)4  4-  (—  2) 7  = 


(_2)7  (—  2)3  * 


1 


,  and  (—2)  3  and  (—  2) 3  must  be 


That  is,  (—  2)  3  must  equal 

2) 6 

reciprocals. 

Thus,  the  laws 

X  an  =  am+nJ 
am  -5-  an  —  a1 

are  extended  to  include  all  integral  exponents  by  the  definition: 


-«-»  a  ^  Q 


a’m  “  a™  *  a  *  0 '  m  €  L 

Simplify  or  write  an  equivalent  expression  for  each  of  the  following  and 
compare  your  solutions  with  those  on  page  468.  Consider  that  the  variables 
are  real  numbers  for  which  the  expressions  are  defined. 


2. 


a' 


6-« 


.-3 


1.  a-4 


3. 


4.  a~2b~8 


6! 
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a2bz 


6.  a2  X  a*3  7.  (6z4zr5)  +  (2a :2y‘z) 


8.  4m6n  3  X  3 m  2n3 


12  a"46"6 


7*22  Summary  of  the  laws  of  exponents  for  integral  exponents. 

If  a,  b  e  R,  a,  b  0,  m,  n  <=  /,  then 


(i)  multiplication  law: 

(ii)  division  law : 

(iii)  zero  exponent: 


(iv)  negative  exponent: 


(v)  power  law : 

(vi)  power  of  a  product: 


(arn)n  =  amn 
(a  •  b)m  =  am  • 


(vii)  power  of  a  quotient: 


Exercise  1-9 


(The  variables  are  real  numbers  for  which  the  expressions  are  defined.) 


(A) 


1.  State  the  definition  for  a1',  x  €  +I . 

2.  State  the  law  of  exponents  for  multiplication. 

3.  State  the  law  of  exponents  for  division.  Why  must  the  base  not  be  zero  ? 

4.  State  the  power  law  of  exponents. 

5.  State  the  law  of  exponents  for  the  power  of  a  product. 

6.  State  the  law  of  exponents  for  the  power  of  a  quotient. 

7.  State  the  meaning  of : 


(i)  (-  2) 3 

(iv)  (-  a)2 
(vii)  x~ 2 


(ii)  (~  2)4 

(v)  -  (a 6) 2 


(iii)  (3  X  (—  2)  )5 
(vi)  2"1zy-1 
(ix)  2a~3b~2 


(viii)  (xy)  1 


8.  Simplify  or  write  in  an  equivalent  form: 

(i)  (3a2)(—  4a3)  (ii)  (x2yz) (x3y2) 

(iv)  (—  l)4a2  X  (—  2)362  (v)  m° 


(hi)  (-3)3 
(vi)  a°6°c° 


1 


1 


(vii)  m~  ln~  2p° 


(viii) 


m 


(ix) 


m  2m~3 
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(xiii) 


22  X  2~3 

IF6 


(xi) 


a:  3y  4z° 


(xii) 


6x4y  2 
3  x2y~2 


(xiv)  3  2  +  2  3  (xv)  2  4  —  3  6 


Simplify: 

*  3a;2?/4 

9.  “TT 

x2y4 

35a4  6 2 
’  7abb~2 

13.  (15x4y°z6)(Sx~2y~3z~4) 

15.  (3 a2b°c~2)2 

17.  (25a4?/0)  (-  5 a-y2) 

19.  (—  72 m°n5y6)  -5-  (—  6 m2n~3y2) 


(B) 

10.  ( 12a°52c~4)  (3a~ 1 5°c 2) 

49x~5?/~6 
*  7a;"6?/-6 

14.  (3a-4?/056)(4a4?/05-6) 

16.  (2a;4?/-320)3 

18.  (—  15x4^— 6i/0)  -T-  (—  3 x~4ye) 

20.  (121a45-2c°rf-5)  -f-  (  —  lla262c2d2) 


21.  Rewrite  and  supply  the  missing  factor  in  each  of  the  following: 

(i)  35 a2b°c~2  =  ( 7abc)(  )  (ii)  —  18a;4?/- 32:0  =  (6 x2yz){  ) 

(iii)  24m5p“V  =  (—  4 m3p2q~2)(  ) 

(iv)  56a :2y~4zb  =  (28 xy~4z~b)(  ) 

1  .  ^ 

22.  Simplify:  23.  Simplify:  3“ 2  +  2“ 3 

O  ij 


Scientific  notation;  numerals  in  standard  form.  It  is  often  necessary, 
particularly  in  scientific  calculation,  to  use  very  large  or  very  small 
positive  numbers. 

The  mean  distance  of  the  earth  from  the  sun  is  93,000,000  miles.  For 
convenience  in  expressing  such  numbers,  and  in  computing  with  them,  this 
distance  is  usually  expressed  in  the  form  9.3  X  107  miles. 

The  nucleus  of  the  hydrogen  atom  is  approximately  0.000,000,000,000,1 
cm.  in  diameter.  This  small  number  may  be  expressed  in  the  form 

1.0  x  10-13. 

Thus,  powers  of  ten  may  be  used  to  help  express  large  and  small  positive 
numbers  in  a  convenient  form. 

If  a  positive  number  is  expressed  as  the  product  of  a  decimal 
numeral  equal  to,  or  greater  than,  1  and  less  than  10  and  a  power 
of  10,  it  is  said  to  be  in  standard  form. 
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If  a  positive  number  is 

greater  than  1,  the  exponent  of  the  base  10  is  positive; 
equal  to  1,  the  exponent  of  the  base  10  is  zero; 
less  than  1,  the  exponent  of  the  base  10  is  negative. 


Exercise  1-10 


(B) 


The  following  is  a  list  of  objects  the  approximate  lengths  of  which  are 
given  in  centimetres.  Express  these  lengths  in  standard  form: 


1.  Diameter  of  the  hydrogen  atom 

2.  Distance  between  molecules  of  ferrous 
sulphide 

3.  Diameter  of  molecular  ring  of  nitrocellulose 

4.  Length  of  diphtheria  bacterium 

6.  Diameter  of  particles  of  fine  printer’s  ink 

6.  Diameter  of  human  red  blood  cell 

7.  Thickness  of  the  thinnest  plastic 

8.  Length  of  a  plant  cell 

9.  Diameter  of  a  snow-flake 

10.  Diameter  of  a  ten-cent  piece 

11.  Height  of  an  average  man 

12.  Height  of  the  Empire  State  Building 

13.  Diameter  of  the  earth 

14.  Diameter  of  the  sun 

15.  Diameter  of  the  solar  system 


0.000,000,01  cm. 

0.000,000,1  cm. 
0.000,01  cm. 

0.000,3  cm. 

0.000,4  cm. 

0.000,8  cm. 

0.001  cm. 

0.01  cm. 

0.25  cm. 

1 .8  cm. 

175  cm. 

33,000  cm. 

506,880,000  cm. 
553,836,800,000  cm. 
130,000,000,000,000  cm. 


Express  the  following  magnitudes  in  standard  form : 


16. 


17. 

18. 

19. 

20. 
21. 


22. 


Time  for  an  electron  to  revolve  around 
the  nucleus  of  a  hydrogen  atom 
Time  of  the  fastest  camera  exposure 
Time  of  atom  bomb  explosion 
Time  for  a  house-fly  to  beat  his  wings 
once 

Time  for  a  human  heart  beat 

Human  life  span 

Age  of  the  earth’s  oldest  rocks 


0.000,000,000,000,000,1  sec. 
0.000,000,1  sec. 

0.000,01  sec. 

0.001  sec. 

1 .0  sec. 

2,000,000,000  sec. 
100,000,000,000,000,000  sec. 
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Express  the  following  magnitudes  in  expanded  form : 


23.  Mass  of  the  earth 

24.  Mass  of  the  sun 

26.  Mass  of  the  moon 

26.  Mean  distance  from  the  earth  to  the 
moon 

27.  Coefficient  of  linear  expansion  of 
copper 

28.  Mass  of  an  electron 

29.  Electrical  charge  of  one  electron 

30.  Number  of  electrons  in  1  coulomb 

31.  Radio  station  CBL 

(i)  AM  frequency 

(ii)  FM  frequency 

32.  Velocity  of  light 

33.  Unit  of  light  wave  length 
(angstrom  unit) 


6.6  X  1021  tons 

2. 1  X  1027  tons 

8.1  X  10 19  tons 

2.4  X  105  miles 

1.7  X  10"5 

9  X  10-28  grams 
1.6  X  10“ 19  coulombs 
6.3  X  1018 

7.40  X  105  cycles  /sec. 

9.1  X  107  cycles /sec. 

3  X  108  metres  /sec. 
10-8  cm. 


In  the  following  practice  exercises ,  the  variables  are  real  numbers  for  which 
the  expressions  are  defined. 


Practice  Exercise  1-11 


Simplify: 


1.  (—  5)(—  ax2)(  —  ax)2 

n  -  18a768  „  «  Vo 

3.  - 


3a7 


5. 


7. 


0 


—  a  be 

—  27x ebc 


—  3x 

9.  (—  39 x4y5)  -s-  (—  13 x2y) 
11.  (162a16512)  (-  27 a1266) 

Expand: 

13.  —  3[(-  5)  -f-  (—  4)] 


(B) 


2.  (—  3m)2(5m)(—  2m) 

.  —  32  ra5a 

4.  - 

16  m2a 

-  105a664 


6. 


8. 


-  10W 
2  5a567 


50 a2b2 

10.  (—  45x4y*ze)  -7-  (9 x2y2z2) 
12.  (—  343 x7yz)  -4-  (—  49 x2yz) 

14.  (3a  +  26)  (—  4c) 
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15.  (4a)  (3a  —  2b  +  3c)  16.  (—  4b)[6m  -f-  (—  3 p)  —  4c] 

17.  If  a  =  -  2,  b  =  3,  find: 

(i)  3a  -  2b  +  (5a  +  b)  -  (6a  -  45) 

(ii)  (5a2  +  ab  +  b 2)  -  (a2  -  2ab  +  3b2) 


18.  Show  that  (  — —  X 


(—a;  a  \ 

~ x“ J 


X 


a?/  —  £ 


o;5 


2/ 


19.  Arrange  the  elements  of  the  following  set  in  increasing  order  of 
magnitude:  j— --3 


1  _3 _  2  -  7) 

-  4’  3’  -8 r 


Practice  Exercise  1-12 


1. 


4. 


7. 


Simplify: 

15 


-  45 

(-  5)(—  12) 

-  30 

(—  q)(—  b)(-  1) 
3  a 

—  ab\/  — 


2. 


(B) 


—  24a be 
8c~ 


c  ~  5  -  15  _ 

5. - : - 6. 

-  35  21  cd 


3  ^a  —  6a 
6a  24a 

ab  —  ac 


/<* 


—  m2n 


0  1  ,  “  5  4  n 

8. - 1 - - 9.  Ill  ~r- 

xy  x  y  n2m 


» tyCr* )fe‘) 


11. 


12, 


(-  6)  -  (-  12) (20) 

(-  3)(15)  -5-  (-  2) 


13. 


14. 


xy 


(x2y3)  -5-  (.T2?/) 


16.  Prove 


15. 


iTi  ( —  a)3 


-3^4 
27  (-  3) 

_  5 

_ 6_ 

_  Hi 

24 

1  +  ^1 

be  be 

_  _4^ 
abc 


( 


(—  m2)(—  a)2 _ 

m3(—  a)3  (a2)2(—  w2) 

-  5\/  56  V-  10 


16  A-  15, 


8  be  10a£ 

— —  X  — —  ,  a,  b,  c,  x  7*  0 . 
-  3ba  16c.r 


17.  Prove 
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18. 


Arrange  the 
magnitude : 


elements  of  the  following  set  in  decreasing  order  of 
(-  5  4  -  3  0  1  -  3) 

t  6  *  3*  -  2’  2’  -  3*  8  J  * 


Practice  Exercise  1-13 


(B) 

1.  Find  each  of  the  following  when  a  =  —  2,  6  =  — 3: 


(i)  a2b  3 

r  >>  ab~ 2 

(iv) 

a  46 

(vii)  -T7  +  7Z7 

a  1  o  1 


(ii)  2a"2 
9a-2 


(v) 


2b 2 


(viii)  4t  +  -pi 
a  1  b  1 


a  3 

™  F* 


(vi) 


8a~ 3 


-96 


-2 


1  63 
(ix)  — i  +  — 

n  *  n  A 


a 


a 


2.  Find  each  of  the  following  when  x  —  —2 ,  y  =  —  1,2  =  2: 
(i)  xy  (ii)  ( xy)z  (iii)  xzy~z 

(v)  (y-'z-1)*  (vi)  (xW)-a 

(ix)  (zV)' 


(iv)  ©’ 

(vii)  ( xy)yz 


(x)  (z  zy  z)° 


(viii)  (x-'y-'z-')v 
1  \o 


\—z 


(xi) 


+ 


v2/ 


1  \°  ,  ...  z°  y° 
(x11)  “7+ “7 


—  i 


y 1 


zi 


3.  Express  each  of  the  following  in  expanded  form : 


(i)  5.54  X  1011 
(iv)  3.3  X  102 

(vii)  2.5  X  101 

6.8  X  104 
(X)  3.4  X  10- 2 


(ii)  1.3  X  104 
(v)  1.0  X  10"4 


(viii)  6.5  X  10  8 
(xi) 


(iii) 

(vi) 

(ix) 


7.2  X  10“2 

8.2  x  nr1 

6.3  X  10-5 


2.1  X  10~6 
(2.0  X  10_3)(3.2  X  102) 


(1.6  X  10“ 2)(5.0  X  103) 


4.  Express  each  of  the  following  in  standard  form: 


(i)  6,600,000,000 

(ii) 

93,000,000 

(iii)  1,000,000,000 

(iv) 

0.000,075 

(v)  0.000,000,000,23 

(vi) 

280 

(vii)  0.28 

(viii) 

0.0372 

(ix)  428.6 

(x) 

7,250.0  X  103 

(xi)  18,000  X  10~4 

(xii) 

0.005  X  lO"6 
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EQUATIONS  AND  INEQUATIONS 


2»1  Solving  equations  of  the  first  degree  in  one  variable.  Sentences  like 
x  —  4  =  —  2  are  called  equations  of  the  first  degree  in  one  variable,  because 
the  exponent  of  the  variable  is  unity.  The  variable,  represented  by  z,  is 
an  element  from  a  replacement  set  which  is  always  specified  (R,  unless 
otherwise  indicated).  To  solve  such  an  equation  means  to  determine  the 
number  (or  numbers)  from  the  replacement  set  which  makes  the  sentence 
true:  that  is,  makes  the  number  represented  by  x  —  4  (Left  Side,  L.S.) 
equal  to  —  2  (Right  Side,  R.S.).  In  this  example,  the  replacement  for  x 
which  makes  the  sentence  true  is  2.  2  is  called  the  root  of  the  equation 
and  { 2 }  the  solution  set. 

It  may  be  observed  by  inspection  that  in  the  following  set  of  equations 

(i)  x  =  2  (ii)  4x  =  8  (iii)  x  +  3  =  5 

(iv)  x  —  4  =  —  2  (v)^=l 

each  has  the  same  root  2  and  the  same  solution  set  { 2 }  . 

Since  each  equation  has  the  same  root  2,  we  should  be  able  to  obtain 
one  equation  from  the  other  using  the  number  properties. 

The  Closure  Law  for  Multiplication  in  the  set  of  real  numbers  states: 

If  a,  &  €  R,  then  a  •  b  is  a  unique  real  number. 

Thus,  from  equation  (ii),  if  x  €  R,  then  4x  is  a  unique  real  number. 
Also,  since  2  e  R,  then  4  •  2  is  the  unique  real  number  8.  But  equation 
(i)  states  that  x  equals  2,  and,  hence,  by  the  uniqueness  property  of  the 
closure  law  for  multiplication,  4x  and  8  represent  the  same  real  number. 
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Thus,  if  x  =  2,  then  4.x  =  8  .  ( CIM ) 

Similarly,  the  closure  law  for  addition,  subtraction,  and  division  in 
the  set  of  real  numbers  allows  (iii),  (iv),  and  (v)  to  be  obtained  from 
equation  (i). 

Thus,  if  x  =  2,  then  £  +  3  =  2  +  3,  or  £  +  3  =  5  (CIA) 

if  x  =  2,  then  x  —  4  =  2  —  4,  or  £  —  4  =  — 2  (CZ>S) 

if  £  =  2,  then  ^  or  -  =  1  .  (CZD) 

The  same  laws  permit  the  reverse  steps  to  be  taken: 

4x  8 

if  4x  =  8,  then  —  =  -,  or  x  =  2  ( CID ) 

if  £  +  3  =  5,  then  £  +  3  —  3  =  5  —  3,  or  £  =  2  (CIS) 

if  £  —  4  =  —  2,  then  £  —  4  +  4=  —  2  +  4,  or  x  —  2  (CIA) 

if  ^  =  1,  then  ^  X  2  =  2*1,  or  x  =  2  (CIM) 

Thus,  it  can  be  said,  for  example, 
if  £  =  2,  then  4£  =  8,  and 
if  4£  =  8,  then  x  =  2  . 

Since  both  if . . .  then  statements  can  be  made,  we  say  the  two  statements 
£  =  2  and  4£  =  8  are  equivalent.  This  implies,  in  the  case  of  equations, 
that  they  have  the  same  solution  set. 

Similarly,  by  applying  the  uniqueness  property  of  closure  for  the  four 
operations  in  the  set  of  real  numbers,  each  of  the  equations  (i)  to  (v)  may 
be  shown  to  be  equivalent.  Such  equations  are  called  equivalent  equations . 
They  have  the  same  solution  set. 

In  solving  equations,  the  solution  set  may  be  obtained  by  inspection  in 
simple  cases,  but  usually  the  solution  set  is  obtained  by  forming  a  succes¬ 
sion  of  equivalent  equations  leading  to  an  equation,  such  as  x  =  2,  from 
which  the  solution  set  is  obtained. 

To  solve  the  equation  2£  —  3  =  9,  x  e  R,  we  note 

if  2£  -  3  =  9 

(add  3  to  each  side)  then  2£  =  12 

(divide  each  side  by  2)  then  x  =  6  . 

Thus  (i)  if  2£  —  3  =  9,  then  x  =  6 . 

It  remains  to  be  shown  that 

(ii)  if  £  =  6,  then  2x  —  3  =  9  . 


(CIA) 

(CID) 
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Statement  (ii)  is  proved  by  showing  that  the  steps  taken  in  proving  (i) 
are  reversible  as  follows: 

if  2  =  6 

(multiply  each  side  by  2)  then  2x  =  12  ( CIM ) 

(subtract  3  from  each  side)  then  2x  —  3  =  9  .  (CIS) 

Thus,  if  x  =  6,  then  2x  —  3  =  9  . 

It  has  now  been  shown  that  x  =  6  and  2x  —  3  =  9  are  equivalent 
equations.  Therefore  6  is  the  root  and  { 6 }  the  solution  set  of  the  equation 
22  —  3  =  9,  2  6  R  . 

When  the  closure  property  for  addition,  subtraction,  multiplication, 
and  division  in  the  set  of  real  numbers  is  used  to  write  a  sequence  of 
equations,  the  steps  are  always  reversible,  and  thus  the  equations  formed 
are  always  equivalent.  Thus,  it  is  not  necessary  to  write  the  second  part 
of  the  solution.  It  is  customary  to  verify  the  number  (or  numbers)  ob¬ 
tained  as  follows: 

Verification.  L.S.  =  2X6  —  3  R.S.  =  9 

=  9 

The  verification  shows  that  6  satisfies  the  equation. 

In  general,  given  an  equation 

a  =  b , 

equivalent  equations  may  be  formed  by  applying  the  closure  property  for 
addition,  subtraction,  multiplication,  and  division  in  the  set  of  real 
numbers. 


a  =  b  and 

(i) 

a  +  c  =  b  +  c 

(Addition  property) 

(ii) 

a  —  c  —  b  —  c 

(Subtraction  property) 

(iii) 

a  X  c  =  b  X  c 

(Multiplication  property) 

(iv) 

a  -s-  c  =  b  -r  c,  c  0 

(Division  property) 

are  equivalent  equations.  These  properties  are  properties  of  the  equality 
relation  between  two  real  numbers. 


Example.  Solve  7x  —  4  =  22  +  21,  2  6  R  and  verify. 


Solution.  72  —  4  =  22  +  21 

(add  4  to  each  side)  7x  —  2x  +  25 

(subtract  22  from  each  side)  72  —  22  =  25 
(by  distributive  property)  52  =  25 

(divide  each  side  by  5)  2  =  5 

The  root  is  5  and  the  solution  set  is  { 5 }  . 


(Addition  property) 
(Subtraction  property) 

(D) 

(Division  property) 


Verification.  L.S.  =  7X5  —  4 

=  31 


R.S.  =  2  X  5  +  21 
=  31 
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In  the  worked  examples  of  the  text ,  the  authorities  which  are  most  signifi¬ 
cant  in  the  development  are  given  in  brackets.  When  writing  a  solution  you 
should  think  the  authorities  for  the  steps,  but  it  is  not  necessary  to  include 
them  in  your  solution. 

It  is  sometimes  useful  and  convenient  to  describe  a  set  using  set-builder 
notation.  For  example,  the  set  of  all  real  numbers  which  makes  the 
equation  3a:  +  2  =  8  true  may  be  represented  by 

{ a:  |  3a:  +  2  =  8,  x  e  R} 

which  is  read,  “the  set  of  all  x  such  that  3a:  +  2  =  8  and  x  e  R”. 

The  symbol  }  is  read,  “the  set  of”; 

the  solidus  is  read,  “such  that”  or  “defined  by”; 

the  comma  ,  means  “and”; 

the  sentence  Sx  +  2  =  8,  x  e  R  is  called  the  defining  sentence  of  the  set. 

In  this  text  it  is  understood  that  the  variables  are  real  numbers 
unless  otherwise  specified.  Thus,  { x  [3a:  +  2  —  8,  x  e  R\  is  written 
{ x  |  3x  +  2  =  8 }  .  This  notation  is  used  in  some  of  the  examples  in  the 
text  and  in  the  exercises. 

Write  solutions  to  the  following  problems  and  compare  them  with  those  on 
page  468.  In  question  1  show  that  the  steps  are  reversible,  and  in  question  2 
and  3  verify  by  substitution. 

1.  Solve  (10a:  +  6)  —  (11  —  15a:)  =  20a:  . 

2.  Find  { x  \  Sx  +  (x  —  7)  -f  3  =  2x  —  (3  +  x) }  . 

3.  Find  the  solution  set  defined  by 

S(x  -  5)  -  2(3  +  4a:)  =  8  -  6 (2a:  -  1)  . 

Unless  otherwise  stated,  the  number  symbols  in  the  exercises  which  follow 
represent  real  numbers. 


'  .  Exercise  2-1 

(A) 

In  each  of  the  following,  the  given  equations  are  equivalent.  State  how  each 
equation  has  been  obtained  from  the  preceding  equation: 

'1.  5a:  —  4  =  7,  5a:  =  11,  x  =  2\ 

2.  |  +  3  =  5,  |  =  2,  x  =  4 

3.  5a:  =  2a:  —  3,  5x  —  2x  =  —  3,  dx  =  —  3,  X  =  —  1 

4-  l  -  2  =  4,  |  =  6,  *  =  12 
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Form  equivalent  equations  for  each  of  the  following  by  performing  the 
indicated  operation: 

6.  Sx  =  6,  division  by  3 

6.  6z  —  4  =  7,  addition  of  4 

7.  6x  +  =  4x  —  3,  by  the  distributive  property 

8.  x  =  3x  —  7,  multiplication  by  2 

9.  7x  +  4  =  2x  —  3,  subtraction  of  2x 

Solve  the  following  equations  orally,  stating  the  equivalent  equations  formed 
in  the  process  and  the  authority  for  each  statement : 


10. 

5x  - 

-  5  = 

50 

11. 

3  y  = 

y  +  36 

12. 

2x  = 

:  18  - 

-  X 

13. 

4n  = 

5n 

-  81 

14. 

5  w  = 

=  80  - 

-  3  w 

15. 

£  +  5  = 

20  -  4£ 

16. 

ll  y 

+  2  = 

=  26  +  7  y 

17. 

6a  — 

3  a 

=  a  +  10 

18. 

18  z  ■ 

-  5  = 

=  22  +  27 

19. 

5(£  - 

•2) 

=  25 

(B) 


Solve  and  verify: 

20.  2x  —  5  -  (x  —  3)  =  7 
22.  £  —  5  =  8—  (2x  +  4) 


21.  5x  +  3(8  -  x)  =  36 

23.  (x2  +  x  +  4)  —  (x2  —  1)  =  0 


Solve:  ij  ^  j  ~  !2  X.-  ?  £  “4/ 

24.  (6x+l) -3  =  12x- (8s-4)  3 

26.  7(4j/  +  5)  +  9  =  8(3 y  +  5).  -  '  ,  2  X 

26.  5(3y  -  4)  =  -  14  -  3(y  -  10)  „  , 

27.  2x2  +  x  -  16  =  2(x2  -  4s  +  4)  -  2(x  +  1) 

28.  6(x  +  1)  —  3  =  12x  -  4(2x  -  1) 

29.  6x  -  4(5x  +  9)  =  4(2x  -  9)  0 


Find  the  solution  set  defined  by  each  of  the  following: 

S  8{y  -  1)  +  17()/  -  3)  =  4(4y  -  9)  +  4 

31.  8(n  +  3)  +  (6  +  2 n)  =  2 (n  -  2)  +  5(5  +  n)  ' 

32.  Find  {x  |  5x  -  (3x  -  7)  +  2x  +  (2x  -  3)  =  14} 

33.  Find  jx  |  352  -  ll(x  -  9)  =  4x  -  44} 

34.  Find  { m  |  12  +  3(m  +  4)  =  5m  —  2 } 

35.  Find  {n  1 3n  -  (6  -  2n)  =  5  -  2(2  -  4re)} 


J 

1 
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2*2  Equations  with  fractional  coefficients.  The  method  of  solution  is 
illustrated  in  the  following  example. 

Example.  Solve  \ x  +  =  10  and  verify. 


Solution. 


METHOD  1 

(add  the  fractions) 


1  1 
-x  +  -x 
2  3 

3x  +  2x 
6 


10 

10 


5x 

•  ___ _ 
“  6 

*\  x 


10 

1°  X  | 
0 


x  =  12 


(D) 

(Multiplication  property) 


METHOD  2 


1  1 

-X  +  -X—  10 

2  3 


Clear  of  fractions  by  multiplying  each  side  by  6,  the  lowest  common 
denominator  (L.C.D.). 


oQx  +  |r  j  =  6  X  10 

<?) + °Gx) = 60 

.*.  ?>x  2x  =  60 
5x  =  60 


.*.  x  =  12 


(Multiplication  property) 

(D) 

(D) 

(Division  property) 


Verification.  L.S.  =  ^(12)  +  i(12)  R.S.  =  10 

J  u 

=  6  +  4 
=  10 


Write  solutions  to  the  following  problems;  compare  them  with  those  on 
page  469. 


1.  Solve  \{2x  —  1)  —  ^(4x  —  6)  —  -fa . 

2.  Find \x  | 


x  —  2  x  +  3  3z  +  4 
- 1 - =* - 


2 


3 


4 


2  >  and  verify. 
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Solve: 

1.  “X  = 

2 


0  2 
2.  ^ 


(A) 


=  4 


1 

3.  -m 

2 


^4. 


:X 


-  5 


3  i 

7.  -z  =  1 

4 


-  1 
5.  -a 

6 

8.  -x 

5 


=  0 


=  9 


6.  -a 

6 


n  x 
9‘  4 


1 

2 


Solve: 


^  3x  x  ,  5 

-^>10.  —  =  ~  -{“  ~ 

4  3  6 


(B) 


11.  2  +  ^=' 
2  3  2 


2x 


12.  ^  + 

3  5 


11 

15 


14  1*_I„*  +  ® 
2  4  4  +  2 


1  2 

13.  -x  +  - 

5  5 


5  3 

-x - 

6  2 


15. 


x  +  2 


x 

3 


Solve  and  verify: 

1  1,  2 

16.  -(x  +  1)  +  -(x  -  1)  =  - 


17. 


x  —  3  x  +  1 


18.  ^  +  - 


8 


+  4  =  0 


19.  1(2*  -  2)  -  ;(3x  +  1)  =  \(x  +  1) 
4  2b 


/ 


Find  the  solution  set  for  each  of  the  following : 

20.  ~{lx  +  1)  -  1(*  -  9)  =  1 

21.  ^(5*  —  3)  -  ^(6*  —  1)  =  -(3*  —  2) 

22.  |(2 y  -  1)  -  |(3y  +  5)  =  ^  23. 


V 


1 


*  +  2  5  —  *  *+18 

~~2  T~  =  8 
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24. 


x  —  2  x  +  2  x  —  1 


=  0 


25.  4 


4x  —  3  x  -f  10 


26.  ^(x  +  1)  -  \(x 


1)  =  \{2x 


1) 


j|:(3z  -  1) 


27 


2(x  +  2)  3(x  -  7) 


Find: 

•  |*i 

„„  (  ,  3  ,  s  5  2  ,  5) 

28.  \  y  — (y  —  1) - (y  —  4)  =  ~(y  —  6)  H - > 

r  16  12u  5y  48/ 

(x+1)2  (x  +  2)2  2  —  x: 


29.  lx 


30.  lx 


3  2  6 

2x  —  7  x  —  2  5x  —  3 


11 


'} 
-•> 


2»3  Equations  involving  products. 

Example  1.  Solve  (2x  —  3)(x  +  4)  —  (x  -f  3)(2x  +  1)  =  —  17  . 

Solution.  (2x  — •  3)(x  +  4)  —  (x  +  3)(2x  +  1)  =  —  17 

.*.  2x2  +  5x  -  12  -  (2x2  +  7x  +  3)  =  -  17  (D) 

.*.  2x2  +  5x  -  12  -  2x2  -  7x  -  3  =  -  17 

—  2x  =  —  2 
.*.  x  =  1 

Write  a  solution  to  the  following  problem  and  compare  it  with  that  on 
page  469. 

1.  Find  {x  |  3(x  +  2)(x  —  1)  —  2(x  —  4) 2  =  x2  +  19,  x  €  I J  ;  verify. 

Exercise  2-3 


Expand: 


1. 

(2a  -  l)(4a  +  1) 

2. 

(2x  -  3)(2x  -  5) 

3. 

(3x  +  y)  (2x  -  y) 

4. 

(36  -  5) (36  +  5) 

5. 

(xy  +  4  ){xy  +  3) 

6. 

(9  -  2x)  (9  +  2x) 

7. 

(3a  -  2) 2 

8. 

(ab  +  3) 2 

9. 

(6x  +  by) 2 

10. 

(2x  —  10y)(2x  +  lOy) 

11. 

(1  —  5n)2 

12. 

(1  -  6n)(l  -  7 n) 
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(B) 

Solve  and  verify: 

13.  2x  +  3  =  16  -  (2x  -  3) 

14.  7(2 y  -  3)  -  11(3  -  2y)  =  18 

15.  5x  —  6(x  —  5)  =  2(x  +  5)  +  5(x  —  4) 

16.  15(x  -  1)  +  4(x  +  3)  =  2(7  +  x) 

17.  2x(x  +  1)  -  (x  -  l)2  =  (x  +  3) 2 

18.  (3*  +  l)(2x  -  7)  =  6(x  -  3)2  +  7 

Solve: 

19.  Or  -  1) Or  +  2)  =  (x  -  3)  Or  -  2) 

20.  2(x  -  l)(x  -  3)  -  5  =  (2x  -  l)(x  +  3) 

21.  2(x  -  l)2  -  3(x  -  2)2  =  6  -  (x  -  l)2 

22.  (y  -  5) 2  +  3(j/  +  2f  =  4(y2  -  1)  -  8 

23.  3 Or  -  l)2  -  3(x2  -  1)  =  x  -  15 

Find  the  solution  set  defined  by  each  of  the  following: 

24.  x(2x  +  1)  —  2(x  +  2)(x  —  4)  =  21 

25.  (x  —  3)  (x  —  4)  —  2(x  —  4)  (x  —  5)  =  —  (x  —  5)  (x  —  2) 

26.  (x  +  l)2  +  2(x  +  3) 2  =  3x(x  +  2)  +  35 

27.  6 (y  -  l)2  -  3 (y  +  2)2  -  (3 y  -  1  )(y  +  4)  =  0 

28.  r  +  7  +  2(2 r  —  l)2  =  (1  —  2r)(l  -  4 r) 

Find: 

29.  {a  |  (3  -  a)2  =  2(3  +  a){ 3  -  a)  +  3(1  +  a2)} 

30.  jx  |  (x  -  3)(x  +  15)  -  (x  -  3) 2  =  30  -  15(x  -  1)  j 

31.  jx  |  (2x  —  5)(x  —  3)  —  5  =  x2  +  (x  —  l)(x  +  1)} 

32.  jj/  |  (2y  -  3)2  +  3 (y  +  5)  =  4 (y  +  6 )(y  +  1) } 

2*4  Graphs  of  solution  sets. 

Example  1.  Find  the  solution  set  defined  by 

(2x  -  7)(3x  +  1)  =  7  +  6(z  ~  3) 2  ; 
verify  and  draw  the  graph  of  the  solution  set. 

Solution.  (2x  —  7)  (3a:  +  1)  =  7  +  6(s  —  3) 2 

6a:2  -  19®  -  7  =  7  +  6(a:2  -  6a:  +  9)  (D) 

6a:2  -  19a:  -  7  =  7  +  6a:2  -  36a:  +  54  (D) 

.*.  17a:  =  68 
/.  x  =  4 

The  solution  set  is  { 4 }  . 
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Verification.  L.S.  =  (2x  -  7)  (3a;  +  1)  R.S.  =  7  +  Q(x  -  3) 2 

-  (1)(13)  =  7  -f-  6(1)2 

=  13  =13 

The  graph  is  the  point  with  coordinate  4  in  Fig.  2-1. 


-2 


-1 


J _ L, 

0  1 


-J - - L. - ^ - L 

2  3  4  5 

Fig.  2-1 


-J— - - L 

6  7 


Example  2.  Determine  the  solution  set  defined  by 
(2a;  —  7)  (3a;  +  1)  ^  7  +  6(a;  —  3) 2  and  draw  its  graph. 

Solution.  {a;  |  (2x  —  7) (3x  +  1)  =  7  +  6(a;  —  3)2}  =  {4-j 
{x  |  ( 2x  —  7)  (3a;  +  1)  ?£  7  6(a;  —  3)2}  =  {a;  |  a;  5^  4} 

Thus  the  graph  of  { m  |  (2a;  —  7) (3a;  +  1)  ^  7  +  6(a;  —  3)2}/  includes  all 
points  on  a  real  number  line,  except  the  point  with  coordinate  4,  Fig.  2-2. 


0 


1 


Fig.  2-2 


7  8 


The  continuous  nature  of  the  graph  is  indicated  by  the  solid  line.  The 
arrows  indicate  that  the  graph  extends  indefinitely. 


Example  3.  Find  -J  x 


3x 


x 


6  5a; 

—  ^  — —  3,  a;  e  I  f  and  draw  its  graph. 


Solution.  To  solve  this  inequation,  first  solve  the  equality 
3a;  —  4  x  —  6  5a; 

2  4  =  IT 


3  . 


Multiply  each  term  by  12 
/.  6 (3a;  -  4)  -  3(a;  -  6) 
18a;  -  24  -  3.r  +  18 


ox 

x 


=  2  (5a;)  -  36 
=  10a;  -  36 
=  -  30 
=  -  6 


(L.C.D.) 

(Multiplication  property) 

(D) 

(Division  property) 
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The  graph  is  shown  in  Fig.  2-5. 


-8  -7  -6  -5 


- •» 

-4  -3 

Fig.  2-5 


-2  -1 
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0 


> 

1 


Exercise  2-4 


(A) 


Use  set-builder  notation  to  define  the  sets  illustrated  by  each  of  the  following 
graphs: 


1. 


j — @ — i i i 


-4  -3  -2-10  123 


2. 


_j - - >- 


-4-3-2-10123 


3, 


-• — ©-> 


-4  -3  -2-10123 


4.  • — • — • — 1 — 

-2  -1  0  1  2  3  4  5 


5. 


t— Q— J— i— A— 


-4  -3-2-10  1  2  3 


6. 


L L 


J - 1 - £ - L 


—2  -1  0  1  2  3  4  5 


7.  1—J — 1 


L 1_L 


1  2  3  4  5  6  7 


8. 


1  2  3  4  5  6  7 


OB) 

Find!  the  solution  set  defined  by  each  of  the  following  and  draw  its  graph: 
9.  5(5  -  2x)  =  3(8  -  2x) 

10.  5(s  -  3)  =  21  -  7(s  -  6)  -  3(8  -  ®),  a;  e  AT 
x  +  11  4  —  x 


11. 


12. 


1,  X  €  I 


6  3 

x  —  1  2  —  x  5  —  x 


10  5  2 

13.  5x  +  12  -  [(*  -  3)  -  (6a  -  4)]  5*  -  7,  *  e  I 

14.  (3*  +  8)(x  -  5)  -  0  -  4) (3*  -  2)  5*  8,  a:  6 1 

1  15  1 

16‘  g*  _  2  +  «*  *  6  "  24 S 

16.  2(z  +  3)(x  +  1)  -  (2z  +  l)(z  +  5)  5^  -  8,  x  €  iV 
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4  —  3x  ,  ^  x  —  5 

17.  — - - 1-  2  ^  — - - x,  x  €  N 

8  4 

18.  3(x  -  4) 2  -  2(x  -  2)2  ^  x2  -  8 

(i)  for  x  €  R  (ii)  for  x  e  I 


(iii)  for  x  €  N 


2*5  The  inequality  relation.  The  solving  of  equations  is  based  on  the 
properties  of  the  equality  relation  outlined  in  section  2»1. 

The  solving  of  inequations,  such  as 

3x  —  12  >  0,  x  €  R, 

is  based  on  the  properties  of  the  inequality  relation,  that  is,  greater  than, 
>  ,  or  less  than,  <  ,  for  the  set  of  numbers  involved. 

The  definition  of  inequality  (order)  for  real  numbers  and  the  trichotomy 
and  transitive  properties  are  as  follows. 

(i)  Definition  of  inequality: 

If  a,  b  €  R  and  a  >  b,  then 
a  —  b  is  a  positive  real  number,  or 

a  =  b  +  c,  where  c  is  a  positive  real  number  (i.e.  c  €  +R )  . 

(ii)  Trichotomy  property: 

Ii  a,  be  R,  then  a<b  or  a=b  or  a>b. 

(iii)  Transitive  property: 

If  a,  b,  c  €  R  and  a  >  b  and  b  >  c,  then  a  >  c  . 

Other  properties  of  the  inequality  relation  for  real  numbers  may  be 
obtained  by  examining  the  following  three  cases. 

a.  Addition  {or  subtraction)  of  the  same  real  number  to  {or  from )  each 
member  of  an  inequality. 

Examples. 

(i)  5  >  3 

If  3  is  added  to  each  side: 

L.S.  =  5  +  3  R.S.  =  3  +  3 
=  8  =6 

But  8  >  6 
/.  5  +  3  >  3  +  3 

(iii)  8  >  4 

If  3  is  subtracted  from  each 
side: 

L.S.  =  8-3  R.S.  =  4-3 
=  5  =1 

But  5  >  1 

8  -  3  >  4  -  3 


(ii)  -  2  >  -  6 

If  —  3  is  added  to  each  side: 

L.S.  =  -2  +  (-3)  R.S.  =  -6+  (-3) 
= -5  = -9 

But  —  5  >  —  9 

-  2  +  (-  3)  >  -  6  +  (-  3) 

(iv)  6  >  —  2 

If  —  3  is  subtracted  from  each  side: 

L.S.  =  6  -  (-3)  R.S.  =  (-2)  -  (-3) 
=  9  =1 

But  9  >  1 

6  -  (-  3)  >  -  2  -  (-  3) 
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These  examples  suggest  the  following  theorem. 

theorem.  The  sense  of  an  inequality  is  not  changed  if  the  same  real 
number  is  added  to  or  subtracted  from  each  member. 


That  is,  if  a,  b,  c  e  R  and  a  >  b,  then 

(i)  a  +  c  >  b  +  c 

(ii)  a  —  c  >  b  —  c  . 

Proof  of  the  theorem  (, supplementary ). 

Given :  a,  b,  c  e  R  and  a  >  b 

Prove :  (i)  a  -f  c  >  b  +  c 
(ii)  a  —  c  >  b  —  c 

Proof:  a  >  b 

a  =  b  +  d,  d  e+R 
a  -jr  c  =  b  d  c 
a  +  c  =  {b  +  c)  +  d 
a  +  c  >  b  +  c 

Similarly,  a  —  c  =  b  +  d  —  c 
a  —  c  =  (b  —  c)  +  d 
a  —  c  >  b  —  c 


(Addition  property) 
(Subtraction  property) 


(Addition  property) 
(Subtraction  property) 

(Definition) 

(Equality  addition  property) 
(CA)  (AA) 

(Definition) 

(Equality  subtraction  property) 
(CA)  {AA) 

(Definition) 


b. 


Multiplication  {or  division )  of  each  member  of  an  inequality  by  a  positive 
real  number. 


Examples. 

(i)  5>3 

If  each  side  is  multiplied  by  3 : 
L.S.  =  5X3  R.S.  =  3X3 
=  15  =9 

But  15  >  9 

5  X  3  >  3  X  3 


(ii)  -  2  >  -  6 

If  each  side  is  multiplied  by  3 : 

L.S.  =  (-  2)  (3)  R.S.  =  (-  6)  (3) 
=  -  6  =  -  18 
But  —  6  >  —  18 
/.  (-  2) (3)  >  (-  6) (3) 


(iii)  8  >  4 

If  each  side  is  divided  by  3 : 


L.S.  =  - 
3 

„  8  4 

But3>8 


R.S.  =  - 


8  +  3  >  4 


(iv)  6  >  —  2 

If  each  side  is  divided  by  3 : 

A 

L.S.  =  -  R.S.  = 

u 


_  6 

But§> 


.-.  6  -f-  3  >  (-  2)  -s-  3 


3 
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These  examples  suggest  the  following  theorem. 

theorem.  The  sense  of  an  inequality  is  not  changed  if  each  member 
is  multiplied  or  divided  by  the  same  positive  real  number. 

That  is,  if  a,  b,  c  e  R  and  c  >  0  (i.e.  c  €  +R )  and  a  >  b,  then 

(i)  ac  >  be  (Multiplication  property) 

(ii)  a  -T-  c  >  b  -f-  c  .  (Division  property) 


Proof  of  the  theorem  {supplementary)  . 
Given:  a,  b  e  R,  c  e  +R  and  a  >  b 

Prove:  (i)  ac  >  be 

a  b 
(ii)  -  >  - 
c  c 


Proof:  v  a  >  b 

a  —  b  +  d,  d  €  +R 
ac  =  {b  4-  d)c 
ac  =  be  -f  dc 
But  dc  e  +R 

ac  >  be 


Similarly, 


a  b  +  d 
c  c 
a  _  b  d 

c  c  c 


But  -  €  +R 

c 

a  b 
c  c 


(Definition) 

(Equality  multiplication  property) 

{D) 

(Definition) 

(Equality  division  property) 
(Definition) 


(Definition) 


c. 


Multiplication  (or  division )  of  each  member  of  an  inequality  by  a  negative 
real  number. 


Examples. 

(i)  5  >  3 

If  each  side  is  multiplied  by  —3: 
L.S.  =  5(—  3)  R.S.  =  3(—  3) 

=  -  15  -  -  9 

But  —  15  <  —  9 
/.  5  ( —  3)  <  3  (—  3) 


(ii)  -2  >  -  6 

If  each  side  is  multiplied  by  —  3: 
L.S.  =  (~2)(— 3)  R.S.  =  (  — 6)(— 3) 
=  4~  6  =4-18 

But  (4-  6)  <  (4~  18) 

•*.  (-  2)(—  3)  <  (-  6)(—  18) 
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(iii)  8  >  4 

If  each  side  is  divided  by  —  3 : 
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L.S.  = 


8 


-  3 
8 
3 


R.S.  = 


(iv)  6  >  —  2 
If  each  side  is  divided  by  - 
6  _  -  2 


3: 


-  3 
4 
3 


R.S. 


2_ 

3 


L.S.  =  _  3 

_ 6 

3 

„  6  2 
But  ~  3  <  3 

6  -h  ( —  3)  <  ( —  2)  -5-  (-  3) 


8  4 

But  -gC— 3 

8  -h  (-  3)  <  4  -f-  (-  3) 

These  examples  suggest  the  following  theorem. 

theorem.  The  sense  of  an  inequality  is  reversed  if  each  member  is 
multiplied  or  divided  by  the  same  negative  real  number. 

That  is,  if  a,  b,  c  <e  R  and  c  <  0  (i.e.  c  €  ~R),  and  a  >  b,  then 


(i)  ac  <  be 

(ii)  a  -5-  c  <  b  -f-  c . 

Proof  of  the  theorem  {supplementary). 
Given :  a,  b  e  R,  c  z  ~R  and  a  >  b 

Prove:  (i)  ac  <  be 

a  b 
(ii)  -  <  - 
c  c 


(Multiplication  property) 
(Division  property) 


Proof : 


But 


Similarly, 


a  >  b 

a  —  b  +  d,  d  e  +R 
ac  =  (b  - f  d)c 
ac  =  be  +  dc 

dc  €  ~R 
ac  <  be 

a  b  +  d 


c  e 
a  b  d 
c  c  c 

-e~R 

c 

a  b 
-  <- 
c  c 


(Definition) 

(Equality  multiplication  property) 
(D) 

(Definition) 

(Equality  division  property) 
(Definition) 


(Definition) 


But 
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2*6  Summary  of  the  properties  of  the  inequality  relation  for  real  numbers 
used  in  forming  equivalent  inequations. 


(a)  If  a,  b  e  R  and  a  >  b,  then 

a  =  b  +  d,  d  €  +R. 


(b)  If  a,  b,  c  €  R  and  a  >  b,  then 

(i)  a  +  c  >  b  +  c 

(ii)  a  —  c  >  b  —  c 

(iii)  ac  >  be  if  c  e+R  \ 
ac  <  be  if  c  e  ~R  f 

(iv)  -  >  -  if  c  e  +R 
c  c 

-  <-  ifcs-R 
c  c  J 

(c)  If  a,  b,  c  €  R,  then  a  <  b  or 


(Addition  property) 
(Subtraction  property) 

(Multiplication  property) 

(Division  property) 

=  b  or  a  >  b  . 

(Trichotomy  property) 


(d)  If  a,  b  e  R,  then  if  a  >  b  and  b  >  c,  then  a  >  c  . 

(Transitive  property) 


2*7  Solution  of  inequations.  The  pattern  of  solution  of  inequations  is 
parallel  to  that  of  equations,  except  that  the  properties  of  the  inequality 
relation  must  be  used.  It  is  a  process  of  writing  simpler  and  simpler 
equivalent  inequations  based  on  the  proper  number  properties.  For 
example : 

if  3z  —  12  >  0,  x  €  R 

(add  12  to  each  side)  3z  >  12  (Addition  property) 

(divide  each  side  by  3)  x  >  4  (Division  property) 

This  discussion  discloses  the  following : 

if  3a;  —  12  >  0,  then  x  >  4  . 

The  problem, 

if  x  >  4,  then  3a;  —  12  >  0  , 

is  proved  by  showing  that  the  steps  of  the  first  development  are  reversible 
as  follows : 

if  x  >  4 ,  x  t  R 

(multiply  each  side  by  3)  3a;  >  12  (Multiplication  property) 

(subtract  12  from  each  side)  3a;  —  12  >  0  (Subtraction  property) 

It  has  now  been  shown  that  3a;  —  12  >  0  and  x  >  4  are  equivalent 

inequations ,  and  therefore  the  solution  set  is  { x  |  x  >  4,  x  e  R }  . 

When  the  properties  of  the  inequality  relation  listed  in  section  2*b  are 
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applied  to  determine  roots  or  the  solution  set  of  an  inequation  of  the  first 
degree  in  one  variable,  the  steps  are  always  reversible.  Thus,  it  is  not 
necessary  to  write  the  second  part  of  the  solution.  The  solution  set  may 
be  checked  or  verified  by  substitution  as  follows. 


Verification. 

Since  x  >  4,  let  x  =  4  +  d,  where  d  is  a  positive  real  number. 
L.S.  =  3(4  +  d)  -  12  R.S.  =  0 

=  12  +  3d  -  12 
=  3d  (a  positive  number) 

for  all  x  >  4  L.S.  is  greater  than  zero,  or  3a;  —  12  >  0  . 
the  solution  set  is  { x  |  x  >  4,  x  e  R}  . 


Example  1.  Find  the  solution  set  defined  by  —  12  —  3a;  >  2a;  +  8  and 
draw  its  graph. 


Solution.  —  12  —  3a;  >  2a; +  8 

/.  —  3a;  —  2a;  >8+12  (Addition  and  subtraction  properties) 
-  5a;  >  20  (D) 

x  <  —  4  (Division  property) 

The  solution  set  is  { x  |  x  <  —  4,  x  e  R }  . 

Note  that  in  applying  the  division  property  that  division  by  —  5  has 
changed  the  sense  of  the  inequality,  and  the  final  inequality  reads  x  <  —  4. 


-7  -6 


-5 


o 

4 


-3  -2 

Fig.  2-4 


-1 


0 


1 


Write  solutions  to  the  following  problems  and  compare  your  solutions  with 
those  on  page  470. 

1.  Find  {x  |  21  —  Sx  ^9  —  5a;}  and  draw  its  graph. 

2.  Find  the  solution  set  defined  by 

3(—  4  —  y)  ^  2(2 y  +  3)  —  11,  y  €  /  and  draw  its  graph. 


Exercise  2-5 

(A) 


Solve: 

1.  x  +  2  >  5 

4.  3a;  >  12 


2.  x  -fi  2  <  5 

5.  3a;  <  —  9 


3.  2a;  <  6 

6.  —  2a;  >  6 
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Solve: 

7.  x  -  2  ^  4 
10.  3x  >  2x  —  2 

Find: 

13.  { x  |  2x  >  10  j 
15.  {x  |  x  4*  5  ^  8 } 
17.  { x  |  2x  >  3x  —  2  J 

Solve: 

19.  x  -  3  ^  10 
22.  3x  +  2  >  8 


8.  x  +  3  ^  -  1 
11.  2x  >  3x  —  2 


(B) 

20.  5  =  4  +  x 
23.  5 y  -  1.8  =  2 y 


9.  2x  +  1  <  3 
12.  3x  <  -  2  +  3x 


21.  5  >  4  +  x 


24.  8x  -  1  ^  -  17 
25.  2  +  4x  ^  6x  -  8  26.  12x  -  40  <  10  -  13x 

27.  3  -  (8x  -  13)  -  (2x  +  16)  ^  0 

28.  6(x  -  2)  <  4(x  -  4)  -  9 

29.  5x  -  2  -f  10  -  7x  -  6  >  5x  +  7  -  3(x  -  2) 


14.  { x  |  4x  <  1 1 } 

16.  { x  |  2x  —  5  ^  x } 
18.  j  x  |  —  5x  ^  —  20 } 


Find  the  solution  set  defined  by  each  of  the  following  and  draw  its  graph: 

30.  4x  +  x  ^  18  —  4x,  x  €  / 

31.  6x  +  9  ^  2x  —  3,  x  €  I 

32.  3(2x  -  3)  -  7x  >  10 

33.  8x  +  10  ^  6(x  +  1) 

34.  4(x  -  3)  -  2(x  -  3)  +  1  ^  0 

35.  6(-  x  +  3)  -  (1  -  2x)  -  9  <  4  -  x 

36.  5(x  -  3)  >  3(x  -  4)  -  3,  x  €  / 

37.  2(3x  -  5)  -  5(2x  -  3)  ^  22 

38.  lOx  —  5(x  —  4)  —  7x  +  3(5  —  x)  ^  0,  x  €  N 

39.  (x  -  6)(x  +  6)  —  x(x  —  1)  <  —  x  —  8 

40.  (x  -  5)(x  +  4)  ^  x(x  —  5) 


Find: 

41.  jx  |  3x  -  8  ^  4x  -  15} 

42.  \y  |  4(y  +  2)  S  3  -  2(3y  -  5)} 

43.  { 6  |  6(46  -  2)  -  2 6(6  +  2)  g  (26  -  1)(6  -  2)} 


2*8  Inequations  involving  products  and  fractional  coefficients.  The  ques¬ 
tions  in  Exercise  2-6  are  more  difficult  than  those  of  the  previous  exercise 
because  the  expressions  involved  require  more  simplification. 
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Write  solutions  to  the  following  problems  and  compare  them  with  those  on 
page  470. 

1.  Solve  232  ^  2(23  -  3)2  -  3(23  -  5)  (3  +  1)  . 

1  —  2x  x _ 2  1 

2.  Find  {x  1  1 - : —  >  — r —  ,  x  €  I >  and  draw  the  graph  of  the 


6 


solution  set. 


Exercise  2-6 


(B) 

Solve  each  of  the  following: 

,  „  83-1  2x  +  1  33-5  5z  +  3  13 

3  5  3  6  3 

3.  ( 3x  +  l)2  -  3(3  -  2) 2  >  6z2  +  1 

4.  4(2 y  -  l)(y  +  2)  -  2(3 y  +  4)2  -  5j/(3  -  2 y)  +  Uy  ^  0 


Find  the  solution  set  defined  by  each  of  the  following  and  draw  the  graph: 

5.  5(s  +  2)  -  3(3  -  1)  -  2  [2  (3  +  3)  -  3(x  +  1)  -  2]  >  0,  x  e  R 

(3  —  3)  (3  +  4)  —  (x  +  2)  (3  +  1)  <  —  16,  3  e  I 

x  —  5  x  —  3  x  —  7 
-  < 


6. 

7. 


X  €  N 


8. 

9. 

10. 


2  4  10 

3(3  —  2) (3  +  2)  —  (3  —  2) 2  ^  2x(x  +  4),  x  €  / 

4(3  —  1)(3  +  2)  +  2x{x  —  1)  —  3(23  —  l)2  S  23(5  —  3x) 


x  —  3 


3  +  1 


6 


2  , 
3-  xeI 


Find: 


11.  { x 

12. 


13. 


14. 


33(43  -  1)  -  (43  -  3) (33  +  2)  ^  3} 

3  +  6  3  +  3^3  2 1 

_  —  <---j 

3+1  _  2  <  3  +  6  _  3  +  2| 

2  b3  =  4  3  f 

3x(x  +  2)  -  2(x  -  3)(x  +  1)  >  20  +  x2} 


2*9  Graphs  of  sets  defined  by  compound  sentences.  In  Review  A  the 
intersection  and  union  of  sets  were  discussed.  If  A  and  B  are  two  sets  of 
objects,  then 
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(a)  A  and  B,  ( AC\B ),  represents  the  intersection  set  of  A  and  B.  It  contains 
those  elements  which  are  in  both  set  A  and  set  B. 

(b)  A  or  B,  (A  \JB),  represents  the  union  set  of  A  and  B.  It  contains  the 
elements  in  at  least  one  of  set  A  and  set  B. 


In  the  following  examples,  sets  are  defined  by  algebraic  sentences  or 
conditions  connected  by  and  and  or,  implying  the  intersection  and  union, 
respectively,  of  the  sets  defined  by  the  individual  sentences  or  conditions. 

Example  1.  Draw  the  graph  of  { x  |  Ax  —  5  <  7  and  2x  +  1  >  —  3 }  . 

Solution.  { x  |  4x  —  5  <  7  and  2x  -f  1  >  —  3 }  is  the  intersection  set  of 
the  two  sets  A  =  {x  \4x  —  5  <  7} ,  B  =  { x  |  +  1  >  —  3 }  . 

API£  =  {z|4x  —  5<7jn{z|2x+l>  -  3} 


Solving  the  two  defining  sentences : 

4x  —  5  <  7 
4x  <  12 
x  <  3 
A  —  [x  |  x  <  3  j 


2x  +  1  >  -  3 
2x  >  —  4 
x  >  —  2 
B  —  [x  |  x  >  —  2} 


The  graphs  of  (i)  A  (ii)  B  and  (iii)  A  fl  B  are  shown  in  Fig.  2-6. 


(i) 


-4  -3  -2-1  0  1 

2  3  4  5 

Graph  of  A  or  { x 

|  x  <  3} 

-4  -3  -2-1  0  1 

2  3  4  5' 

Graph  of  B  or  { £ 

1*  >  -  2} 

-l - 1 - Q—  '  t  I  *  I  Q - 1 - L 

—4  -3  -2  -1  0  1  2  3  4  5 


Graph  of  A  fl  B 
Fig.  2-6 
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Example  2.  Draw  the  graph  of  {x  |  3x  +  5  ^  2  or  5x  +  2  ^  17 }  . 

Solution.  { x  |  3x  +  5  ^  2  or  5x  -fi  2  ^  17 }  is  the  union  set  of  the  two 
sets  A  =  { x  |  3x  +  5^2},  B  =  { x  |  5x  +  2  ^  17 }  . 

A\JB  =  {x  |  3x  +  5  ^  2}  U  {x  |  5x  +  2  ^  17} 


Solving  the  two  defining  sentences: 

3x  -f  5  ^  2 
/.  3x  ^  -  3 
x  ^  —  1 
A  =  {x  I  x  ^  —  1  } 


5x  +  2  ^  17 
5x  ^  15 
.*.  a:  ^  3 
7?  =  { a;  |  x  ^  3 } 


The  graphs  of  (i)  A  (ii)  B  (iii)  A  U  B  are  shown  in  Fig.  2-7. 

(i) 


(ii) 


-3 

| 

-2 

i 

-1 

i 

_ _ _ 1 _ _ _ 1 _ L 

0  1  2 

Graph  of  A,  { x  | 

i  i  i 

_ , _ i _ 

3 

x  ^  — 

_ i _ 

4 

i| 

i 

i 

5 

I 

_ L_ 

6 

-3 

-2 

-1 

0  1  2 

3 

4 

5 

6 

i 

Graph  of  B,  {x 

i  i  i 

00 

All 

i 

-3 

-2 

-1 

0  1  2 

3 

4 

5 

6 

Graph  of  A  U  B 
Fig.  2-7 


Exercise  2-7 

(A) 

List  the  members  of  the  following  sets  where  x  e  I: 

1.  { x  |  x  >  —  1  and  a:  <  3 }  2.  { x  |  x  —  2  and  x  ^  —  5  J 

3.  {x\x  >  —  1  or  x  <  3  J  4.  {x|x  =  3orx<3} 

5.  { x  |  x  <  —  4 }  fl  { x  |  x  >  —  6}  6.  { x  |  x  ^  —  4 }  U  { x  |  x  ^  —  6} 

7.  { x  |  x  <  —  4  j  fl  { x  |  x  <  —  6  j  8.  jx|x^-2}U{x|x<0} 

(B) 

Draw  the  graph  of  each  of  the  following  sets: 

9.  { x  |  5x  —  2  ^  8 }  and  { x  |  4x  +  7  ^  3  j 

10.  { x  |  6(x  —  1)  ^  x  —  6}  and  [x  |  12x  —  17  ^  2x  —  7 } 

11.  {x  |  3x  +  7  ^  6x  +  10}  or  {x  |  3x  —  8  >  —  2} 
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Draw  the  graph  of  each  of  the  following  sets: 

12.  [x  |  2(4*  +  3)  -  (3x  +  11)  <  0}  or  \x\7x-  3(x  +  4)  =  0} 

13.  jx  |  5(x  -  2)  <  0)  0  {x  |  2(2  -  x)  S  10} 

14.  { x  |  2(4x  -  1)  -  3(x  +  2)  <  3x)  U  {x  |  5(3x  +  2)  S  7x  +  2} 

15.  { x  |  6  —  (4  —  x)  ^  4,  x  e  / }  U  j  x  |  8x  —  5  S  x  +  16,  x  e  I } 

16.  j x  |  2(3x  +  4)  -  (10  +  7x)  >  0,  x  e  /}  0  {x  |  0  ^  20(x  +  2)  +  20, 
if  ij 

17.  { x  \  x  >  —  6  and  x  <  —  1 }  or  j  x  |  x  >  1  and  x  <  3 } 

18.  { x  |  x  £  5  and  x  >  2,  x  e  I }  and  { x  ^  0  and  iS  —  2,  x  s  I } 


(C) 


Draw  the  graph  of  each  of  the  following  sets: 

19.  {3  |  (23  —  3)2— 4(3  —  2)2^  1  or  3(23  —  1)  —  (2x 


20. 

21 


I 


x 


C x  —  6)  (x 

3+1 


1)(3— 3)^21} 
2)  —  (x  —  4)(x  —  5)  <0  and  x2—  (x  —  2)2+8>0} 

x+7  x+3 


3  +  4  3  +  2 


3  €  iv>n 


3 


2  6  “  4 

22.  {x  |  5  -  33(3  -  3)  +  (33  -  7) (3  +  1)  >  8,  3  e  /}  U 
{3  |  3(3  -  3) 2  -  (33  -  5) (3  -  1)  <  32,  3  6  /} 


^  4,  3  eiV 


} 


2«10  Absolute  value.  Real  numbers  indicate  both  magnitude  and  sense 
or  direction.  +  3  indicates  a  magnitude  of  3  in  one  sense,  and  —  3  indi¬ 
cates  a  magnitude  of  3  in  the  opposite  sense.  The  magnitude  of  a  real 
number  is  referred  to  as  its  absolute  value.  It  is  indicated  by  placing  the 
numeral  between  vertical  bars : 

|  +  3  |  represents  the  absolute  value  of  +  3; 

!  —  3  |  represents  the  absolute  value  of  —  3  . 

The  natural  number  3  indicates  the  magnitude  involved  in  the  real 
numbers  +  3  and  —  3,  and  we  might  be  inclined  to  define  |  +  3  |  and 
|  —  3  |  as  the  natural  number  3.  But  we  are  interested  in  the  absolute 
values  of  real  numbers,  such  as  |  —  2.42  |  .  Most  of  these  do  not  corres¬ 
pond  to  natural  numbers.  Thus,  it  is  customary  to  define  the  absolute 
value  of  a  real  number  as  the  corresponding  positive  real  number.  Thus 


1  +  3  | 

=  +3 

|  -  3  |  =  +  3 

+  2.42  | 

=  +  2.42 

|  -  2.42  |  =  +  2.42 

The  above  examples  suggest  the  following  definition  of  absolute  value. 
If  3  e  R  ,  and  (i)  if  3  >  0,  then  |  3  |  =  3; 

(ii)  if  3  =  0,  then  |  3  |  =  0; 

(iii)  if  3  <  0,  then  |  x  |  =  —  3  , 
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The  absolute  value  of  a  real  number  may  be  thought  of  as  the  length  of 
the  line  segment  joining  the  origin  to  the  point  on  the  real  number  line  of 
which  the  number  is  the  coordinate.  The  length  of  a  line  segment  is 
always  positive.  This  idea  is  illustrated  in  Fig .  2-8. 


Fig.  2-8 


Example  1.  Write  the  absolute  value  of  (i)  +  15  (ii)  —  15  . 

Solution.  (i)  |  +  15  |  =  +  15  (ii)  |  -  15  |  =  -  (-  15)  =  +  15 

Example  2.  Find  the  length  of  the  line  segment  on  a  number  line  whose 
end  points  have  coordinates  (i)  (+  6)  and  (+  2)  (ii)  (+  2)  and  (—2) 
(iii)  (—6)  and  (—2).  Illustrate  graphically. 

Solution:  The  lengths  are: 

(i)  |  (+  6)  -  (+  2)  |  =»  1  6  -  2  |  =  |  +  4  |  =  4 

(ii)  |  (+  2)  -  (-  2)  |  =  |  2  +  2  |  =  |  +  4  |  =  4 

(iii)  |( —  6)  —  ( —  2)|  =  |  —  6  +  2|  =  [  —  4|=4 


I  I  i _ J _ ! _ _! _ ! _ I - J - L_ 

-7  -6  -5  -4  -3  -2-1012 

U - - ; - 7 - ; - 

1  |(-6)-(-2)|  1 2— ( — 2)  | 

-|-4|-4  -|4|-4 

Fig.  2-9 


Example  3.  Find:  (i)  |  12  —  ( —  4)  | 


(ii)  |  -3  +  (-4)| 


Solution. 


(i)  |  12  -  (-  4)  |  =  |  12  -M  |  =  |  +  16  |  =  16 

(ii)  |-3  +  (-4)  |  =  |-3-4|  =  |-  7|  =  7 


Find: 


Exercise  2-8 

(A) 


2.  |  —  4  | 


3.  16  —  4J 
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Find: 


4. 

7  +  2 

-6| 

6. 

|  7  —  2  - 

“  6  | 

6.  |  6  |  +  |  —  3  | 

7. 

-  3  |  (-  2)  +  6 

8. 

(-  4)0  • 

-  3  |  +  3) 

9.  (|-3  |)2 

10. 

x  —  4 

3 

x  <  4 

11. 

|  4x  |,  x 

<  0 

12.  |  x  —  3  |,  x  >  4 

4  —  x 

4 

13. 

2x  +  6  |,  x  <  —  3 

14. 

1  o  | 

16.  |  x2  |,  x  <  0 

(B) 

Evaluate  or  simplify: 

16.  |  7  |  +  | 

-  6| 

17. 

1  -  10  1  + 

|  —  7|  —  |  —  6| 

18.  1 

5|  -  1 

-5| 

19. 

1-61  +  1 

-3| 

20.  j 

-  7  |  - 

—  1  4  | 

21. 

|  25  -  7  | 

-  | 17  -  19  [ 

22.  |  (—  3)  +  (—  4)  | 

23. 

1  17  -  (- 

5)1 

24.  |  4x  +  3  |,  x  >  1 

25. 

|  x2  +  2x  +  1  |,  x  e  R 

Using  the  symbols  >,  =,  <,  complete  the  following  to  make  true  sentences: 


26.  |9  —  2|  ?  |9|  -  |2|  27.  |3  -  10|  ?  |3|  -  |10| 

28.  1 10  -  (-  2)|  ?  |10|  -  |  — 2|  29.  |(-  3)  —  12|  ?  |  —  3|  —  |12| 

30.  |(-  9)  —  (—  4)|  ?  |  -  9|  —  I  —  4| 

31.  |(-  4)  -  (-  9)|  ?  [  — 4|  —  |  —  9| 


Evaluate  the  following,  if  x  =  2,  y  =  —  3,  z  =  1 : 

32.  |x|  -  \y\  +  \z\  33.  |x  +  y\  -  \y  -  z |  34.  |x2|  +  \y2\  -  \z 2 

36.  \x2  +  y2  +  z2|  36.  |(x  +  y)2\  -  \{y  -  z)2\ 


2»11  Equations  involving  absolute  value  (supplementary).  The  definition 
of  absolute  value  states  that  if  x  €  R,  and 

(i)  if  x  >  0,  then  |x|  =  x  ; 

(ii)  if  x  =  0,  then  |x|  =  0  ; 

(iii)  if  x  <  0,  then  \x\  =  —  x  . 

Thus,  to  solve  the  equation  \x\  =  3,  x  e  R,  we  consider  the  following 
cases. 

(i)  If  x  >  0,  then  |x|  =  x 

the  equation  \x\  =  3  is  equivalent  to  x  =  3  . 

(ii)  If  x  =  0,  then  |z|  =  0 

the  equation  |x|  =  3  becomes  0  =  3  which  is  not  true. 

(iii)  If  x  <  0,  then  |x|  =  —  x 

.'.  the  equation  |x|  =  3  is  equivalent  to  —  x  =  3  or  x  =  — 3. 
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Thus  the  equation  \x\  =  3  is  equivalent  to 

x  =  3  or  x  —  —  3  . 
the  solution  set  is  {3,  —  3 }  . 

By  a  similar  argument,  the  equation  \x  —  3|  =  2,  z  €  ft  is  equivalent  to: 
x  —  3  =  2  or  x  —  3  =  —  2 
x  =  5  x  =  1 

The  solution  set  is  { 1,  5}  .  The  roots  of  the  equation  are  1  and  5. 
Verification. 

If  z  =  5,  L.S.  =  |5  —  3|  R.S.  =  2 

-  I2| 

=  2 

If  *  —  1,  L.S.  =  |1  -  31  R.S.  =  2 

=  I  -21 
=  2 

The  graph  of  the  solution  set  is  shown  in  Fig.  8-10. 

'  1  Q  1  1  1  %  1  1  ' 

-2  -1  0  12345678 

Fig.  2-10 


Write  solutions  for  the  following  problems  and  compare  them  with  those 
on  page  470. 

1.  Solve  \2x  +  1|  =  1  and  verify. 

2.  Find  the  solution  set  of  \3y  —  2|  =  —  3  and  verify. 


Solve: 

1.  \x\  =  3 
4.  \x  +  2 1  =  5 
7.  |  -  3x\  =  -  3 


Exercise  2-9 


r 


(A) 


2.  ly| - 2 

5.  |2x|  =  0 
8.  |2x  +  1|  =  3 


Find  the  solution  set  and  verify : 


10. 

13. 

16. 


\2x  -  1|  =  7 
—  2|3x  —  2|  =  —8 


2x  4-  1 

2 


11.  2\3x  +  2|  **  8 
14.  — 2|3x— 2|  =2 

17,  )2(x-l)+3|=4 


3.  -  |r|  =  -  1 
6.  |  -  2x]  =  4 
9.  -  |  -  x|  =  2 

12.  |3x  —  1|  =  —  1 
15.  |4x  +  3|  =  5 

18.  Jx  +  4|  =  |-2J 
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Find  the  solution  set  and  verify : 


19.  4 


2x 


=  14 


20. 


3  a;  +  1 


=  2 


Solve  and  draw  the  graph  of: 


21. 


3a;  +  1 


=  -  2 


22.  \2x\  = 

2 


25.  |a;  -  (2a;  -  1)|  =  2  26. 

28.  1 3a;  -  4|  =  |  -3|  -  |2| 

I-  3| 


23.  |  -  3*| 
2*  +  3 


=  3  24.  2jx  -  2|  =  2 

=  |  -  2|  27.  |+3|  =  |-2x+l| 


29.  |3*  -  4| 


30.  |3*  -  4|  = 


-  2 


Practice  Exercise  2-10 


(B) 


Solve  and  verify: 

1.  -(x  +  1)  =  5  -  1(2*  -  5) 
4  6 

^  x  —  1  „  1  .  _ 

3.  -  —  3  —  -(x  —  2) 


2. 


x  +  1  x  —  1 


1 


4.  ^(a;  -  2)  -f  j(a;  -  4)  =  10  -  ^(x  -  3) 

2  4  3 

„  3* +  5  *  +  21  r/ 

5.  — - - - - -  5(*  -  3) 

Find  the  solution  set  of  each  of  the  following: 
x  —  2 


6. 


2a;  —  5  _  Sx 
6  “  ~~  20 


8.  \(x  -  1)  -  7 (4a;  -  5)  =  3  - 
3  o  10 


7.  .3a;  -  1.8  +  .2a;  -  .7  =  0 
7a;  -f  5 


Find: 

9.  jx 

10. 


5  3a; 


1(5*  +  1)  - 

O  O 

2x  +  9  6  0  4a;) 


>} 
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Practice  Exercise  2-11 

(B) 

Solve  and  verify: 

1.  3(x  -  8)  -  7(x  -  3)  +  16  =  0 

2.  1  lx  -  5(2x  -  1)  =  3(6  -  x)  +  1 

3.  (y  +  3)  (y  -  2)  =  (y  —  5)  (t/  -  6) 

4.  (x  +  5)(x-f  2)  =  x2  +  6a;  4-  12 

5.  2(x  4~  1)(#  4-  3)  4~  8  =  (2x  4~  l)(x  4~  5) 

6.  3(x  4-  2) (x  -  1)  -  2(x  -  4) 2  =  x2  4-  19 

Find  the  solution  set  of  each  of  the  following: 

7.  (x  -  6)(x  -  3)  4-  (x  -  3)(x  -  2)  =  2(x  -  3)2 

8.  2(x  4-  2) 2  -  (x  -  1) (x  -  2)  =  (x  -  3)(x  4-  1)  -  4 

9.  5(x  4-  l)2  -  3x2  4-  (2x  -  5)  =  2(x  -  2)(x  4-  3)  4-  30 

Find: 

10.  j a\(a  -  2 )(a  -  1)  -  (a  -  3 )(a  4-  2)  =  9  -  4a} 

11.  jx|x(x  -  3)  -  2(x  -  3)(x  -  2)  =  6  -  (x  -  4)(x  4-  3)} 


Practice  Exercise  2-12 


(B) 

Find  the  solution  set  of  each  of  the  following: 

1.  5x  -  3(2x  -  11)  >  x  -  1 

2.  2x2  -  (x  4-  1)  ^  2x(x  —  3) 

3.  4(x  -  3)  -  2(x  4-  1)  <  5(2x  -  1)  -  3(3x  ~  3) 

4.  6(x  -  2)  4*  4(x  -  3)  4-  3(x  -  4)  ^  120 
a  5  3a  4-2  2a  4-5 

'  4  “  6  <  3  2 

6.  2(x  -  1)J  -  3(x  -  2) (x  +  3)  g  32  -  (*  -  3)(x  -  4) 


Graph  the  solution  set  of  each  of  the  following: 

7.  2(x  -  3)  ^  5(x  4-  1)  -  (1  -  2x),  x  €  I 

8.  15 (x  -  2)  -  10(2x  -  5)  <  60  -  9x,  x  €  N 

9.  2(x  -  2)  4-  3(x  -  3)  4-  4(x  -  4)  =  20 

7x  4~  11  4  4-  5x  3  —  4x 

- ^ - 


10. 


15 


9 


5 
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11.  2(x  -  2) 2  -  3(x  -  l)(x  +  3)  ^  4  -  (x2  -  x  +  2) 

12.  (2x  -  l)(3x  +  1)  -  (3x  -  l)(2x  -  1)  +  10  >  0 


Practice  Exercise  2-13 


1. 

{x 

3. 

{* 

4. 

{x 

6. 

{* 

6. 

\x 

7. 

lx 

jx 

8. 

1* 

2.  {y\ 3  >  y  ^  -  3,  y  €  /} 


(B) 

Draw  the  graph  of  each  of  the  following: 

4x  +  3  ^  —  7,  x  0\ 

2x  +  4  ^  0  and  3x  —  5  ^  4 } 

2x  —  4  ^  0  or  3x  +  5  ^  —  1 } 

2x  —  1  ^  5  —  x,  x  €  / }  or  {x|x  —  2  >  5x  +  6,  x  €  l\ 
—  9  —  7x  <  2(3  —  x)}  and  {x|x  —  2  ^  5x  +  6} 

(x  -f  5) 2  -  (x  +  3)(x  +  6)  >  0}  fl 
(x  +  5)(2x  —  1)  <  x(2x  +  4) } 


2x  —  3  x  +  1 
-  <  — ■ — 


1_-J2x 

10 


Usx 


5x  +  3 
8 


<  5  - 


3x  +  5 


} 


Practice  Exercise  2-14 


(B) 

1.  What  is  meant  by  the  absolute  value  of  a  real  number? 

Is  |x  —  1|  =  —  1  a  true  statement?  What  is  the  solution  set  of  this 
sentence  ? 

2.  If  a  €  R,  state  |a|  in  the  following  cases: 

(i)  a  >  0  (ii)  a  =  0  (iii)  a  <  0 


Calculate  the  following : 


3. 


6. 


14 

17 

|10|  —  I  —  3| 


4.  |  — 6|  6.  |17  -  2+  16  -  29 1 

7.  |*  -  4|,  s  <  0  8.  |  -  6|(—  4)  +  |  -  2| 


Simplify  the  following: 

9.  |10|  -  (-  3)(+  7)  -  |  -  36|  10.  |4a|  +  (-  4)|  -  3i>|  (a,  b  >  0) 

11.  |4  —  7|  —  3|  16  -  32 1  +  (-  6)  12.  |36  -  4c|  (b  >  0,  c  <  0) 


Find  the  solution  sets  for  the  following  and  draw  the  graphs: 
13.  \x  +  2|  =  3  14.  |2i  -  3|  fe  4,  x  €  / 


Equations  and  Inequations 
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Review  Exercise  2-16 


Q 


(B) 

1.  If  a  —  2,  b  =  —  4,  c  =  —  3,  find  the  value  of: 

3  (a  —  25)  +  5  (5  —  2c)  —  (c  —  2a)  —  4  a 

2.  If  a  =  2,  b  =  —  3,  c  =  0,  find  the  value  of : 

(fir2  —Jr*)  +  (52  —  c*)  +  (c2  —  pjj 

3.  Divide  15a352c  —  12a25c3  by  —  3 abc  .  ^ 

4.  Find  the  product  of  y2  +  2y  +  1  and  y  +  1  . 

6.  Simplify  a  —  b  +  c  -  (c  —  a  +  b)  +  (a  +  b  +  c)  —  (5  —  c  -f  a)  . 

6.  Simplify  (re  +  2?/) 2  -  {x  -  2y)2  -  (2 y)2 .  '  ; 

7.  Find  the  sum  of  ( 2x  —  3) {x  —  4),  ( x  +  3) (2  —  x),  (x  -f-  3)(x  —  1), 
and  6x  —  3(x  +  4)(x  —  2)  . 

8.  From  the  sum  of  3a  —  2b  +  4c  and  2a  —  5b  —  6c  subtract  the  sum  of 
5a  —  7b  +  6c  and  4a  —  35  —  2c  . 

2a3  —  4a2  —  6a  6a3  —  3a4  +  3a2  o  ; 


/ 


Simplify 


2a  -  3a2 

10.  Divide  6x4  +  4x2  +  5x  —  xz  —  6  by  x  +  3x2  —  2 . 

11.  Divide  3(2x2  +  3x  -  1)  -  2(16  -  x)  by  3a:  -  5  . 

Solve  +  2  =  ^  _  X-=±  and  verify. 


U  / 


*  O)  t  Xjt+y 
A/  -  1 ,  ✓ 


13.  Find  the  solution  set  defined  by: 

(a  -  5) (a  +  7)  -  (a  +  l)(3a  -  2)  +  2 (a  -  l)2  =  -  7 

14.  Draw  the  graph  of  the  solution  set  defined  by : 

4(s  -  3)  -  3(3  -  x)  S  5{x  +  2)  -  9(8  -  x)  +  20 

15.  Find  { x  |  6(x  —  2)  —  ^(5  —  x)  >  26  —  7x,  x  6  I }  and  draw  the  graph 
of  the  solution  set. 

16.  Draw  the  graph  of  the  solution  set  defined  by: 

—  1)  —  -jOc  +  2)  ^  jf(x  —  1) 

17.  Draw  the  graph  of  each  of  the  following: 

$t) ^ x  |  3x  —  2  >  4 }  or  {x  |  3(x  —  1)  —  (11a:  +  8)  <  0} 

(0){x|  (x  -  l)2  -  (x  -  2)2  ^  -  5,  xel}C[ 

(x  -  1) 


,3 


3x 


>  —  2,  x  e  I 


} 


18  J  Solve  the  equations  given  below  and  draw  the  graph  of  each  solution 


set:  (i)  \y  -  2|  >  4  (ii)  |2z  +  1|  S  3 


Chapter  Ill 


PROBLEM  SOLVING 


3»1  Introduction.  Problem  solving  is  of  vital  importance  in  every  phase 
of  modern  society.  Engineers  and  scientists  are  called  upon  daily  to  solve 
problems  in  construction  and  industry;  businessmen  solve  problems  in 
economics;  mathematicians  work  with  statistical  problems.  Many  people 
enjoy  solving  problems  for  the  sake  of  finding  a  solution.  The  popularity 
of  cross-word  puzzles  and  problem  columns  in  newspapers  and  magazines 
is  evidence  of  this. 

The  great  French  mathematician  Descartes  (1596-1650)  once  wrote: 
"As  a  young  man,  when  I  heard  of  ingenious  inventions,  I  tried  to  invent 
them  myself  .  .  .  Descartes  enjoyed  finding  solutions  to  problems 
which  it  had  been  demonstrated  could  be  solved.  In  the  process,  he  dis¬ 
covered  that  problem  solving  seemed  to  follow  patterns  and  that  a 
systematic  approach  was  more  likely  to  produce  the  desired  result  than 
an  unorganized  attempt.  In  this  chapter  we  study  the  systematic  solu¬ 
tion  of  problems  by  algebraic  methods. 

3*2  The  algebraic  equation  and  inequation.  Algebraic  equations  and 
inequations,  such  as  x  +  3  =  6,  x  e  R,  and  x  -f-  3  <  6,  x  e  R,  ma}’’  be 
thought  of  as  expressing  a  relationship  between  some  real  number,  repres¬ 
ented  by  x,  and  some  given  or  known  numbers,  in  this  case  represented  by 
3  and  6.  The  letter  symbol  x  might  represent  the  number  or  numbers  to 
be  determined  in  a  problem. 

To  find  an  algebraic  solution  to  a  problem,  it  is  necessary  to  express 
the  relationship  between  the  facts  in  the  form  of  an  equation  or  inequation. 
The  method  used  to  obtain  this  sentence  is  called  the  analysis  of  the 
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problem.  Essentially  the  plan  is  to  formulate,  or  establish,  a  numeral  for 
the  left  side  and  another  for  the  right  side  of  the  required  equation  or 
inequation.  Once  the  equation  or  inequation  is  obtained,  it  can  be  solved 
and  the  results  interpreted  in  terms  of  the  problem. 

3*3  The  analysis  of  a  problem.  Usually  the  facts  of  a  problem  are  pre¬ 
sented  in  a  few  sentences. 

Analysis  step  1. 

Read  the  question  carefully  two  or  three  times : 

(i)  to  get  the  general  idea  of  the  problem; 

(ii)  to  discover  specifically  what  is  to  be  determined. 

Do  not  try  to  absorb  the  problem  as  a  whole  in  these  readings. 
Generally  this  is  too  difficult;  full  comprehension  is  achieved  as  each  fact 
is  dealt  with  by  itself. 

Analysis  step  2. 

Represent  the  required  number  (or  numbers)  by  a  letter  symbol  (or 
symbols) ;  specify  the  replacement  set. 

Example  1  (a).  (For  the  following  problem  carry  out  the  first  two  steps 
of  the  analysis.) 

If  the  greater  of  two  real  numbers  is  twice  the  lesser,  find  the  numbers 
if  their  sum  is  52. 

Solution.  By  reading  the  question,  it  is  observed  that  two  real  numbers 
are  to  be  determined  and  that  one  is  twice  the  other.  Therefore,  a  statement 
may  be  made  representing  these  numbers  by  letter  symbols. 

Represent  the  lesser  real  number  by  x ; 
then  the  greater  is  2x  . 

Example  2  (a).  (Carry  out  the  same  two  steps  for  the  following  problem.) 

Find  three  consecutive  integers  such  that  when  the  least  is  divided  by  2, 
the  next  by  3,  and  the  greatest  by  4,  the  sum  of  the  quotients  is  equal  to 
the  greatest  of  these  integers. 

Solution.  By  reading  the  question,  it  is  observed  that  three  consecutive 
integers  are  to  be  determined.  It  might  seem  that  three  letter  symbols 
should  be  used  to  represent  them,  but  the  meaning  of  the  word  consecutive 
suggests  that  only  one  letter  symbol  need  be  used. 

Represent  the  least  integer  by  x, 
the  second  by  x  +  1, 
the  third  by  x  +  2  . 

note:  The  three  consecutive  integers  might  have  been  represented  as 

(i)  ( x  -  1),  x,  {x  +  1)  , 
or  (ii)  ( x  —  2),  (x  —  1),  x  . 
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Analysis  step  3. 

Study  the  facts  carefully  and  represent  them,  one  by  one,  in  terms  of 
the  letter  symbol  (or  symbols)  introduced,  so  as  to  build  up  the  two  parts 
of  the  equation  or  inequation. 

Analysis  step  1+. 

Write  the  equation  or  inequation  relating  the  given  facts. 

Example  1  (b).  Complete  steps  3  and  4  of  the  analysis  of  Example  1  (a). 

Solution.  The  unused  fact  in  the  statement  of  the  problem  is : 

their  sum  is  52. 

The  following  statements  represent  this  fact  in  terms  of  the  symbol  x. 

Their  sum  is  x  +  2x  or  3x  .  (L.S.  of  equation) 

But  this  is  52  .  (R.S.  of  equation) 

3x  =  52 

Example  2  (b).  Complete  steps  3  and  4  of  the  analysis  of  Example  2  (a). 

Solution.  The  unused  facts  in  the  statement  of  the  problem  are : 

When  the  least  is  divided  by  2,  the  next  by  3,  and  the  greatest  by  4,  then 
the  sum  of  the  quotients  is  equal  to  the  greatest. 

The  following  statements  represent  these  in  terms  of  the  letter  symbol  x. 


The  least  divided  by  2  is 


x 

2 


f 


X  “f”  1 

the  next  divided  by  3  is  — - — 


the  greatest  divided  by  4  is 


x  +  2 


„  .  .  x  rc+l  x  W  2 

Their  sum  is  — 1 - - - - 

2  3  4 

But  this  sum  is  equal  to  x  +  2  . 
x  x  +  1  x  +  2 

•••  i+— +  — =  "  +  2 


(L.S.  of  equation) 
(R.S.  of  equation) 


With  the  analysis  complete,  it  is  only  necessary  to  solve  the  equation 
and  make  the  proper  interpretation. 


Write  an  analysis  of  the  following  problem;  compare  your  analysis  with 
that  on  page  471. 

1.  Determine  all  the  integers  such  that  four  times  the  integer  decreased 
by  5  is  less  than  7. 
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(A) 

Complete  orally  the  analysis  of  each  of  the  following: 

1.  When  a  certain  real  number  is  doubled  and  then  increased  by  19,  the 
result  is  41.  Find  the  number. 

Represent  the  real  number  by _ 

Double  the  number  increased  by  19  is _ . 

But  this  is  equal  to _ 

•  •  . .  .  .  -  —  • 

2.  When  four  times  a  certain  real  number  is  increased  by  9,  the  result 

is  the  same  as  25  increased  by  twice  the  number.  Find  the  number. 
Represent  the _ 

Four  times _ increased  by _ is _ 

25  increased  by _ is _ 

But  these  two  results  are _ 


3.  Find  all  the  real  numbers  such  that  five  times  the  number  increased 

by  3  is  equal  to  or  less  than  twice  the  number  diminished  by  2. 
Represent  any  real  number  by _ . 

Five  times  the  number  increased  by  3  is _ 

Twice  the  number  diminished  by  2  is _ _ 

But  the  first  of  these  is  equal  to  or  less  than  the _ _ 

.'.  _  ^ _ 

4.  When  a  certain  real  number  is  multiplied  by  5  and  35  subtracted  from 
the  product,  the  result  is  5.  Find  the  number. 

Represent  any  real  number  by _ . 

5  times  the  number  less _ is _ . 

But  this  number  equals _ 


5.  Find  a  real  number  which  when  trebled  is  equal  to  13  increased  by 
double  the  number. 

Represent  any  real  number  by - - 

The  number  trebled  is _ . 

13  increased  by  double  the  number  is - . 

But  these  two  numbers  are _ . 

•  •  _  —  - -  • 


6.  Two  real  numbers  differ  by  7  and  have  a  sum  of  43.  Find  the  numbers. 
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Complete  orally  the  analysis  of  the  following: 

7.  Find  the  real  numbers  which  when  divided  by  3  and  increased  by  4  are 
equal  to,  or  greater  than,  7. 


(B) 

Write  the  analysis  for  the  following  problems: 

8.  If  21  is  added  to  a  real  number,  the  sum  is  8  times  the  number 
diminished  by  21. 

9.  If  7  is  added  to  8  times  a  real  number,  the  result  is  the  same  as 
that  obtained  when  5  is  subtracted  from  12  times  the  number.  Find 
the  number. 

10.  Find  two  real  numbers  whose  sum  is  83  such  that  one  exceeds  the  other 
by  25. 

11.  Find  three  consecutive  integers  whose  sum  is  36. 

12.  Find  the  set  of  all  real  numbers  such  that  the  number  decreased  by 
£  is  less  than  f  of  the  number  increased  by  1^- . 

3*4  The  algebraic  solution  of  a  problem.  The  following  procedure  suggests 
a  general  pattern  for  the  algebraic  solution  of  a  problem. 

Analysis. 

1.  Read  the  question  carefully  two  or  three  times: 

(i)  to  get  the  general  idea  of  the  problem; 

(ii)  to  discover  exactly  what  is  to  be  found. 

2.  Represent  the  required  number  (or  numbers)  by  a  letter  symbol  (or 
symbols). 

3.  Represent  the  given  facts,  one  by  one,  in  terms  of  the  symbol  (or 
symbols)  to  obtain: 

(i)  the  left  side  of  an  equation  or  inequation; 

(ii)  the  right  side  of  an  equation  or  inequation. 

4.  Write  the  equation  or  inequation  relating  the  given  facts. 

Completion. 

5.  Solve  the  equation  or  inequation. 

6.  State  the  conclusion:  that  is,  interpret  the  solution  of  the  equation  or 
inequation  in  the  context  of  the  problem. 

7.  Verify  by  showing  that  the  conclusion  reached  satisfies  the  conditions 
as  stated  in  the  problem. 
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3*5  Problems  involving  relationships  between  numbers. 

Example  1.  Find  two  real  numbers  whose  sum  is  23,  such  that  the  sum 
of  the  lesser  and  3  times  the  greater  is  54. 

Solution.  Represent  the  lesser  real  number  by  x  . 

Then  the  greater  is  23  —  x  . 

The  lesser  plus  three  times  the  greater  is 
x  +  3(23  —  x)  =  x  -f-  69  —  3a; 

=  69  —  2x  . 

But  this  sum  equals  54  . 

69  —  2x  =  54 
.*.  -  2x  =  -  15 
x  —  7J 

The  lesser  number  is  7 J  and  the  greater  is  15J  . 

Verification.  The  lesser  plus  3  times  the  greater  is  74  -f-  3(15J) 

=  7i  +  46i 
=  54  . 

Example  2.  Find  all  the  real  numbers  such  that  3  times  the  number 
decreased  by  2  is  less  than  4. 

Solution.  Represent  any  real  number  by  x  . 

Then  3  times  the  number  less  2  is  Sx  —  2  . 

But  this  number  is  less  than  4  . 

Sx  —  2  <  4 
Sx  <  6 
/.  x  <  2 

The  required  numbers  are  any  real  numbers  less  than  2. 

Verification,  v  x  <  2  x  +  d  =  2  d  z+R  (Definition) 

.*.  x  —  2  —  d 

(2  —  d)  represents  all  real  numbers  less  than  2. 

3  times  the  numbers  decreased  by  2  is  3(2  —  d)  —2 

=  6  -  3d  -  2 
=  4  -  Sd 
<  4  as  required. 

Write  complete  solutions  to  each  of  the  following  and  compare  them  with 
those  on  page  471. 

1.  Find  three  consecutive  integers  whose  sum  is  27. 

2.  Find  all  the  real  numbers  such  that  the  number  decreased  by  2,  then 
divided  by  3,  is  greater  than  5. 
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Exercise  3-2 

(B) 

Write  complete  solutions  for  the  following  problems : 

1.  The  sum  of  two  numbers  is  71.  If  the  greater  exceeds  twice  the  lesser 
by  2,  find  the  numbers. 

2.  At  an  election  the  successful  candidate  had  a  majority  of  1,256  votes 
over  his  opponent.  If  the  total  vote  was  6,424,  find  the  number  of 
votes  cast  for  each  candidate. 

3.  The  sum  of  three  numbers  is  72.  The  second  is  6  more  than  the  first, 
and  the  third  is  4  times  the  first.  Find  the  numbers. 

4.  The  sum  of  ^  of  a  number  and  £  of  the  same  number  is  16.  Find  the 
number. 

5.  The  sum  of  f,  and  f  of  a  certain  number  is  106.  Find  the  number. 

6.  Find  two  numbers  that  differ  by  4  and  such  that  £  of  the  greater 
exceeds  |  of  the  lesser  by  8. 

7.  Divide  132  into  three  parts  so  that  the  first  part  exceeds  the  second 
by  11,  and  the  third  exceeds  the  first  by  26. 

8.  Find  a  number  which  exceeds  42  by  the  same  amount  that  |  of  the 
number  exceeds  2. 

9.  Find  three  consecutive  even  integers  whose  sum  is  48. 

10.  Find  three  consecutive  odd  integers  whose  sum  is  63. 

11.  Find  two  consecutive  even  integers  such  that  the  sum  of  ^  of  the 
lesser  and  of  the  greater  is  62. 

12.  Find  the  set  of  all  real  numbers  such  that  4  times  the  number 
increased  by  5  is  greater  than  twice  the  number  decreased  by  3. 

3-6  The  context  and  variables  in  a  problem.  The  problems  in  Exercise 
3-1  and  3-2  are  straight-forward  and  permit  a  direct  interpretation  in 
terms  of  the  letter  symbol  introduced.  In  many  problem  situations  a 
number  of  variables  are  involved,  and  these  are  related  to  each  other  in 
some  particular  way.  In  other  words,  the  given  problem  is  a  particular 
case  of  a  general  context  involving  certain  variable  quantities  related 
in  some  way.  The  general  relation  is  often  not  given  in  the  problem, 
but  the  problem  solver  must  know  it  if  he  is  to  do  the  problem. 

Suppose  we  are  planning  a  trip  by  car  from  town  A  to  town  B.  This  is 
a  specific  instance  of  a  general  situation  involving  three  variables: 

(i)  distance ,  represented  by  d  units  (miles),  (d  €  R,  d  >  0); 

(ii)  speed  of  travel,  represented  by  v  units  (m.p.h.),  (v  e  R,  v  >  0); 

(iii)  time  of  travel,  represented  by  t  units  (hours),  (t  e  R,  t  >  0)  . 
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These  variables  are  related  by  the  equation 

d  =  vt 

which  may  also  be  written, 

d  d 

v  =  —  or  t  —  — 
t  v 

and  the  form  used  depends  on  the  particular  variable  in  which  we  are 
interested.  These  equations  are  sometimes  referred  to  as  the  law  relating 
the  variables. 

To  plan  the  trip  mentioned,  these  three  variables  must  be  considered. 
For  example,  since  the  distance  from  A  to  B  may  be  assumed  to  be  known, 
then: 


(i)  if  we  have  only  3  hours  travelling  time,  the  rate  of  travel, 

,  •  d 

v  m.p.h.,  is -m.p.h.; 


(ii)  if  our  average  speed  is  45  m.p.h.,  then  the  time  of  travel, 

t  hours,  is  —  hours. 

45 


It  is  necessary  to  examine  the  context  to  get  the  general  idea  of  the 
problem.  The  following  examples  recall  familiar  general  contexts,  the 
variables  involved  and  the  law  relating  them. 


Copy  and  complete  the  following  table;  compare  your  solution  with  that 

on  page  471. 

1. 


GIVEN  VARIABLE 

DEPENDS  ON  THE  VARIABLE  (s) 

(i)  Time  for  a  trip 

(ii)  Rate  of  travel 

(iii)  Area  of  a  rectangle 

(iv)  Area  of  a  circle 

(v)  Volume  of  a  box 

(vi)  Volume  of  a  sphere 

(vii)  Cost  of  a  number  of  articles 
(viii)  Gain  (or  loss) 

(ix)  Current  strength 

(x)  Capacity  of  a  cylindrical  drum 

(xi)  Interest 

(xii)  Price  of  wheat 
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Copy  and  complete  the  following  table;  compare  your  solution  with  that 
on  page  472. 

2. 


VARIABLE  QUANTITIES 

EQUATION  RELATING  THE 

VARIABLES 

(i)  Area,  length,  width  of  a 
rectangle 

(ii)  Volume,  length,  width,  depth 

(iii)  Circumference,  radius  (circle) 

(iv)  Radius,  area  (circle) 

(v)  Radius,  volume  (sphere) 

(vi)  Distance,  speed,  time 

(vii)  Total  cost,  cost  per  article, 
number 

(viii)  Cost  price,  selling  price, 
gain  (loss) 

(ix)  Interest,  principal,  rate,  time 

3.  Set  up  a  table  with  the  following  headings  in  your  notebook;  com¬ 
plete  the  columns  for  each  problem: 


ASSOCIATED  VARIABLE 

NOT  STATED 

LAW 

EXPRESSION  FOR 

ASSOCIATED  VARIABLE 

(i)  The  area  of  a  rectangular  desk  top  is  300  square  inches;  its  length 
is  20  inches. 

(ii)  The  area  of  a  rectangle  is  A  square  inches;  the  width  is  8  inches. 

(iii)  The  radius  of  a  circle  is  10  inches. 

(iv)  The  sum  of  $30  is  spent  on  shirts  at  %x  per  shirt. 

(v)  A  boy  wants  a  bicycle  which  sells  for  $y.  He  can  earn  $1| 
every  afternoon  working  as  a  delivery  boy. 

(vi)  It  is  ( x  —  4)  miles  to  Montreal,  and  we  have  y  hours  to  get 
there. 

(vii)  (3a;  -f  4)  dollars  is  invested  for  3  years  at  5  per  cent  per  annum. 
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(A) 

In  each  of  the  following^  suggest  at  least  one  other  variable  associated  with 
the  data  and  express  its  value  in  terms  of  the  given  data: 

1.  The  area  of  a  rectangle  is  200  sq.  in.  and  its  width  is  10  in. 

2.  The  area  of  a  rectangle  is  A  sq.  in.  and  its  length  is  10  in. 

3.  The  length  of  a  rectangle  is  y  ft.  and  its  width  is  x  ft. 

4.  At  an  average  speed  of  40  m.p.h.  a  man  reaches  Montreal  in  8  hrs. 

5.  It  is  50  miles  to  Hamilton  and  I  take  x  hr.  to  get  there. 

6.  I  travel  a  distance  of  x  miles  at  an  average  speed  of  y  m.p.h. 

7.  I  pay  $3.50  for  10  gallons  of  gasoline. 

8.  At  x  i  per  gallon  my  weekly  gasoline  bill  is  $5  . 

9.  A  trip  takes  x  gallons  of  gasoline  at  y  i  per  gallon. 

10.  Ten  tons  of  coal  cost  $280  . 

11.  x  tons  of  coal  cost  $(y  +  5)  . 

12.  I  spend  $90  for  coal  at  the  rate  of  $x  per  ton. 

13.  The  area  of  the  floor  of  a  rectangular  coal  bin  is  270  sq.  ft.  and  the 
depth  of  the  bin  is  6  ft. 

14.  The  area  of  the  base  of  a  rectangular  box  is  x  sq.  in.  Its  volume  is 
300  cu.  in. 

15.  The  diameter  of  a  circle  is  7  in. 

16.  The  diameter  of  a  circle  is  x  in. 

17.  The  circumference  of  a  circle  is  y  in. 

18.  The  semi-perimeter  of  a  rectangle  is  20  in. ;  the  length  is  12  in. 

19.  The  perimeter  of  a  rectangle  is  80  in.  and  the  width  is  15  in. 

20.  The  perimeter  of  a  rectangle  is  x  in.  and  the  width  is  y  in. 

21.  I  buy  a  house  for  $18,000  and  sell  it  for  $19,000  . 

22.  I  buy  a  house  for  $.x  and  sell  it  for  $y,  which  is  less  than  I  paid. 

23.  A  boy  wants  a  bicycle  costing  $45.  He  can  earn  $1.50  each  day 
after  school. 

3*7  Problems  involving  measurements.  The  following  examples  involve 
measurements  in  various  contexts.  It  is  necessary  to  examine  carefully 
the  variables  mentioned  in  the  problem,  to  recall  any  associated  variables 
and  the  law  which  relates  them. 

Example.  The  rectangular  top  of  a  table  has  sides  which  are  respectively 
4  feet  and  5  feet  longer  than  the  side  of  a  table  with  a  square  top.  If  the 
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area  of  the  rectangular  table  top  is  47  square  feet  greater  than  the  area  of 
the  square  top,  find  the  dimensions  of  the  top  of  each  table. 

Solution. 


x 


Fig.  3-1 

This  problem  is  a  particular  example  of  the  general  problem  concerned 
with  the  variables:  length,  width,  and  area  of  a  rectangle.  The  law  relating 
these  is  expressed  by 

a  =  Iw. 

Represent  the  length  of  a  side  of  the  square  by  x  ft.  (x  e  R,  x  >  0)  . 
Then  the  area  of  the  square  is  x2  sq.  ft. 

The  lengths  of  the  sides  of  the  rectangle  are  ( x  +  4)  ft.  and  ( x  +  5)  ft. 
The  area  of  the  rectangle  is  ( x  +  4)  (re  +  5)  sq.  ft. 

The  difference  in  area  is  [(x  +  4)(x  +  5)  —  x2]  sq.  ft. 

=  ( x 2  +  9x  +  20  —  x 2)  sq.  ft. 

=  (9#  -f  20)  sq.  ft. 

But  the  difference  in  area  is  47  sq.  ft. 

9x  +  20  =  47 
9x  =  27 
x  =  3 

The  dimensions  of  the  square  table  top  are  3  ft.  and  3  ft. 

The  dimensions  of  the  rectangular  table  top  are  7  ft.  and  8  ft. 

Verification. 

Area  of  rectangular  table  top  =  8  X  7  sq.  ft.  =  56  sq.  ft. 

Area  of  square  table  top  =  3  X  3  sq.  ft.  =  9  sq.  ft. 

Difference  in  area  =  47  sq.  ft. 

Sometimes  it  is  helpful  in  analyzing  a  problem  to  tabulate  the  data. 
Represent  the  length  of  a  side  of  the  square  by  x  ft.  (x  e  R,  x  >  0)  . 


Problem  Solving 


107 


VARIABLE 

SQUARE  TABLE  TOP 

RECTANGULAR  TABLE  TOP 

Length  in  feet 

X 

z  +  5 

Width  in  feet 

X 

x  +  4 

Area  in  square  feet 

X 2 

x2  -f-  9x  -f-  20 

The  difference  in  area  is  (z2  +  9x  +  20  —  x2)  sq.  ft. 

or  (9x  +  20)  sq.  ft. 

But  the  difference  in  area  is  47  sq.  ft. 

9z  +  20  =  47 

Exercise  3-4 

(A) 

State  or  write  the  analysis  of  each  of  the  following  problems: 

1.  Find  the  length  of  the  side  of  an  equilateral  triangle  with  perimeter 
72  inches. 

2.  The  total  weight  of  two  iron  castings  is  130  lb.  If  one  casting  weighs 
7  lb.  more  than  twice  the  weight  of  the  other,  find  the  weight  of  each 
casting. 

3.  The  length  of  a  rectangular  field  is  five  times  its  width.  If  the  peri¬ 
meter  is  72  rods,  find  its  dimensions. 

4.  The  sum  of  the  interior  angles  of  a  polygon  of  n  sides  is  (2 n  —  4) 
right  angles.  Find  the  number  of  sides  a  polygon  has  if  the  sum  of 
its  interior  angles  is  10  right  angles. 

5.  The  difference  between  the  length  and  width  of  a  rectangular  garden 
is  12  feet.  If  the  perimeter  of  the  garden  is  60  feet,  find  its  length 
and  width. 


(B) 

Write  a  cornplete  solution  for  each  of  the  following  problems: 

6.  A  piece  of  lumber  20  feet  long  is  to  be  divided  into  two  parts.  If 
the  length  of  the  longer  part  is  to  be  J  foot  longer  than  double  the 
shorter  part,  find  the  length  of  each  part. 

7.  In  a  stairway  there  are  55  steps  of  uniform  height.  However,  if 
each  step  had  been  made  one  inch  higher,  only  50  would  have  been 
required.  Find  the  height  of  each  step. 

8.  Find  the  measurements  of  the  angles  of  a  triangle  if  the  greatest  is  50° 
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larger  than  the  smallest  and  10°  larger  than  the  other  and  the  sum  of 
the  three  angles  is  180°. 

9.  A  rectangular  room  has  its  length  8  feet  longer  than  its  width.  If  each 
dimension  is  increased  by  3  feet,  the  area  is  increased  by  153  square 
feet.  Find  the  original  dimensions  of  the  floor  of  the  room. 

10.  One  rectangular  school  garden  has  its  length  10  feet  longer  than  its 
width.  A  second  garden,  of  equal  area,  is  5  feet  longer  and  2  feet 
narrower  than  the  first.  Find  the  dimensions  of  each  garden. 

11.  A  rectangular  floor  has  a  margin  two  feet  wide  around  a  rectangular 
carpet.  If  the  length  of  the  carpet  is  3  feet  more  than  its  width  and 
the  area  of  the  margin  is  112  square  feet,  find  the  dimensions  of  the 
floor. 


3-8  Problems  involving  rate  per  cent.  If  a  person  invests  $200  at  an 
interest  rate  of  4%  per  annum  for  a  period  of  3  years,  his  income  (amount 
of  interest)  from  the  investment  is 

$(  200  X  X  3  )  or  $24 


(s 


100 


0 


if  the  interest  is  simple  interest. 

In  general,  if  an  amount  of  money  ( Principal ,  P  dollars)  is  invested  at  a 
rate  of  interest  (r%)  per  annum  for  a  period  of  time  in  years  (t  years), 
the  income  (/  dollars)  is  expressed  by  the  formula 

r 


/  =  P  X 
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X  t 


if  the  interest  is  simple  interest. 


Example  1.  The  annual  interest  on  a  sum  of  money  invested  at  4% 
together  with  the  interest  on  a  sum  twice  as  large  invested  at  5%  is  $112  . 
Find  the  amount  of  each  sum  of  money  invested. 

Solution,  Represent  the  sum  of  money  invested  at  4%  by  x  dollars 
(x  e  R,  x  >  0)  . 

Then  the  sum  of  money  invested  at  5%  is  2x  dollars. 

The  total  interest  is  [.04 (a;)  +  .05  (2a;)]  dollars 

or  (.04a;  +  .la;)  dollars 
or  .  14a;  dollars. 

But  it  is  given  that  the  total  interest  is  $112  . 

.*.  .14a;  =  112 
.*.  14a;  =  11,200 
.*.  x  =  800 

The  sum  invested  at  4%  is  $800  and  at  5%  is  $1,600  . 

Verification.  The  total  interest  =  $(.04  X  800  +  .05  X  1,600) 

=  $(32  +  80)  =  $112 
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Example  2.  How  many  gallons  of  water  must  be  added  to  2.5  gallons  of 
a  60%  solution,  by  volume,  of  permanent  antifreeze  and  water  to  make 
a  40%  solution? 

Solution.  Represent  the  number  of  gallons  of  water  added  by  x  (x  e  R . 
x  >  0)  . 

Then  the  number  of  gallons  of  antifreeze  in  a  40%  solution  is 

.4(2.5  +  x )  or  (10  +  Ax)  . 

But  the  number  of  gallons  of  antifreeze  is  .6  X  2.5  =  1.5. 

.4(2.5  +  x)  =  1.5 
.*.  4(2.5  +  x)  =  15 
10  +  4x  =  15 
.*.  4x  =  5 
x  =  1.25 

1.25  gallons  of  water  should  be  added. 


Verification.  If  1 .25  gallons  of  water  are  added,  the  strength  of  the  solution 


is 


1.5  150  2  _ 

3.75  “  375  ~  5  “  40%  ’ 


Write  solutions  to  the  following  problems  and  compare  them  with  those  on 
page  472. 

1.  The  yearly  interest  on  an  investment  is  $48.  If  the  annual  rate  of 
interest  is  5%,  find  the  amount  of  the  investment. 

2.  A  chemist  has  60  cc.  of  a  12%  solution  of  an  acid.  If  he  wishes  to 
dilute  it  to  a  5%  solution  by  adding  water,  how  many  cc.  of  water 
should  he  add  ? 


Exercise  3-5 

(B) 

1.  A  man  invested  $4,000,  part  at  4%  per  annum  and  part  at  5%  per 
annum.  If  his  total  annual  income  is  $170,  find  the  amount  he  invested 
at  each  rate. 

2.  A  baseball  sold  for  $6.00  and  provided  a  gain  of  20%  calculated  on 

j 

the  cost.  Find  the  cost  of  the  baseball. 

3.  Whaf>  sum  of  money  invested  at  5%  will  provide  the  same  interest 
as  a  sum  $600  larger  invested  at  3%? 

^4.  A  salesman  receives  15%  commission  on  his  total  sales.  If  his  total 
commission  for  a  month  was  $360,  find  his  total  sales  for  the  month. 

5.  A  man  invested  £  of  his  money  at  3%,  i  at  4%,  J  at  5%,  and  the 
remainder  at  6%.  If  his  total  yearly  income  is  $860,  find  the  amount 
invested. 
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6.  Divide  $6,200  into  two  parts  so  that  the  income  from  one  part  at  5% 
is  equal  to  the  income  from  the  other  part  at  3%. 

7.  How  many  gallons  of  water  must  be  added  to  8  gallons  of  an  80% 
solution  of  permanent  antifreeze  to  make  a  50%  solution  ? 

8.  How  many  gallons  of  water  must  be  added  to  100  gallons  of  milk, 
which  tests  6%  butterfat,  to  dilute  it  to  test  4%  butterfat? 

3»9  Problems  involving  distance,  speed,  and  time.  The  distance,  speed, 
and  time  context  discussed  in  section  3*6  is  reviewed  below. 

If  a  jet  aircraft  travels  3,000  miles  in  5  hours,  its  average  speed  is 
m.p.h.  or  600  m.p.h. 

If  the  average  rate  and  distance  are  known  to  be  600  m.p.h.  and  3,000 
miles,  respectively,  the  time  is  -360crt  hours  or  5  hours. 

If  the  time  and  average  speed  are  known  to  be  5  hours  and  600  m.p.h., 
respectively,  the  distance  is  (600  X  5)  miles  or  3,000  miles. 

In  general,  if  d  represents  the  distance  in  miles,  v  the  average  speed  in 
miles  per  hour,  and  t  the  time  in  hours,  then 

rt  rl 

(i)  v  =  -  (ii)  t  =  -  (iii)  d  =  vt  . 

t  v 

It  should  be  noted  that  these  relations  hold  for  any  units  of  distance 
and  time,  provided  the  speed  is  expressed  in  consistent  units. 

Example  1.  A  boy  travelled  from  home  to  a  hill-climb  by  motorcycle  at 
an  average  speed  of  55  m.p.h.  During  the  contest  his  machine  was  dam¬ 
aged  and  had  to  be  left  for  repairs.  He  returned  by  bus  at  an  average 
speed  of  40  m.p.h.  If  his  total  travelling  time  to  and  from  the  meet  was 
3  hours  and  48  minutes,  how  far  from  his  home  was  the  meet  held  ? 


Solution.  Represent  the  distance  by  x  miles  {x  e  R,  x  >  0)  . 
The  given  data  may  be  tabulated  as  follows: 


DISTANCE  IN  MILES 

SPEED  IN  m.p.h. 

TIME  IN  HOURS 

Motorcycle 

X 

55 

X 

55 

Bus 

X 

40 

X 

40 

(x  x\ 

—  H - )  hours. 

55  40/ 

But  this  is  given  to  be  3|  hours. 

x  19 


x 
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8s  +  11a;  =  1,672 
19a;  =  1,672 
x  =  88 

The  distance  is  88  miles. 


Verification.  Time  to  travel  88  miles  at  55  m.p.h.  is  —  hr.  or  If  hr. 

55 

88 

Time  to  travel  88  miles  at  40  m.p.h.  is  —  hr.  or  24  hr. 

40 

Total  time  for  the  round  trip  is  3f  hr.  or  3  hr.  and  48  min. 

Example  2.  If  two  persons,  A  and  B,  who  are  12  miles  apart,  walk  towards 
each  other,  they  will  meet  after  2  hours.  If  A  walks  twice  as  fast  as  B, 
find  their  speeds  of  walking. 

Solution.  Represent  B’s  speed  of  walking  by  x  m.p.h.  (a;  e  R,  x  >  0)  . 
Then  the  given  data  in  the  problem  may  be  tabulated  as  follows: 


DISTANCE  IN  MILES 

SPEED  IN  m.p.h. 

TIME  IN  HOURS 

A 

Ax 

2x 

2 

B 

2x 

X 

2 

The  total  distance  walked  by  A  and  B  is  (4a;  +  2a;)  miles  or  6a;  miles. 
But  it  is  given  that  the  total  distance  walked  is  12  miles. 

.*.  6a;  =  12 
x  =  2 

A’s  speed  of  walking  is  4  m.p.h.  and  B’s  speed  is  2  m.p.h. 

Verification.  Distance  A  walks  in  2  hrs.  at  4  m.p.h.  is  8  miles. 

Distance  B  walks  in  2  hrs.  at  2  m.p.h.  is  4  miles. 

Total  distance  is  12  miles. 


Exercise  3-6 

(B) 

1.  An  athlete  runs  a  certain  distance  at  8  m.p.h.  and  returns  by  car  at 
45  m.p.h.  If  his  total  time  of  travel  is  53  minutes,  how  far  did  he  run? 

2.  A  member  of  a  hiking  party  blows  a  whistle  and  hears  an  echo  from  a 
cliff  in  5J  seconds.  If  sound  travels  1,130  feet  per  second,  how  far  is 
the  cliff  from  the  party  ? 
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3.  A  freight  train  travelling  at  50  m.p.h.  takes  1  hour  longer  for  a  trip 
between  two  stations  than  an  express  train  travelling  at  60  m.p.h. 
Find  the  distance  between  the  two  stations. 

4.  A  motorist  leaves  home  at  2  p.m.  travelling  at  an  average  speed  of 
50  m.p.h.  A  second  motorist  leaves  the  same  point  at  2:50  p.m.  and 
travels  at  an  average  speed  of  60  m.p.h.  How  many  miles  will  he 
travel  before  overtaking  the  first  motorist  ? 

5.  A  bullet  fired  with  a  muzzle  velocity  of  1,000  feet  per  second  strikes  a 
target  at  a  distance  of  1,200  feet.  The  sound  of  the  impact  is  heard 
2.25  seconds  after  the  bullet  was  fired.  Calculate  the  approximate 
speed  of  sound  in  air. 

6.  A  man  flies  by  jet  airliner  at  600  m.p.h.  from  Toronto  to  Vancouver, 
a  distance  of  2,120  air  miles,  to  take  delivery  of  his  own  plane  in  which 
he  returns  to  Toronto.  If  his  total  flying  time  is  21  hours  12  minutes, 
what  is  the  average  speed  on  the  return  trip  ? 

T.  A  river  flows  at  5  m.p.h.  A  motor  boat  is  driven  upstream  and  back 
to  the  starting  point  in  12  minutes.  If  the  boat  moves  at  an  average 
speed  of  25  m.p.h.  in  still  water,  find  the  distance  travelled  upstream. 

8.  The  road  up  one  side  of  a  mountain  and  the  road  down  the  other  side 
are  each  a  mile  long.  If  a  car  is  driven  up  the  mountain  at  an  average 
speed  of  30  m.p.h.,  how  fast  must  it  be  driven  down  the  other  side 
so  that  the  average  speed  is  60  m.p.h.  ? 

9.  A  light  plane  flies  a  certain  distance  into  a  headwind  of  35  m.p.h.  for 
4  hours  and  returns  the  same  distance  in  2  hours  15  minutes.  Find  the 
speed  at  wrhich  the  plane  would  have  travelled  if  there  had  been  no 
wind. 

10.  Find  the  length  of  time  required  for  a  radar  beam  from  earth  to  be 
reflected  back  to  earth  from  the  moon  if  the  speed  of  radar  is  186,000 
miles  per  second  and  the  distance  to  the  moon  from  the  earth  is 
2.38  X  105  miles. 

V 

11.  A  man  drove  at  an  average  speed  of  50  m.p.h.  outside  a  city  and  30 
m.p.h.  within  the  city.  If  the  complete  trip  of  30  miles  took  40 
minutes,  how'  much  of  the  trip  was  outside  the  city  ? 

12.  Two  cars  leave  the  same  place  at  the  same  time  and  travel  in  opposite 
directions,  one  of  the  cars  travelling  10  m.p.h.  faster  than  the  other. 
After  3  hours,  they  are  240  miles  apart.  What  is  the  speed  of  each 
car  in  m.p.h.? 

13.  A  turbo-prop  aircraft  leaves  an  airport  at  6  p.m.  At  7  p.m.  a  jet 
aircraft  leaves  the  airport,  flying  the  same  course,  and  overtakes  the 
first  plane  at  12  o’clock  midnight.  If  the  cruising  speed  of  the  jet  is 
73  m.p.h.  more  than  that  of  the  turbo-prop,  find  the  speed  of  each. 
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3*10  Problems  in  various  contexts.  The  importance  of  pattern  and 
method  in  obtaining  solutions  to  problems  in  particular  contexts  should 
now  be  evident.  The  problems  in  the  exercise  which  follows  are  taken  from 
various  contexts.  The  skill  and  knowledge  you  have  gained  from  previous 
experience  should  help  you  solve  these  problems. 

Example  1.  A  has  $8  more  than  twice  the  amount  of  money  B  has.  If  A 
gives  $7  to  B,  he  would  now  have  only  $3  more  than  B.  Find  the  amount 
each  had  at  first. 

Solution.  In  this  problem  there  are  two  amounts  of  money  to  be  found. 

The  first  decision,  therefore,  will  be  whether  to  represent  by  $£  the 
initial  amount  possessed  by  A  or  that  possessed  by  B. 

Exploration  of  the  two  possibilities  reveals  that  if  B’s  amount  is  repre¬ 
sented  by  $z,  then  A’ s  amount  is  represented  by  $(2.r  +  8) .  Using  this 
representation  eliminates  fractions.  If  A  gives  $7  to  B,  A  will  have  $7 
less  than  he  had  at  the  beginning,  and  B  will  have  $7  more. 

Hence  the  new  amounts  which  A  and  B  have  are  $(2z  +  8  —  7) 
and  %(x  +  7),  respectively. 


This  information  may  be  tabulated  as  follows: 


A’S  AMOUNT  (DOLLARS) 

B’ S  AMOUNT  (DOLLARS) 

Initial 

(2x  +  8) 

X 

Final 

(2x  +  8  -  7) 

(x  +  7) 

Since  A  still  has  $3  more  than  B,  it  follows  that 

(2x  +  8  -  7)  =  (x  +  7)  +  3. 

.’.  2x  -f*  1  =  x  -f-  10 
/.  x  =  9 

A  had  $26  and  B  had  $9. 

Verification.  Twice  B’s  amount  plus  $8  is  $26  or  A’s  amount. 

After  exchange  of  $7,  A  has  $19  . 

After  exchange  of  $7,  B  has  $16  . 

Difference  is  $3  in  favour  of  A. 

Example  2.  A  man  is  3  times  as  old  as  his  nephew.  2  years  ago  the  man 
was  5  times  as  old  as  his  nephew  was  4  years  ago.  Find  their  present  ages. 

Solution.  In  this  problem  two  ages  are  to  be  found.  Since  the  man  is  3 
times  as  old  as  his  nephew,  fractions  will  be  avoided  if  the  nephew’s 
present  age  is  represented  by  x  years  ( x  e  R,  x  >  0)  . 

Then  the  man’s  present  age  is  Sx  years. 

2  years  ago  the  man’s  age  was  (3x  —  2)  years. 

4  years  ago  the  nephew’s  age  was  ( x  —  4)  years. 
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This  information  may  be  tabulated  as  follows : 
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man’s  age  (years) 

nephew’s  age  (years) 

Present 

Sx 

X 

2  years  ago 

Sx  -2 

4  years  ago 

x  —  4 

But  it  is  given  that  the  man’s  age  2  years  ago  was  5  times  the  nephew’s 
age  4  years  ago. 

Sx  —  2  =  5{x  —  4) 

Sx  —  2  =  5x  —  20 
20  —  2  =  5x  —  3z 
18  =  2x 
x  =  9 

The  nephew’s  present  age  is  9  years,  and  the  man’s  is  27  years. 

Verification.  The  man’s  age  is  3  times  the  nephew’s  age  (27  =  3X9). 
The  man’s  age  2  years  ago  was  25  years. 

The  nephew’s  age  4  years  ago  was  5  years. 

Hence  the  man’s  age  2  years  ago  was  5  times  the  nephew’s 
age  4  years  ago. 

Example  3.  The  average  mark  in  an  algebra  class  was  62.  Two  students 
whose  marks  were  46  and  40  dropped  out,  raising  the  average  to  63. 
Find  the  number  of  students  originally  in  the  class. 


Solution.  If  the  original  number  of  students  is  represented  by  x  (x  e  N) 
the  data  of  the  problem  may  be  tabulated  as  follows: 


BEFORE 

AFTER 

Number  of  students 

X 

X  -f-  2 

Average  mark 

62 

63 

Aggregate  of  marks  earned 

62z 

63  (x  -  2) 

Hence  the  difference  in  the  aggregates  =  (62z  —  63  (x  —  2)  )  marks 

=  (02x  —  OSx  +  126)  marks 
=  (126  —  x)  marks. 

But  the  two  students  who  dropped  out  received  (46  +  40)  marks  or  86 
marks. 


126  —  x  =  86 
—  x  =  —  40 
x  =  40 


The  original  number  of  students  was  40  . 
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Verification.  First  aggregate  is  40  X  62  marks  or  2,480  marks  . 

Second  aggregate  is  38  X  63  marks  or  2,394  marks. 
Difference  is  86  marks. 

This  is  the  number  of  marks  earned  by  the  two  students  who 
dropped  out. 


Exercise  3-7 

In  this  exercise  there  are  some  multiple  choice  questions.  Each  of  these  is 
followed  by  five  answers  marked  (a),  (b),  (c),  (d),  (e).  For  each  question, 
decide  upon  the  correct  answer ,  then  select  the  letter  that  precedes  the  correct 
answer. 


(B) 

1.  Divide  $1,236  among  A,  B,  and  C  so  that  A  receives  twice  B’s  share, 
and  C  receives  $150  more  than  A  and  B  together. 

2.  A  man  is  twice  as  old  as  his  son.  In  10  years  the  sum  of  their  ages 
will  be  83  years.  Find  their  present  ages. 

3.  Mr.  X  has  $10  .  Mr.  Y  repays  a  debt  to  Mr.  X  of  $32  .  Mr.  X  now  has 
three-quarters  as  much  money  as  Mr.  Y  has.  Before  repaying  the 
debt,  Mr.  Y  had  (a)  $52  (b)  $63.50  (c)  $56  (d)  $88  (e)  none  of 
these. 

4.  A  dealer  buys  6  record  players,  4  television  sets,  and  3  radios  at  a 
total  cost  of  $2,900  .  If  a  television  set  costs  $50  less  than  twice  the 
cost  of  a  record  player  and  a  radio  costs  $100  less  than  the  cost  of  a 
record  player,  find  the  cost  of  each. 

5.  A  boy  is  twice  as  old  as  his  brother.  Four  years  ago  he  was  three 
times  as  old  as  his  brother.  Find  their  present  ages. 

6.  A  box  contains  two  equal  sums  of  money,  one  sum  in  dimes  and  the 
other  in  quarters.  If  there  are  70  coins  in  all,  how  much  money  is 
there  in  the  box  ? 

7.  A  labourer  in  a  factory  is  paid  time  and  one-half  for  the  hours  worked 
in  excess  of  30  in  any  week.  If  he  earns  $115.50  for  a  38-hour  week, 
his  regular  hourly  rate  is  (a)  $2.62j  (b)  $2.75  (c)  $3.39  (d)  $1.80 
(e)  $2.50. 

8.  If  $15  more  than  ^  of  a  certain  sum  of  money  is  equal  to  $25  less  than 
i  of  it,  what  is  the  sum  of  money? 

9.  In  seven  years  a  man  will  be  twice  as  old  as  his  brother.  Find  their 
present  ages. 

10.  A  man  paid  off  a  debt  of  $6,200  in  5  years  by  paying  in  each  successive 
year  after  the  first,  twice  as  much  as  the  year  before.  Calculate  his 
payment  for  the  last  year. 
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11.  From  a  tank  of  gasoline  two-thirds  full,  16  gallons  are  drained  leaving 
the  tank  filled  to  40%  of  capacity.  When  it  is  filled  to  60%  of  capacity, 
the  number  of  gallons  of  gasoline  it  contains  is  (a)  40  (b)  32  (c)  60 
(d)  24  (e)  36  . 

12.  A  man  42  years  of  age  has  a  daughter  8  years  old.  In  how  many 
years  will  the  father  be  twice  as  old  as  his  daughter? 

13.  A  baseball  glove  costs  three  times  as  much  as  a  baseball.  If  2  gloves 
and  3  baseballs  cost  $68.85,  find  the  cost  of  each. 

14.  A  man  has  $125  in  $2  bills  and  $5  bills.  If  he  has  40  bills  in  all,  how 
many  has  he  of  each  ? 

15.  If  an  article  sells  for  $11.25  after  two  successive  price  reductions  of 
10%  and  16f%,  what  was  the  original  price? 

16.  In  a  class  the  average  mark  was  58.  Three  students  whose  marks 
were  56,  62,  and  84  were  transferred  into  the  class,  raising  the  average 
mark  to  59.  Find  the  original  number  of  students  in  the  class. 

17.  John  has  f-  as  much  money  as  Jim.  If  each  spends  60^,  then  John  has 
f  as  much  as  Jim.  How  much  did  John  have  to  begin  with? 

18.  If  A  has  (3a;  +  2)  dimes  and  B  has  (x  +  5)  dimes,  the  difference  in 
the  amount  of  money  in  nickels  is  (a)  20x  —  30  (b)  30  (c)  4x  —  3 
(d)  2(2x  —  3)  (e)  none  of  these. 

19.  In  3  years  a  boy  will  be  |  as  old  as  his  father  was  3  years  ago.  How 
old  will  the  father  be  in  5  years,  if  the  difference  in  their  ages  is  now 
28  years  ? 

20.  How  much  money  has  each  of  A,  B,  and  C,  if  A  and  C  together  have 
$105,  B  and  C  together  have  $115,  and  B  and  A  together  have  $130? 

21.  The  ages  of  five  persons  range  from  20  to  50  years.  Their  average  age 
in  years  could  not  be  (a)  25  (b)  32  (c)  28  (d)  40  (e)  38. 

22.  The  net  price  of  an  article  after  two  successive  discounts  of  10%  and 
25%  is  $2  more  than  it  would  have  been,  had  there  been  a  single 
discount  of  35%.  Find  the  original  price  of  the  article. 

23.  A  pair  of  shoes  costing  $p  was  sold  at  a  profit  of  p%.  If  the  selling 
price  was  ( p  +  4)  dollars,  find  the  cost  price  of  the  shoes. 

24.  A  car  travelling  60  miles  per  hour  overtakes  a  truck  in  1  hour  and 
20  minutes.  If  the  truck  had  a  20-mile  head  start,  its  average  speed 
in  miles  per  hour  is  (a)  50  (b)  42  (c)  45  (d)  40  (e)  none  of  these. 

25.  How  many  grams  of  salt  must  be  added  to  g  grams  of  a  g%  solution 
of  salt  and  water  to  make  it  a  2 g%  solution  ? 

26.  How  far  is  a  man’s  home  from  downtown,  if  he  walks  downtown  at 
4  miles  per  hour  and  returns  at  once  by  subway  train  at  12  miles  per 
hour  and  is  away  from  home  for  2  hours? 
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27.  A  bill  of  $13.75  was  paid  in  half-dollars  and  quarters.  The  number 
of  half-dollars  exceeded  the  number  of  quarters  by  5.  How  many 
coins  were  there  of  each  ? 

28.  Of  two  sums  of  money,  the  second  is  $500  more  than  the  first.  The 
first  is  invested  at  2%  and  the  second  at  3%.  If  the  total  yearly 
interest  is  $255,  find  the  two  sums. 

29.  The  athletic  society  of  a  high  school  voted  a  total  of  $145.38  to  pay 
the  travelling  expenses  of  its  hockey  and  basketball  teams.  If  the 
expenses  of  the  latter  were  $17.43  more  than  -f  of  the  expenses 
of  the  former,  find  the  amount  of  money  voted  to  each  team. 

30.  A  train  travelling  at  40  miles  per  hour  takes  2  hours  less  in  going  a 
certain  distance  than  a  train  travelling  at  24  miles  per  hour.  Find  the 
distance  the  two  trains  travelled. 

31.  A  bill  was  paid  in  quarters.  If  it  had  been  paid  in  dimes,  90  more 
coins  would  have  been  necessary.  Find  the  amount  of  the  bill  and 
the  number  of  quarters  required  to  pay  it. 

32.  A  60%  solution  of  sulphuric  acid  is  obtained  by  adding  1  pint  of 
water  to  an  80%  solution.  Find  the  total  number  of  pints  in  the 
original  80%  solution. 
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FACTORING  POLYNOMIALS 


4»1  The  degree  of  a  polynomial.  Expressions  similar  to  2x3  —  4x2  +  x  —  10 

are  referred  to  as  polynomials ,  being  composed  of  a  number  of  terms. 
The  terms  of  this  expression  are  -f  2a;3,  —  4x2,  -f*  x,  —  10  . 

For  the  purpose  of  working  with  polynomials,  the  +  and  —  signs  are 
considered  to  be  signs  of  quality  and,  as  such,  a  part  of  the  term.  It  is 
understood  that  these  terms  are  added  and  that  the  polynomial  represents 
a  sum.  The  given  polynomial,  as  written,  implies: 

(+  2a;3)  +  (-  4a;2)  +  (+  x)  +  (-  10)  . 

The  polynomial  is  meaningless  unless  a  replacement  set  for  the  variable, 
represented  by  x  in  this  expression,  is  specified.  The  replacement  set 
in  this  book,  unless  otherwise  stated,  is  the  set  of  real  numbers. 

The  terms  in  polynomials  are  of  two  types : 

(i)  Variable  terms :  those  composed  of  a  numerical  coefficient  associated 
with  a  variable  by  multiplication; 

(ii)  Constant  terms:  those  not  containing  a  variable. 

The  variable  terms  in  the  given  polynomial  are  2x3,  —  4a;2,  x.  Their 
numerical  coefficients  are  2,  —  4,  and  1,  respectively. 

The  constant  term  in  the  given  polynomial  is  —  10  . 

Examples  of  terms  in  one  variable  are : 

16a;4,  17  yz,  —  f  z2,  m 

16a;4  is  composed  of  the  product  of  16,  x,  x,  x,  and  x,  and  is  said  to  be  a 
term  of  the  4th  degree  in  one  variable  x,  since  x  appears  as  a  factor  four 
times. 
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17?/ 3  is  a  term  of  the  third  degree  in  ?/; 

—  §z2  is  a  term  of  the  second  degree  in  z; 
m  is  a  term  of  the  first  degree  in  m  . 

Examples  of  constant  terms  are:  15,  1,  f,  256 

It  is  customary  to  refer  to  the  constant  term  as  a  term  of  degree  zero, 
since  any  variable  to  exponent  zero  is  unity.  Thus, 

15a;0  =  15  X  1  =  15;  §z°  =  f  X  1  =  f  . 

The  degree  of  a  polynomial  is  that  of  the  term  of  highest  degree  in  the 
polynomial.  Thus, 

(i)  3x  +  2  is  a  polynomial  of  the  first  degree  in  x; 

(ii)  4 y2,  Ay 2  +  2 y,  and  3y2  —  y  +  2  are  polynomials  of  the  second 
degree  in  y; 

(iii)  5y 3  —  3y  +  2  is  a  polynomial  of  the  third  degree  in  y  . 

Terms  may  contain  more  than  one  variable.  Since  the  factorization  of 
3 x2y3  includes  x  as  a  factor  twice  and  y  three  times,  the  degree  of  3x2y* 
in  x  and  y  is  5,  that  is,  the  sum  of  the  exponents  of  the  variables. 

15 x3y  +  3 xy2  +  2 xy  +  3  is  a  polynomial  of  the  fourth  degree  in  x  and 
y,  since  the  term  of  highest  degree,  1 5a;3?/,  is  a  fourth  degree  term. 

4*2  General  polynomials  in  one  variable. 

a.  General  polynomial  of  the  first  degree  in  one  variable. 

ax  +  b,  a  7^  0 

is  called  the  general  polynomial  of  the  first  degree  in  x. 

(i)  x  represents  the  variable; 

(ii)  a  represents  the  numerical  coefficient  of  x  and  cannot  be  zero  if  there 
is  to  be  a  first  degree  term  ; 

(iii)  b  represents  the  constant  term. 

For  example: 

3a;  +  2  is  a  polynomial  of  the  first  degree  in  x,  in  which  a  =  3,  6  =  2; 
fa;  is  a  polynomial  of  the  first  degree  in  x,  in  which  a  =  f ,  6  =  0  . 

b.  Gerieral  polynomial  of  the  second  degree  in  one  variable. 

ax2  -f-  6a;  +  c,  a  X  0 

is  called  the  general  polynomial  of  the  second  degree  in  x  or  the  general 
quadratic  expression. 

(i)  x  represents  the  variable; 

(ii)  a  represents  the  coefficient  of  x2,  the  second  degree  term,  and  cannot 
be  zero  if  there  is  to  be  a  second  degree  term ; 
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(iii)  6  represents  the  coefficient  of  x ,  the  first  degree  term; 

(iv)  c  represents  the  constant  or  zero  degree  term. 

For  example: 

4a:2  —  x  +  2  is  a  polynomial  of  the  second  degree  in  x,  in  which  a  =  4, 
b  =  —  1,  c  =  2; 

2.r2  +  2  is  a  polynomial  of  the  second  degree  in  x,  in  which  a  =  2,  6  =  0, 
c  =  2; 

fa;2  is  a  polynomial  of  the  second  degree  in  x,  in  which  a  =  f ,  6  =  0, 
c  =  0  . 

c.  Polynomials  of  degree  higher  than  the  second  in  one  variable.  In  a  similar 
manner,  the  following  represent  the  general  polynomials  of  the  third  and 
fourth  degree  respectively: 

(i)  axz  +  bx2  +  cx  +  d,  a  ^  0; 

(ii)  ax 4  +  6a;3  +  cx2  +  dx  +  e,  a  ^  0  . 


Exercise  4-1 


(A) 


State  the  degree  of  each  of  the  following  terms: 
1.  x2  2.  3 yz  3.  4??r 


5.  a4 

9.  2 xy 
13.  10a364c2 


6.  7 ph 
10.  4 x2y 
14.  5a;0 


7.  84g7 
11.  fa;4?/2 

15.  -  3 


4.  5 

8.  95d 15 
12.  -  12a462 
16.  14m27i3p4</6 


State  the  degree  of  each  of  the  following  polynomials  and  the  number  of 
variables  involved: 


17.  2a;  -  3 
20.  3a;3  —  x  +  1 

23.  3 

26.  2a;4  -  3 xy  +  2 y2 
29.  5x2y4  +  3xy2  +  2 


18.  4a;2  -  5a;  +  2 
21.  4a;3  —  2a;2  +  x 
24.  by  —  4a; 

27.  3 xy2  +  2 xy 
30.  9a;2  -  2a;  +  1 


19.  3a;2  -  1 
22.  bx4 

25.  3a;2  -  4y  +  3 
28.  15a;6  -  2 y4  +  Sz 
31.  1  Qz4  -  6 


Compare  the  following  expressions  with  the  general  expression  ax  +  6, 
stating  the  values  of  a  and  b  in  each  case: 


32.  3a; +  2 

35.  2 
38.  —  16a: 


33.  2a;  -  4 
36.  }x  —  7 
39.  fa;  +  f 


34.  bx 

37.  -  7a;  +  2 
40.  —  fa;  —  f 


Factoring  Polynomials  1 2 1 

Compare  the  following  expressions  with  the  general  quadratic  expression 
ax*  -f*  bx  +  c,  stating  the  values  of  a,  h,  and  c  in  each  case: 


41. 

Sx 2  —  4x  2 

42.  5x2  +  3x 

43. 

17a:2 

44. 

-  4a:2  +  3 

45.  -  lx* 

46. 

-  fa: 2 

+  * 

47. 

15a:2  +  2a:  -  3 

48.  18x2  +  2x  -  5 

49. 

-  ix* 

-  4®  -  2 

50.  State  three  examples  of  expressions  of  the  first  degree  in  one  variable 
and  state  the  values  of  a  and  h  in  each  case. 

61.  State  three  examples  of  expressions  of  the  second  degree  in  one  vari¬ 
able  and  state  the  values  of  a,  b,  and  c  in  each  case. 

4*3  A  number  and  its  factors.  Factoring  a  number  (or  expression)  is  the 
process  of  finding  two  or  more  expressions  whose  product  equals  the 
number. 

In  general ,  if  a,  b,  c  represent  elements  in  any  set  of  numbers,  and 

a  =  b  X  c , 

then  b  and  c  are  factors  of  a,  and  b  X  c  is  said  to  be  a  factorization  of  a. 

Among  the  factors  of  32  are  the  numbers 

1,  2,  4,  8,  16,  32, 

since  the  product  of  each  with  at  least  one  other  number  is  32.  Since 
each  of  the  following  indicated  products, 

1  X  32,  2  X  2  X  2  X  2  X  2,  2  X  16,  4  X  8,  1  X  16  X  2  , 
is  32,  each  is  a  factorization  of  32. 

The  factorization  1  X  32  is  a  special  case,  since  the  number  1  is  a  factor 
of  every  number  and  32  is  the  number  under  consideration.  In  a  still 
more  special  sense,  £  is  also  a  factor  of  32,  since  £  X  256  =  32  .  Indeed, 
if  we  allow  factors  of  this  latter  sort,  the  set  of  factors  of  a  given  number 
is  unlimited.  If  we  restrict  ourselves  to  positive  integers  only,  then  the 
set  of  all  positive  integral  factors  of  32  is 

{1,  2,  4,  8,  16,  32}  . 

Similarly,  it  may  be  seen  that  any  number  has  an  unlimited  number  of 
factors.  Usually  the  context  in  which  a  factorization  is  to  be  made  suggests 
which  factorization  will  be  the  most  useful. 

In  this  chapter  our  interest  lies  in  the  factorization  of  polynomials  in 
which  the  variables  are  real  numbers.  The  following  are  examples: 

(i)  5x2y  (ii)  3a:2  +  2x  (iii)  J a  —  \b 

(iv)  a 2  —  b 2  (v)  —  5a:2  —  10 y 

It  will  be  agreed  that  in  the  factorization  of  such  expressions: 

(i)  the  factors  must  have  only  positive  integral  exponents,^ 

(ii)  no  fractions  are  to  be  introduced  as  coefficients. 
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For  example: 

(i)  5x2y  =  5  •  x2  •  y  or  5 x2y  =  5  •  x  •  xy  or  5 x2y  =  5  •  x  •  x  •  y 

(ii)  3x2  2x  =  x(Sx  +  2);  check  by  multiplying  the  factors. 

(iii)  \a  —  =  \{a  —  b);  check  by  multiplying  the  factors.  Here  one 

factor  is  the  fraction  J,  but  it  was  not  introduced  in  the  process  of 
finding  the  factors;  it  is  the  given  numerical  coefficient  of  each  term 
in  the  polynomial  expression. 

(iv)  a2  —  b2  =  (a  +  b) (a  —  b );  check  by  multiplying  the  factors. 

(v)  —  5x2  —  10 y  =  —  5(x2  +  2 y);  check  by  multiplying  the  factors. 

4*4  Factoring  a  polynomial  whose  terms  have  a  common  factor. 

Since  5  •  a  •  b  =  Sab,  .’.  the  factors  of  Sab  are  5,  a,  and  b. 

Since  3  •  a  •  c  —  Sac,  .'.  the  factors  of  3ac  are  3,  a,  and  c. 

Since  a  is  a  factor  of  both  Sab  and  3ac,  a  is  said  to  be  a  factor  common 
to  both  numbers  and  hence  a  common  factor  of  Sab  and  3ac. 

The  expression  Sab  Sac  is  a  polynomial  whose  terms  have  the  common 
factor  a. 

By  the  distributive  property  of  multiplication  over  addition 

a{x  +  y)  =  ax  +  ay  , 
and  ax  +  ay  =  a(x  +  y)  . 

Thus,  an  expression  whose  two  terms  have  a  common  factor  may  be 
factored  by  means  of  the  distributive  property. 

Therefore,  by  the  distributive  property, 

Sab  +  3ac  =  a(Sb  -f  3c)  . 

Similarly,  the  extended  distributive  property  provides  a  means  of 
factoring  expressions  with  more  than  two  terms,  if  the  terms  have  a 
common  factor. 

a(x  +  y  +  z  +  . . .)  =  ax  +  ay  +  az  +  . . . , 
and  ax  +  ay  +  az  +  . . .  =  a(x  +  y  +  z  +  . . .)  . 

Thus,  Sx  +  6y  +  9z  =  S(x  +  2y  +  3z)  .  ( D ) 

Example.  Factor  7 ax  —  lay  . 

Solution.  Since  7  and  a  are  both  common  factors  of  lax  and  lay, 

.*.  lax  —  lay  =  7a(z  —  y)  .  ( D ) 

Write  solutions  for  the  following  problems  and  compare  them  with  those  on 
page  473. 

1.  Factor  2xz  —  4x2  —  2x  . 

2.  Factor  a(x  —  y)  +  b{x  —  y)  . 
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Exercise  4-2 

(A) 

State  the  common  factor  in  each  of  the  following: 

1.  3 p  —  3 q  2.  6a  —  6  3.  ax  —  xy  —  x 

4.  2 a  —  6a6  5.  2x2  —  6a;  —  2  6.  4a;3  —  6a;2  —  8a; 

7.  For  the  expression  a3  —  2a2  +  a,  state: 

(i)  the  common  factor; 

(ii)  how  the  second  factor  is  obtained; 

(iii)  the  number  of  terms  in  the  second  factor; 

(iv)  the  second  factor. 

State  the  factors  of  each  of  the  following: 


8. 

6a 

-  12  i 

).  X 

3  _ 

x2  — 

X 

10. 

2n  r2  +  2irrh 

11. 

a(x 

+  y)  +  b{x  +  y) 

12.  : 

v(x  —  1)  —  2  (a;  —  1) 

(B) 

Factoi 

'  the  following: 

13. 

3x  - 

-  6 

14. 

6a2 

—  2a 

16. 

x2  —  xy 

1G. 

ab  ■ 

—  a2 

17. 

a2  - 

-  ab 

—  a 

18. 

x  —  x2  —  xy 

19. 

6a;2 

-  3 xy 

20. 

ax 2 

+  a‘ 

lx  — 

ax 

21. 

bx  -\y  ~  b* 

22. 

10a; 

2  -  15a;3 

23. 

2  a  ■ 

-  4  a 

2  +  ! 

3a3 

24. 

bar  +  bbr  +  |cr 

26. 

6r3 

+  12r4  +  24r6 

26. 

abc 

—  abd  -f- 

abe 

27. 

a4  —  3a3  —  6a2 

28. 

a(x 

+  y)  +  a 

29. 

a{x 

+  y) 

-  b(x  +  y) 

30. 

a{x 

+  y)  +  (x  +  y) 

31. 

a;  (a 

~  b) 

4“  2  (a  —  b) 

32. 

2(p 

1 

1 

1 

33. 

a(x 

-  2) 

-  (x  -  2) 

34. 

6a;2 

+  2a;  (a;  -  y) 

35. 

2{x 

-  y) 

1 

TtH 

1 

36. 

(x  - 

-  y)  +  (x  -  y)(x 

+  y ) 

37. 

2  (a 

—  b){a  +  b)  —  4(a  +  5) 

38. 

a(x 

+  y)  -  b{x  +  y) 

+  (x  + 

y) 

39. 

8  (a 

-2) 

+  (a  —  2)  (a  —  8) 

40. 

(a  - 

-  2)  (a  +  2)  +  (a 

-  2)  (a  ■ 

~  2) 

4»5  Factoring  after  grouping  to  obtain  a  common  factor.  The  product 

(a  +  h)(x  +  y)  =  a(x  +  y)  +  h(x  +  y)  ( D ) 

=  ax  +  ay  +  bx  +  by .  (D) 

In  order  to  factor  the  expression 

ax  +  ay  +  bx  +  by 

we  should  examine  the  above  steps  in  reverse.  This  expression  can  be 
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factored  if  the  terms  are  grouped  in  pairs,  each  pair  in  turn  having  a 
common  factor.  Thus, 

ax  W  ay  +  bx  +  by  =  (ax  +  ay)  +  ( bx  +  by)  (AA) 

=  a(x  +  y)  +  b(x  +  y)  ( D ) 

=  (x  +  y)(a  +  b).  (D) 

The  expression  ax  -f  ay  -f  bx  -f  by  may  be  described  as  an  expression 
with  a  common  factor  after  grouping. 

Example.  Factor  ax  —  dy  —  dx  +  ay  . 

Solution,  ax  —  dy  —  dx  +  ay  or  ax  —  dy  —  dx  +  ay 


=  ax  — 

dx  +  ay  —  dy 

(CA) 

=  ax  +  ay  —  dx  —  dy 

(CA) 

—  x(a- 

d)+y(a-d) 

(D) 

=  a(x+y)-d(x+y) 

(D) 

=  (a  - 

d)(x  -f  y) 

(D) 

=  (x  +  y)(a  -  d) 

( D ) 

It  should  be  observed  that  in  the  second  solution  it  wras  necessary  to 
remove  a  negative  common  factor  from  the  second  group  in  order  to 
obtain  a  repetition  of  the  first  bracketed  expression. 

In  the  worked  examples  of  the  text  the  authorities  which  are  most  signifi¬ 
cant  in  the  development  are  given  in  brackets.  When  writing  a  solution  you 
should  think  the  authorities ,  but  it  is  not  necessary  to  include  them  in  your 
solution. 

Write  solutions  for  the  following  problems  and  compare  your  solutions  with 
those  on  page  473. 

1.  Factor  ax  +  a  +  x  +  1  . 

2.  Factor  x2  -\-  y  —  xy  —  x  . 

3.  Factor  (a  —  b)2  —  ax  -f-  bx  . 


Exercise  4-3 

(B) 

Factor : 


1. 

hx 

+  hy  +  kx  +  ky 

2. 

hx 

+ 

my 

+  hy  +  mx 

3. 

ax 

—  by  —  bx  +  ay 

4. 

ax 

+ 

by 

—  bx  —  ay 

5. 

a 2 

+  xy  —  ax  —  ay 

6. 

(a 

+ 

b)2 

+  2a  +  2b 

7. 

X2 

—  xy  +  xz  —  yz 

8. 

(x 

— 

yY 

+  x  -  y 

9. 

(x 

-  y)2  -  x  +  y 

10. 

yz 

— 

xy  ■ 

+•  y2  —  xz 

11. 

1  +  bx  +  x  +  b 

12. 

xz 

+ 

x  - 

■  x2  —  1 

13. 

X  ' 

-  a  +  (x  —  a) 2 

14. 

a(x  - 

■  i) 

—  X  +  1 

Factoring  Polynomials 
Factor: 

15.  Qab  —  d2  —  Sbd  +  2 ad 
17.  (ab  -  l)2  -  ab  +  1 

19.  a(x  —  y)  +  b(y  —  x) 
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16.  2 ax  —  Sby  —  Zay  +  2foc 
18.  (1  -  a;)2  -  y  +  xy 

20.  2  —  x  —  2y  -\-  xy 


Factor: 

21.  p(x  —  y)  —  px2  +  pxy 
23.  x2  —  y2  —  z?/2  +  x3 


(C) 

22.  x(Za  -f-  3)  -f-  ?/(a  -f~  1) 
24.  c(l  —  r)  —  cr  +  cr2 


4»6  Factoring  trinomials  of  the  form  x2  +  bx  +  c.  Trinomials  of  the 
general  form  x2  +  bx  +  c  may  result  from  the  product  of  two  binomials. 
For  example: 

(i)  (x  +  3)(s  +  2)  =  x2  +  5x  +  6 

(ii)  (x  —  3) (x  —  2)  =  x2  —  5x  +  6 

(iii)  (x  —  3)(x  +  2)  =  x2  —  x  —  6 

(iv)  (x  +  3) (a;  —  2)  =  x2  +  x  —  6 

In  the  general  example  x2  +  bx  -{-  c,  b  represents  the  coefficient  of  the 
term  containing  x,  and  c  represents  the  constant  term.  The  coefficient  of 
x2  in  each  case  is  1  . 


Comparing  x2  +  bx  +  c  with  the  four  examples  above: 

in  (i)  b  —  5,  c  —  6;  in  (ii)  b  =  —  5,  c  =  6; 

in  (iii)  b  =  —  1,  c  =  —  6;  in  (iv)  b  —  +  l,  c  =  —  6. 

The  expression  x2  +  bx  +  c  represents  all  trinomial  expressions  in  one 
variable,  x,  arising  from  two  factors  of  the  form  (x  +  m)  and  (x  +  w)  . 


Compare  the  two  products : 

(x  -f*  2)(x  +  3) 

=  x(x  +  3)  +  2{x  +  3)  (D) 

=  x2  +  Sx  -f  2x  +  6  (D) 

=  x2  +  (3  +  2)x  +  6  (D) 

=  x2  5x  +  6 

It  is  seen  that  the  sum  of  the  two  numbers  m  and  n  (or  2  and  3)  is  the 
coefficient  of  x  in  the  product,  and  the  product  of  the  two  numbers  m 
and  n  (or  2  and  3)  is  the  constant  term. 

Thus,  to  factor  the  polynomial  x2  +  bx  +  6,  the  first  step  is  to  find 
two  numbers  such  that: 

(i)  their  product  is  the  constant  term  6  ; 

(ii)  their  sum  is  the  coefficient  of  x,  that  is,  5  . 


(x  +  m)(x  +  n) 

=  x(x  +  n)  4-  +  n)  (D) 

—  x2  +  nx  +  mx  +  mn  (D) 
=  x2  (m  +  n)x  +  mn  ( D ) 
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Example  1.  Factor  x2  +  5x  +  6  . 

Solution.  Since  3X2  =  6  and  3  +  2  =  5 
then  x2  +  5x  +  6  =  a;2  +  (3  +  2)x  +  6 

=  x2  +  3x  +  2x  +  6  (D) 

=  (x2  +  3x)  +  (2x  +  6) 

=  x(x  +  3)  +  2(x  +  3)  (D) 

=  (x  +  3)  (x  +  2)  ( D ) 

Once  the  principle  is  understood,  the  factors  may  be  written  down 
immediately. 

Example  2.  Factor  x2  +  7x  +  12  . 

Solution.  Since  4X3=  12  and  4  +  3  =  7, 
x2  +  7x  +  12  =  (x  +  4)(x  +  3)  . 

Example  3.  Factor  x2  —  llx  +  24  . 

Solution.  Since  (—  8)(—  3)  =  24  and  (—  8)  +  (—  3)  =  —  11 , 
x2  —  llx  +  24  =  (x  —  8)(x  —  3), 
or  carrying  out  the  mathematical  procedure  in  full, 
x2  —  llx  +  24  =  x2  —  8x  —  3x  +  24 
=  x(x  —  8)  —  3(x  —  8) 

=  (x  —  8)(x  —  3)  . 

The  required  numbers  ( —  8)  and  ( —  3)  can  usually  be  found  by  inspec¬ 
tion,  but  the  following  procedure  may  be  helpful. 

Write  down  all  the  factors  of  24  in  order  in  one  line  and  reverse  the  order 
in  the  line  below.  Since  the  sign  of  the  product  is  positive  and  the  sign  of 
the  sum  is  negative,  a  negative  sign  is  prefixed  to  each  row.  It  is  under¬ 
stood  that  this  sign  is  the  sign  of  quality  of  each  number  in  the  row. 

-  1  2  3  4  6  8  12  24 

-  24  12  8  6  4  3  2  1 

The  product  of  each  pair  is  24.  Choose  the  pair  whose  sum  is  (—  11), 
that  is,  (—3)  and  (—  8),  or  (—  8)  and  (—  3)  . 

Write  solutions  for  each  of  the  following  problems  and  compare  them  with 
those  on  page  473. 

1.  Factor  a2  —  5a  —  36  . 

2.  Factor  x2  +  8 xy  —  20 y2 . 

3.  Factor  2x3  —  16x2  —  18x  . 
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Exercise  4-4 

(A) 

State  the  factors  of  each  of  the  following: 


1. 

X2 

+ 

Sx  +  2 

2. 

a2 

— 

4a  -J-  3 

3. 

62 

<N 

1 

rO 

1 

4. 

X2 

+ 

2x  —  3 

5. 

a2 

+ 

6a5  +  552 

6. 

X2 

—  2  xy  —  3  y2 

(B) 

Factor  each  of  the  following 

expressions: 

7. 

X2 

— 

5x  +  6 

8. 

X2 

— 

x  —  6 

9. 

X2 

+  lx  +  6 

10. 

X2 

— 

5x  —  6 

11. 

X2 

— 

6  xy  +  Sy2 

12. 

a2 

—  2a  —  8 

13. 

b2 

+ 

b  -  20 

14. 

c2 

— 

be  —  2b2 

15. 

X2 

+  13  xy  +  12  y2 

16. 

X2 

+ 

2x  -  15 

17. 

X2 

— 

8x  +  15 

18. 

X2 

—  14  xy  —  1  by2 

19. 

a2 

+ 

11a  +  18 

20. 

a2 

+ 

6a  —  16 

21. 

a2 

—  8a  T  16 

22. 

b2 

+ 

105  -  24 

23. 

X2 

+ 

10  xy  +  24  y2 

24. 

a2 

-  10a  -  24 

26. 

y2 

+ 

by  -  24 

26. 

y2 

— 

3  y  -  18 

27. 

a2 

—  a  —  30 

28. 

X2 

+ 

12a;  +  32 

29. 

X2 

— 

10  xy  +  25?/ 2 

30. 

y2 

—  byz  —  7  z2 

31. 

a3 

— 

18a2  +  17a 

32. 

X 3 

— 

3x2  —  10a; 

33. 

3  a 

2  +  21  a  -  24 

34. 

2x 

3  _ 

-  22x2  -  b2x 

35. 

2a2b 

—  8a5  —  245 

36. 

p\ 

22  —  7  pq2—  18q2 

(C) 

Factor: 

37.  x2  -  15x  -  100  38.  a252  -  lla5  -  60 

39.  a;4  -  29z2  -  96  40.  (a  +  5)2  +  7 (a  +  6)  +  12 

41.  {x  —  y)2  —  {x  —  y)  —  12  42.  (a  —  6) 2  —  4 (a  —  6)  —  12 

4*7  Factoring  trinomials  of  the  form  ax2  +  bx  +  c.  Trinomials  of  the 
form  arc 2  +  bx  +  c  result  from  the  product  of  two  binomials  such  as  the 
following : 

(i)  (2x  +  3)  (3a;  +  4)  =  6x2  +  17a;  +  12 

(ii)  (4a;  -  l)(2x  -  5)  =  8z2  -  22a;  +  5 

(iii)  (2a;  +  3)  (5a;  —  2)  =  10x2  +  llz  —  6 

In  (i)  a  =  6,  b  =  17,  c  =  12;  in  (ii)  a  =  8,  b  =  —  22,  c  =  5; 
in  (iii)  a  —  10,  b  =  11,  c  =  —  6  . 

The  expression  ax2  +  bx  -f  c  represents  all  trinomials  in  one  variable 
x  arising  from  the  product  of  two  binomials  of  the  form 

(ynx  -T  ft)  and  (px  +  q)  . 
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Compare  the  two  products : 

(ii)  (2s-f3)(3s  +  4) 

=  2s(3s  +  4)  +  3  (3s  +  4)  (D) 

=  6s2  +  8s  +  9s  +  12  {D) 

=  6a;2  +  (8  +  9)*  +  12  (D) 

=  6s2  +  17s  +  12 

In  (i)  the  product  of  the  coefficient  of  s2  and  the  constant  term  is  mnpq 
or  (■ mq )  {np) ;  the  coefficient  of  x  is  ( mq )  -f  {np)  .  Thus  mq  and  np  are  two 
numbers  whose  product  is  (mq)  {np)  and  whose  sum  is  the  coefficient  of  x, 
mq  +  np  .  In  (ii)  the  product  of  the  coefficient  of  s2  and  the  constant  term 
is  6  X  12  =  72  =  8  X  9;  the  coefficient  of  x  is  8  +  9  =  17  .  Thus  8  and 
9  are  twro  numbers  wffiose  product  is  6  X  12  =  72  and  whose  sum  is  17, 
the  coefficient  of  x  . 

Thus,  if  the  factors  of  6s 2  +  17s  +  12  are  of  the  form  (ms  +  n)  and 
(px  +  q),  then  to  factor  6s2  +  17s  +  12,  it  is  first  necessary  to  find  two 
numbers  such  that: 

(i)  their  product  is  72;  (ii)  their  sum  is  17  . 

To  obtain  the  two  numbers,  express  72  as  the  product  of  its  prime 
factors;  then  associate  these  factors  to  obtain  twTo  numbers  whose  sum 
is  17. 

72  =  (2  X  2  X  2)  X  (3  X  3) 

=  8X9 
17  =  8  +  9 

To  complete  the  factorization  of  the  expression,  write: 

6s2  +  17s  +  12  =  6s2  +  8s  +  9s  +  12 

=  (6s2  +  8s)  +  (9s  +  12)  {A  A) 

=  2s  (3s  +  4)  +  3  (3s  +  4)  (D) 

=  (2s +  3)  (3s +  4)  (D) 

Example  1.  Factor  2s2  -f  7s  +  3  . 

Solution.  By  inspection, 

2X3=6=6X1  |  7=6+1 

Then,  2x2  +  lx  +  3  =  2z2  +  6x  +  x  +  3 

=  (2x2  +  6x)  +  (x  +  3)  (AA) 

=  2x(x  +  3)  +  (x  +  3)  (D) 

=  (2x  +  1)(*  +  3)  (D) 

Example  2.  Factor  10s2  —  9s  +  2  . 

Solution.  10X2  =  2X2X5 

=  4X5 
-  (~  4)(—  5) 


(i)  (ms  4-  n)(px  +  q) 

=  mx{px  +  q)  +  n(px  +  q)  ( D ) 

—  mpx 2  +  mqx  +  npx  +  nq  ( D ) 

—  mpx 2  +  {mq  +  np)x  +  nq  {D) 


-  9  =  (-  4)  +  (-  5) 
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10a;2  —  9a;  +  2  =  10a;2  —  5x  —  4x  +  2 

=  5x(2x  -  1)  -  2 (2a;  -  1)  ( D ) 

=  (2a;  —  l)(5a;  —  2)  (Z)) 

The  following  method  may  be  preferred : 

10a;2  -  9a;  +  2 


$  ^ 


i1 

2 

5^ 

*2\ 

Vio 

5 

to 

k 

4 _ , _ _ 4 


Each  of  the  first  set  of  factor  pairs  has  a  product  which  is  10  . 

Each  of  the  second  set  of  factor  pairs  has  a  product  which  is  2  . 

The  —  signs  are  placed  between  the  two  groups  to  ensure  the  correct 
sign  for  the  terms  +  2  and  —  9a;.  It  is  now  necessary  to  select  the  correct 
cross-products  whose  sum  is  —  9  .  By  inspection,  the  marked  cross- 
products  have  the  sum  (—  5)  +  (—  4)  or  —  9  . 

Thus  10a;2  -  9a;  +  2  =  (5a;  -  2) (2a;  -  1)  . 

Write  a  solution  for  the  following  problem  and  compare  it  with  that  on 
page  473. 

1,  Factor  6a2  —  lla6  —  106 2 . 
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(B) 


Factor  each  of  the  following: 


1.  2a;2  +  5a;  +  2 
4.  2a;2  -  15a;  +  7 
7.  3a2  +  16a  +  5 
10.  6a2  -  7a  +  2 
13.  7a;2  -  12a;y  -  4 yi 
16.  8a2  -  2a  -  3 
19.  5-12 y  -  9 y2 
22.  6a;2  —  5 xy  —  4y2 
25.  10  -  19a  +  6a2 
28.  15a;4  +  llz2  -  12 
31.  18  -  b  -  462 
34.  12  -  31a;  -f  20a;2 


2.  3a2  —  5a  +  2 
5.  5 m2  +  3 m  —  2 
8.  5a;2  -f  14a;  -  3 
11.  4a;2  —  x  —  3 
14.  5a2  -  7a  -  6 
17.  6 p2  +  13 pq  +  6 q2 
20.  25a2  -  10a  +  1 
23.  9  +  256  -  662 
26.  8a;2  -  31a;y  -  4 y2 
29.  16a/4  +  34  y2  +  15 
32.  24x2  +  13x  -  2 
35.  18a2  +  19a  -  12 


3. 

2  y2 

-y- 3 

6. 

7  p2 

to 

1 

CM 

1 

9. 

3x2 

-  22 xy  +  7 y2 

12. 

9  a2 

+  12a6  -  562 

15. 

3x2 

—  10  xy  +  8  y2 

18. 

7  + 

llx  —  6x2 

21. 

4a2 

+  12a6  +  962 

24. 

12  y 

2  -  5y  -  3 

27. 

15  +  m  —  6m2 

30. 

16a;' 

'-24  *y+V 

33. 

6x2 

+  31 xy  -  30 y 

36. 

16/i 

2  -  9hk—25k2 
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8i-  4(i)'  - 8© + 3 

39.  3 (a  -  b)2  -  7(o  -  b)  -  6 
41.  aba:2  +  (3a  +  2b)x  +  6 
43.  abx2  +  (an  —  bm)x  —  mn 


(C) 

15 

38.  6a:2  -  13  - 

x2 

40.  x2  -  (ffl  -f  n)x  +  mn 
42.  abx2  +  (be  +  ad)x  +  cd 


4*8  Factoring  a  trinomial  square.  The  trinomial  x2  +  I2x  +  36  can  be 

factored  as  follows: 

36  =  6  X  6,  and  12  =  6  +  6 
a:2  +  12a:  +  36  =  x2  +  6a:  +  6a:  +  36 

=  x(x  +  6)  +  6(x  +  6)  (D) 

=  (a:  +  6)(a:  +  6)  (D) 

=  (x  +  6) 2 

Because  the  expression  x2  +  12a:  +  36  can  be  expressed  as  the  square 
of  (x  +  6),  it  is  often  called  a  trinomial  square. 

In  general, 

a2  +  2 ab  +  b2  =  a2  -j-  ab  +  ab  +  b 2 

=  a  (a  +  b)  +  b(a  +  b)  ( D ) 

=  (a  +  b)(a  +  b)  ( D ) 

=  (a+  b)2. 

Similarly,  a2  —  2 ab  +  b2  =  (a  —  b)2 . 

Thus,  any  trinomial  of  the  form  a2  +  2 ab  +  b2  or  a2  —  2 ab  +  6 2  is 
called  a  trinomial  square  and  may  be  factored  by  inspection. 


Example.  Factor:  (i)  16x2  +  40 xy  +  2 5y2  (ii)  9a2  —  24a  +  16 


Solution. 

(i)  16a:2  +  40  xy  +  25  y2 

=  (4a:  +  5y) 2 


EXPLANATION 

The  first  and  last  terms  are  the  squares  of 
4a:  and  5y,  respectively.  The  middle  term 
is  +  2(4  x)(5y). 


(ii)  9a2  —  24a  +16  The  first  and  last  terms  are  the  squares 

=  (3a  —  4) 2  of  3a  and  4,  respectively.  The  middle 

term  is  —  2  (3a)  (4). 

Write  solutions  for  the  following  problems  and  compare  them  with  those 
on  page  474. 

1.  Show  that  36a:2  —  30a:  +  25  is  not  a  trinomial  square. 

2.  Find  the  square  roots  of  36a:2  —  60 xy  +  25?/ 2 . 


3.  Simplify  \/9x 2  +  60a:  +  100  . 
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(A) 

State  the  missing  term  in  each  of  the  following,  so  that  the 
he  a  trinomial  square: 


1.  x2  + _ +  9 

4.  I00x2  + _ +  y 2 

7.  a;2  +  8 x  Sr _ 

10.  4x2  -  12x  + _ 

Factor: 

13.  25a2  -  10a  +  1 

State  the  square  roots  of: 
16.  9a2  —  Gab  +  b 


2.  16  - _ +  z2 

5.  9x2  — _ +  16 y 

8.  y2-  I82/  + _ 

11.  9a2  +  30a  + _ 


14.  x2  +  24a;  +  144 


1  —  2x  +  x2 


expression  may 

3.  4x2  - _ +  9 y2 

6.  25  + _ +  36a2 

9.  x2  +  3x  + _ 

12.  _ -20 y  +  25 y2 

15.  4x2  —  12 xy  +  9 y2 

18.  4x2  -  36z  +  81 


17. 


Simplify: 

19.  \fl  —  4x  +  4x2  20.  \/a2  —  14a  +  49 


21.  \/36x2  -  12x  +  1 


(B) 


Rewrite  each  of  the  following  as  a  trinomial  square  by  supplying  the  mis¬ 
sing  term: 

22.  16a:2  - _ +  81  23.  49 y2  + _ +  4  24.  400  - _ +  9 y2 

25.  +  +  20 y2  + _  26.  16a2  +  56a  + _  27.  36 y2  -  60y  + _ 


Write  the  square  roots  of  each  of  the  following: 

28.  144a;2- 120a;  +  25  29.  64+  +  144+  +  81  30.  4a2b2  -  44ab  +  121 


Simplify: 

31.  V9 a2  ~  120 a  +  400  32.  V 49  -  140a  +  100a2 

33.  V!69x2  -  2x  +  1  34.  V^2  +  2x  +  1-  \/x2-2x  +  1 

35.  2V«2  -  6a  +  9  -  3 ^T^~4a+~a2 


Factor: 

36.  81a4  -  72a2  +  16 
1 

38.  x2  +  x  +  - 
4 


X‘ 


2x 


40. - 1 - hi 

9  3 


37.  1  -  16ab  +  64a2b2 

39.  a;2  —  2  +  — 
x2 


41. 


a;2  xy  y2 

To _  "o  +  "9 
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4*9  Factoring  the  difference  of  the  squares  of  two  numbers.  For  any 
two  real  numbers  represented  by  a  and  b  , 

(a  -| -  b)  (a  —  b)  —  a(a  —  b)  +  b(a  —  b)  (D) 

=  a2  —  ab  +  ba  —  b2  ( D ) 

=  a2  —  b2  . 

(a  +  b )  is  the  sum  of  the  two  numbers  a  and  b; 

(a  —  b)  is  the  difference  of  the  two  numbers  a  and  6 ; 
a2  —  b 2  is  the  difference  of  the  squares  of  a  and  b  . 

Thus,  the  product  of  the  sum  and  difference  of  the  same  two  real 
numbers  is  equal  to  the  difference  of  the  squares  of  the  two  numbers. 

Also,  the  factors  of  the  difference  of  the  squares  of  two  real  numbers 
are  the  sum  and  difference  of  the  two  numbers. 

Thus,  a2  —  b2  =  (a  —  b)(a  -f-  b)  . 

Example.  Factor:  (i)  x2  —  16  (ii)  25  —  4 y2 

Solution,  (i)  x2  —  16  =  {x  —  4)(x  +  4) 

(ii)  25  -  4i/ 2  =  (5  -  2?/)  (5  +  2y) 

Write  solutions  for  the  following  'problems  and  compare  them  with  those  on 
page  474. 

1.  Factor:  (i)  x4  —  16y4  (ii)  (a  —  b)2  —  c2 

2.  Factor:  (i)  9  -  (x  —  y) 2  (ii)  (a  +  b)2  -  (c  —  d)2 


Exercise  4-7 

(A) 

State  the  factors  of: 

1.  a2  —  4 

2. 

a2  —  9 

3. 

p2  _  ^2 

se 

CD 

r-H 

1 

• 

5. 

100  -  81a:2 

6. 

102  -  a2 

7.  102  -  92 

8. 

162  -  b2 

9. 

98 2  -  22 

10.  64a2  -  62 

11. 

25x 2  -  362/2 

12. 

1  —  a2b2 

13.  (a  +  f>)2  —  c2 

14. 

(x  -  y) 2  -  4 

(B) 

15. 

(a  -  b) 2  - 

Factor : 

16.  b2  -  1 

17. 

1  —  X2 

18. 

1  -  162/2 

19.  36a2  -  25 

20. 

144  -  492/2 

21. 

m  2n 2  —  p2 

22.  a3  —  4a 

23. 

xzy  —  xyz 

24. 

2 a2  -  3262 
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Factor: 


25. 

10x3  —  90x 

26. 

3  - 

■  48x2 

27. 

2 a3  —  50a52 

28. 

x4  -  1 

29. 

1  - 

16a4 

30. 

162a4  - 

264 

31. 

(x  +  y)2  -  z2 

32. 

(a  - 

-  b)2  -  1 

33. 

(2x  -  3) 

2  —  2/2 

34. 

(:c2  +  l)2  —  x2 

35. 

C x 2 

+  y2)2  —  x2y2 

36. 

(a2  +  262)2  —  4a265 

5 

37. 

2  1 

x - 0 

X2 

38. 

9  (a 

-  2b)2  -  1 

39. 

(a— 6)2- 

-  (c+d) 

40. 

(x-y)2-(p~q)2 

41. 

a2  - 

-  (b  +  c)2 

42. 

'a2  -  (b 

-  c)2 

\ 

(C) 

43. 

Find  four  factors  of 

z4  - 

-  10x2  +  9  . 

44.  What  factor  is  common  to  all  of  the  following  ? 

(i)  a2  —  3 a  (ii)  a2  —  9 

(iii)  a2  —  6a  +  9  (iv)  a2  —  2a  —  3 

45.  Factor:  (i)  (a2  +  4) 2  —  25a2  (ii)  a8  —  bs 


4*10  Factoring  after  grouping  to  obtain  the  difference  of  the  squares  of 
two  numbers.  In  section  4-6  an  expression  was  factored  by  first  grouping 
terms  having  a  common  factor.  Grouping  of  terms  in  an  expression  may 
be  suggested  by  relationships  other  than  that  of  a  common  factor.  For 
example,  in  the  expression 

a2  —  2  ab  +  b2  —  c2, 

the  term  —  2 ab  suggests  an  association  with  the  terms  a2  and  62.  It  is 
observed  that  a2  —  2 ab  +  5 2  is  a  trinomial  square  which  may  be  replaced 
by  (a  —  b) 2.  This  leads  to  the  observation  that 

a2  —  2 ab  +  b2  —  c2  which  is  equivalent  to  (a  —  6) 2  —  c2 

is  a  difference  of  two  squares,  an  expression  which  can  be  factored  by 
known  methods. 

Thus,  a2  —  2  ab  +  b2  —  c2  =  (a2  —  2  ab  +  b2)  —  c2 

=  (a  —  6) 2  —  c2 
=  (a  —  b  —  c)  (a  —  b  +  c) . 

Terms  such  as  —  2 ab  in  an  expression  may  be  thought  of  as  clue  terms, 
since  their  presence  is  suggestive  of  combinations  in  groupings  which  may 
be  used  to  change  the  form  of  an  expression.  Some  expressions,  not 
directly  factorable,  may  be  rewritten  and,  by  proper  grouping,  expressed 
as  the  difference  of  the  squares  of  two  numbers. 
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Example  1.  Factor  x2  —  z2  +  8 xy  +  1 6y2 . 

Solution.  The  term  8 xy  suggests  grouping  x2  -f-  8 xy  +  1 6y2  which  is 
( x  +  4 y)2 . 

x2  —  z2  +  8  xy  +  16  y2  =  ( x 2  +  8  xy  +  16y2)  —  z2 

—  (x  +  4  y)2  —  z2 
=  0  +  4 y  -  z)(x  +  4 y  +  z) 

Example  2.  Factor  m 2  —  p2  +  4m  +  4  . 

$ 

Solution,  m2  —  p2  +  4m  +  4  =  (m2  +  4m  +  4)  —  p2 

=  (m  +  2) 2  —  p2 
=  (m  +  2  —  p)  (m  +  2  -f-  p) 

Write  solutions  for  the  following  problems  and  compare  them  with  those  on 
page  474. 

1.  Factor  x2  +  y2  —  z2  —  p2  —  2 xy  +  2 zp  . 

2.  Factor  4 y2  Qx  —  Qx2  —  1  . 


Exercise  4-8 


(A) 

Factor: 

1.  (a  +  b )2  -  c2  2.  (x  -  y )2  -  22  3.  ( p  -  q)2  -  1 

4.  a2  +  2 ab  +  b2  —  1  6.  x2  —  2 xy  +  y2  —  4  6.  x2  +  2x  +  1  —  y2 


(B) 

Factor: 


7.  a:2  —  6x  +  9  —  y2 
9.  a4  -  2a2  +  1  -  62 
11.  9x2  —  4t/2  +  6x  -f-  1 
13.  a4  +  2a2  +  1  -  a2 
15.  16a4  -  8a2  -  64  +  1 
17.  a2  +  8a6  +  1662  -  c2 
19.  a2  —  b2  -\r  c2  —  d2  —  2 ac  —  2bd 


8.  a2  —  10a  +  25  —  m2 
10.  x2  —  y2  -f-  4a;  +  4 
12.  25  -  10a  +  a2  -  b2 
14.  25z2  +  1  -  10z  -  y2 
16.  9a2  -  2562  +  24ac  +  16c2 
18.  4m2  —  p2  —  1  Qpq  —  64g2 


4*11  The  quadratic  equation.  If  a,  b  e  R  and  a  =  0  or  b  =  0,  then  ab  =  0  . 
•  Thus,  ifa;  +  2=  0  or  a;  —  3  =  0,  then 

(x  +  2)(x  —  3)  =  0  and  x2  —  x  —  6  =  0  . 
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The  equation  (x  +  2)(x  —  3)  =  0  (or  x2  —  x  —  6  =  0)  is  called  the 
joint  equation  of  the  equations  x  +  2  =  0  and  x  —  3  =  0  . 

If  a,  b  e  R  and  ah  =  0,  then  a  =  0  or  b  =  0  . 

Thus,  if  x2  —  x  —  6  =  0, 

that  is,  (x  +  2)(x  —  3)  =  0 

then,  £  +  2  =  0  or  £  —  3  =  0. 

Thus  the  statements: 

(i) £  +  2  =  0or£  —  3  =  0 

(ii)  (x  +  2)  (x  -  3)  =  0 

(iii)  £2  —  £  +  6  =  0 

are  equivalent . 

Since  £  +  2  =  0  or  £  —  3  =  0  is  equivalent  to 

£  =  —  2  or  £  =  3, 

therefore  the  solution  set  of  the  equation  £2  —  £  +  6  =  0  is  {  —  2,  3 }  . 

The  equations  £2  —  x  +  6  =  0  and  (x  +  2)(£  —  3)  =0  are  called 
quadratic  equations  in  one  variable,  since  the  highest  power  in  which  the 
variable  appears  is  the  second  power. 

Other  examples  of  quadratic  equations  are: 

3b2  -  4  =  0,  7a2  -  2o  =  0,  V%2  ~  +  3.14  =  0 

Example  1.  By  factoring,  solve  4£2  —  25  =  0  . 


Solution .  4£2  —  25  =  0 

/.  (2£  -  5)(2£  +  5)  =  0 
2£  —  5  =  0  or  2£  +  5  =  0 


The  solution  set  is 


Verification. 

L.S.  =  4g)2  -  25  R.S.  =  0 

=  25-25 
=  0 


L.S.  =  4^-  02  -  25  R.S.  =  0 

=  25-25 
=  0 


Example  2.  A  number  of  footballs  was  purchased  for  $150  .  If  each 
football  had  cost  $5.00  more,  5  fewer  would  have  been  received.  Find  the 
original  price  of  each  football. 
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Solution.  Represent  the  price  of  one  football  by  $x  (x  e  R,  x  >  0). 


PRICE  PER  FOOTBALL 

IN  DOLLARS 

TOTAL  COST 

IN  DOLLARS 

NUMBER 

PURCHASED 

At  original  price 

X 

150 

150 

X 

At  increased  price 

x  +  5 

150 

150 

x  +  5 

The  difference  in  number  purchased  is 


150 

x 


150 

x  +  5* 


150  _  150  _ 
x  x  +  5 

.*.  x2  +  5x  —  150  =  0 


.*.  (x  +  15)  (x  -  10)  =  0 

x  =  —  15  or  10 

The  original  price  of  each  football  is  $10.00  . 


Verification.  At  $10  each  the  number  of  footballs  purchased  is  t-5^-  or  15  . 

At  $15  each  the  number  of  footballs  purchased  is  JT5r-  or  10  . 

Difference  is  5 . 


Write  solutions  for  the  following  problems  and  compare  them  with  those 
on  page  474. 

1.  Solve  2x2  +  3x  —  2  =  0  and  verify  . 

2.  Solve  x2  —  6  =  x  . 


Exercise  4-9 


(A) 

By  factoring,  state  an  equivalent  quadratic  equation  for  each  of  the  following: 
1.  x2  +  3x  +  2  =  0  2.  a2  -  4  =  0  3.  x2  +  2x  +  1  =  0 

4.  n2  —  n  —  12  =  0  5.  4x2  —  9  =  0  6.  3x2  +  2x  —  1  =  0 


Solve  and  verify: 

7.  (ra— l)(n— 7)=0 

10.  p2  -  p  =  12 


(B) 

8.  (a— 2)  (a+3)  =  0 
11.  b2  -  b  -  20  =  0 


9.  x3  -  x  -  2  =  0 
12.  y 2  +  15  =  Sy 
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Solve  and  verify: 


13. 

a;2 

-f  2a:  -  63  = 

=  0 

14. 

p2  +  13p  +  12  = 

0  15. 

2a 

2  +  3a  -  2  = 

=  0 

16. 

10a;2+29a:+10: 

=  0 

17. 

a2  — 

2a  +  1  =  0 

18. 

b2 

+  65  +  9  = 

0 

19. 

c2 

-  c  -  42  = 

0 

20. 

m 2  = 

=  3  m  +  10 

21. 

x2 

-1  =  0 

22. 

p2 

-  100  =  0 

23. 

x2  — 

i  =  0 

24. 

a2 

-  .25  =  0 

25. 

4a: 

o 

ii 

o 

o 

r— 1 

1 

C-J 

26. 

7a2  - 

-  343  =  0 

27. 

y 2 

-  7y  +  6  = 

0 

28. 

X2 

—  x  —  90  = 

0 

29. 

a2  — 

12  =  11a 

30. 

p2 

—  15p  =  — 

50 

31. 

a2 

-  169  =  0 

32. 

b2  - 

ITS  —  0 

33. 

c2 

=  36 

34. 

a2 

_  2  5 
—  4"  9” 

35. 

a2  — 

a  —  20  =  0 

36. 

b2 

+  2b  -  35  = 

=  0 

37. 

X2 

+  5a:  +  4  = 

0 

38. 

V 2  - 

7  y  +12  =  0 

39. 

b2 

-  165  =  17 

40. 

c 2 

+  21c  +  68 

=  0 

41. 

m2  — 

16??i-f-64  =  0 

42. 

3a; 

+  88  =  a:2 

43. 

2a 

2  -  18a  =  0 

44. 

5b2  - 

-  55  =  280 

45. 

2b 

2 +  35  =  5 

46. 

3  V 

2  -  14  =  p 

47. 

10a:2 

-  5a;  =  30 

48. 

7  y‘ 

2  =  -  36y  - 

5 

49.  Twice  the  square  of  a  certain  number  decreased  by  6  times  the  number 
is  80.  Find  the  number. 

50.  Find  two  consecutive  whole  numbers  whose  product  is  72  . 

51.  Find  two  consecutive  even  integers  whose  product  is  80  . 

52.  Two  trains  make  the  same  trip  of  210  miles.  The  “express”  goes 
16  m.p.h.  faster  on  the  average  than  the  “local”  and  covers  the 
distance  in  li  hours  less  time.  Find  the  average  speed  of  the  two 
trains. 


4*12  Factoring  an  incomplete  trinomial  square  (supplementary).  Consider 
the  expressions  (i)  a4  +  0yh2  +  ^  and 

(ii)  a:4  +  2a;2  +  9  . 

a4  _j_  a2fr2  _j_  ^4  would  be  a  trinomial  square  if  its  middle  term  were 
+  2 a252  or  -  2 a2b2 . 

x4  2xl  +  9  would  be  a  trinomial  square  if  its  middle  term  were  6a;2 
or  —  6a:2 . 

Expressions  such  as  (i)  and  (ii)  are  sometimes  called  incomplete  squares. 


Equivalent  expressions  for  these 
indicated  in  the  following: 

a4  +  a252  +  54 
=  a4  +  2 a2b2  +  54  -  a2b 2 
=  ( a2+  5 2)2  -  (a5)2 
*=  (a2  +  b2  -  a5)(a2  +  b2  +  ab) 

«=  (a2  —  ab  +  52)(a2  +  ab  -f*  b2) 


may  be  written  with  alterations  as 

z4  +  2a:2  -b  9 
=  xA  6a;2  +  9  —  4x2 
=  {x2  -f  3) 2  -  (2a;)2 
=  (x2  +  3  -  2a;) (a: 2  +  3  +  2a:) 

=  ( x 2  —  2a:  +  3)  (a:2  +  2a:  +  3) 
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The  two  expressions  have  been  rewritten  in  the  form  of  the  difference 
of  the  squares  of  two  numbers  by  adding  the  number  required  to  complete 
the  square  and  then  subtracting  it  to  maintain  equality.  They  have  then 
been  factored  as  indicated. 

If  an  incomplete  square  can  be  expressed  in  the  form  of  the  difference 
of  the  squares  of  two  numbers,  it  can  be  factored. 

Example.  Factor  4x4  +  Sx2  +  9  . 

Solution.  4x4  +  8x2  +  9  =  (4x4  +  \2x2  +  9)  —  4x2 

=  ( 2x 2  +  3) 2  -  (2x) 2 
=  (2x2  +  3  -  2x)(2x2  +  3  +  2x) 

=  (2x2  -2x4-  3)(2x2  +  2x  +  3) 

Write  solutions  to  the  following  problems  and  compare  them  with  those  on 
page  475. 

1.  Factor  a4  +  4b4 . 

2.  Factor  9 y4  —  51  y2  +  49  . 


Exercise  4-10 

(B) 

Factor: 

1. 

x4  +  x2  +  1 

2. 

x4  —  3x2  +  1 

3. 

4x4  +  1 

4. 

a4  +  5a2b2  +  964 

5. 

b4  —  9b2c2  +  16c4 

6. 

4  y4  +  Sy2  +  9 

7. 

64  +  x4 

8. 

64a4  +  39a2  +  9 

9. 

25a4-89a262+1664 

10. 

81z4+144z2+100 

11. 

121  -  166?/ 2  +  y4 

12. 

4x4  +  81 

(C) 

13. 

Find  three  factors  of  68 

+  b4+  1  . 

14. 

Find  four  factors  of  1  Qy 

4  -  65y2  +  49  . 

15. 

Factor  16  +  8x4  + 

x 8 . 

16.  Factor 

X4 

-  14x2  +  1 . 

4-13 

'  The  Factor  Theorem. 

a.  Multiplication  by  zero.  By  definition  the  product  of  any  real  number 
and  zero  is  zero. 

If  a  e  R,  then  aX0  =  0Xa  =  0. 

Also,  if  the  product  of  two  real  numbers  is  zero,  then  one,  or  the 
other,  or  both  real  numbers  are  zero. 

In  general, 

if  a,  b  e  R  and  a  •  b  =  0,  then  a  =  0  or  b  =  0 . 
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b.  Identical  equations.  The  product  (x  —  l)(z  —  3)  when  expanded  is 
a:2  —  4a:  +  3  .  Thus,  for  all  real  values  of  x,  the  two  expressions  are 
equivalent  and 

(x  —  l)(a:  —  3)  =  x2  —  4a:  +  3  for  all  x  €  R  . 

This  means  that  (a:  —  l)(a:  —  3)  =  x 2  —  4a:  +  3  is  an  equation  with  the 
solution  set  { x  |  x  €  R  j  .  Equations  whose  solution  sets  are  the  set  of 
numbers  under  consideration  are  called  identical  equations  or  identities  in 
that  set. 

c.  The  Factor  Theorem.  Since  (a:  —  l)(a:  —  3)  =  x 2  —  4a:  +  3  is  an  iden¬ 
tity  in  the  set  of  real  numbers,  then  if  x  =  1 

L.S.  =(1  -  1)(1  -  3)  R.S.  =  l2  -  4  X  1  +  3 

=  0(-  2)  =1-4  +  3 

=  0  =0 

By  definition  (x  —  1)  is  a  factor  of  x 2  —  4a:  +  3,  and  it  is  seen  that  if  x 
is  replaced  by  (+  1)  in  x 2  —  4a;  +  3,  the  expression  equals  zero. 

Also  if  a:  =  3,  then 

L.S.  =  (3  -  1)  (3  -  3)  R.S.  =  32 -  4X3  +  3 

=  2X0  =9-12  +  3 

=  0  =0 

By  definition  (x  —  3)  is  a  factor  of  x 2  —  4a:  +  3,  and  it  is  seen  that  if 
x  is  replaced  by  (+  3)  in  x 2  —  4a:  +  3,  the  expression  equals  zero. 

No  real  replacements  for  x  other  than  1  or  3  make  the  expression 
a:2  —  4a:  +  3  equal  to  zero,  since  only  the  replacements  1  or  3  make  either 
factor  (a:  —  1)  or  (x  —  3)  equal  to  zero. 

This  suggests  the  conclusion  that : 

(i)  if  x  =  1  makes  x 2  —  4a:  +  3  equal  to  zero,  then  (x  —  1)  is  a  factor 
of  x2  —  4a:  +  3; 

(ii)  if  x  =  3  makes  x2  —  4a:  +  3  equal  to  zero,  then  (x  —  3)  is  a  factor* 
of  x 2  —  4a:  +  3  . 

In  general, 

if  x  =  a  makes  an  expression  equal  to  zero,  then 
(x  —  a)  is  a  factor  of  the  expression. 

This  theorem,  called  the  Factor  Theorem,  is  not  proved  here,  but  it  is 
accepted  and  used  as  a  means  of  factoring  some  expressions. 

Example  1.  Find  the  factors  of  x 3  +  2a:2  —  5a:  —  6  . 

Solution.  By  the  Factor  Theorem,  if  a  replacement  a  can  be  found  for 
x  which  makes  the  expression  equal  to  zero,  then  x  —  a  is  a  factor.  Also, 
since  a  product  like  (x  -  l)(a;  -  2)  (a:  -  3)  produces  a  constant  term 
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in  its  expansion  which  is  the  product  of  (—  1)(—  2)(—  3)  =  —  6,  it  is 
seen  that  the  replacements  for  x  may  be  limited  to  the  integral  factors  of 
the  constant  term  which  in  this  case  are  ±1,  ±2,  ±3,  +6  . 

If  x  =  1,  the  expression  =  1  +  2  —  5  —  6  +  0 

x  —  1  is  not  a  factor  of  the  expression. 

If  x  =  —  1,  the  expression  =  (—  l)3  +  2(—  l)2  —  5(—  1)  —  6 

=  —  1  +  2  +  5  —  6 
=  0. 

x  +  1  is  a  factor  of  the  expression. 


Similarly,  other  factors  may  be  found  or,  having  found  one  factor,  the 
second  factor  may  be  found  by  division. 


x3  +  2a:2  —  5a:  —  6 
=  (x  +  l)(a:2  +  x  —  6) 

=  (x  +  l)(a:  -  2) (a:  +  3) 


x2  +  x  —  6 


x  +  1  x3  +  2a:2  —  5a:  —  6 
x3  +  x2 


x2  —  5x 
x2  +  x 

—  6a:  —  6 

—  6a:  —  6 


Example  2.  Show  by  the  Factor  Theorem  that  x  —  1  is  a  factor  of 
2a:3  —  4a;2  +  6a;  —  4  . 

Solution.  If  x  =  1,  then  the  expression  =  2  —  4  +  6  —  4  =  0. 

x  —  1  is  a  factor  of  the  expression. 

Write  solutions  for  the  following  problems  and  compare  them  with  those 
on  page  475. 

1.  Factor  2a;3  —  11a;2  +  5a;  +  4  . 

2.  Factor:  (i)  x 3  —  y3  (the  difference  of  two  cubes) 

(ii)  x3  +  y3  (the  sum  of  two  cubes) 

3.  Show  by  the  Factor  Theorem  that  ( y  +  3)  is  a  factor  of 
y3  +  2 y2  -  7y  -  12  . 


Exercise  4-11 


(A) 


1.  Show  that  x  —  1  is  a  factor  of  x3  —  Sx2  +  2  .  State  how  you  wrould 
obtain  a  second  factor. 
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Show  that  x  —  1  is  a  factor  of: 

2.  4a;3  —  x  —  3  3.  8a;4  —  6a;3  —  2  4,  a;5  —  1 

Show  that  x  +  1  is  a  factor  of: 

5.  2a;3  +  x2  +  1  6.  x3  —  2x  —  1  7.  xb  +  1 

Show  that  x  —  a  is  a  factor  of: 

8.  x3  —  a3  9.  x3  —  7 ax2  +  6a.3  10.  x5  —  aB 

Show  that  x  +  a  is  a  factor  of: 

11.  x3  +  a3  12.  x3  -f  10a2x  +  11a3  13.  xb  +  a5 

14.  If  the  polynomial  y3  +  y2  —  14 y  —  24  equals  zero  when 

y  —  —  2 , 4,  or  —  3  ,  state  the  three  factors  of  the  polynomial. 


(B) 

Factor: 

15.  a;3  —  3a;  +  2  16.  x3  -  3x  -  2 

18.  6a;3+7a;2-9a;+2  19.  2a;3+15a;2- 16a;- 1 

21.  y3  -  7 y2  +  1 6y  -  12  22.  2a3  -  3a2 

23.  a;3  +  2a;2  -  4a;  -  3  24.  y3  -  6 y2  - 

25.  3a;3  -  22a;2  +  43a;  -  12  26.  y3  -  125 

27.  6a;3  +  13a;2  +  x  -  2  28.  4a;3  +  8a;2 


17.  x3  —  x2  - 
20.  a3  -  2a2 

-  8a  —  3 
9  y  +  14 

-  11a?  +  3 


x  —  2 
-  9 


(C) 

29.  Use  the  Factor  Theorem  to  show  that  x  —  y,  x  —  2y,  and  x  +  3y  are 
factors  of  x3  —  7 xy2  +  6 y3 . 

Factor: 

30.  a;3  -  2xy2  +  y 8  31.  2a;3  +  5x2y  +  4 xy2  +  y3 

32.  a;3  -  8a3  33.  a;3  +  27 y3 

34.  10a3  +  3a25  -  Qab2  +  b3  35.  5a3  -  6a2a;  +  x3 

36.  Show  that  x  +  y  is  a  factor  of  x 4  +  4a; 3y  +  6a;2?/2  +  4 xy3  +  yA . 


Factor: 

37.  x4  -  10x3  +  35a;2  -  50a;  +  24 

38.  If  a;  —  1  is  a  factor  of  x 3  +  3a;2  +  2a;  -  k,  find  the  value  of  k  . 

39.  If  x  -f  2  is  a  factor  of  a;4  ~  a;2  +  p,  find  the  value  of  p  . 

40.  If  x  —  3  and  x  +  2  are  factors  of  2a;3  +  hx2  —  13a;  +  k,  find  the  values 

of  h  and  k  and  the  remaining  factor. 

41.  If  a;4  +  a;3  +  aa;2  +  bx  —  3  is  divisible  by  x  —  1  and  x  +  3,  find  a  and 
b  and  the  remaining  factor. 
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4*14  Summary. 


Chapter  IV 


EXPRESSIONS 

METHODS  OF  FACTORING 

Binomials 

ax  +  bx 

Common  factor 

a 2  —  b 2 

Difference  of  squares 

a3  —  b3 

Difference  of  cubes 

(Factor  Theorem) 

a 3  +  b3 

Sum  of  cubes 

(Factor  Theorem) 

a4  +  4b4 

Incomplete  square 

Trinomials 

ax  +  a?/  -f-  a2 

Common  factor 

z2  +  bx  +  c) 
az2  +  bx  +  cj 

Inspection 

a 2  +  2  ab  +  b2) 
a2  —  2  ab  +  b2/ 

Trinomial  square 

a4  +  a2b2  +  b4 

Incomplete  square 

Trinomials  of  the  third 
degree  in  the  variable 

Factor  Theorem 

Polynomials  of  four  or  more  terms 

ax  +  ay  +  az  -f-  aw 

Common  factor 

ax  +  ay  +  bx  +  by 

Grouping  to  obtain 
a  common  factor 

x2  +  2  xy  +  y2  —  z2 

Grouping  to  obtain  a 
difference  of  squares 

Polynomials  of  the  third 
degree  in  the  variable 

Factor  Theorem 

Practice  Exercise  4-12 


(B) 

Factor: 

1.  z2  —  z  —  56 

2. 

z3  —  z 

3.  a4  -  1 

4. 

2z2  -  12z  +  18 

5.  a3  —  a2  —  20a 

6. 

4z2  —  3z  —  1 

7.  27z3  —  3z 

8. 

27z3  -  1 

9.  (2a  -  b)2  -  4 

10. 

(z  —  2  y)2  —  x2y2 

11.  x(y  -  1)  +  2y  -  2 

12. 

a2  —  c2  —  2  ab  +  b2 

Factoring  Polynomials 
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Factor: 


13.  x4  —  9 y2  —  x2  —  6 xy 
15.  10064  -  156 2  -  1 
17.  64y 3  +  1 
19.  30a2  +  70 ab  -  30 62 
21.  24a4  —  2a3  —  a2 
23.  x  —  y  +  xy  —  1 
25.  x2y  —  xy2  +  x2y2 
27.  16x4  +  7x2  +  1 
29.  4x4  -  17x2  +  4 
31.  9a:4  +  35a:2  —  4 
33.  a2  +  1  +  462  +  4a262 
35.  a2  -  1  +  462  -  4a 5 
37.  9a:2  +  12a:  -  12 
39.  4a:4  +  3 x2?/2  +  9 y4 
41.  10  x2y2  +  7  xy2  —  12  y2 
43.  (a:2  -  l)2  -  3a:2  +  3 


14.  10064  -  206 2  +  1 
16.  10064  -  2462  +  1 
18.  1  —  x3y3 
20.  xy  —  xzyz 
22.  a:3  —  4a:2  —  a:  +  4 
24.  9a2  -  60a 6  +  10062 
26.  mx  +  my  —  m2  —  xy 
28.  a3  —  a2  —  42a 
30.  3664  -  1662c2  +  c4 
32.  20a:2  -  26x  -  6 
34.  a2  -  1  +  462  -  4a262 
36.  a2  +  62  -  a2b2  -  1 
38.  16 y4  -  12?/ 3  -  18 y2 
40.  4a4  —  13a262  +  964 
42.  10a:4?/4  —  22a:2?/2  +  12  y 
44.  ( x 2  +  l)2  —  2a:3  —  2a; 


Practice  Exercise  4-13 


Factor : 

1.  2a;2  —  x  —  1 
3.  16a;2  —  15a;  —  1 
5.  1-6 y  -  9 y4  +  9 y2 
7.  a3  +  5a2  -  4a  -  20 
9.  64?/ 3  —  4 y 
11.  a363  -  2 a2b2  -  3 ab 
13.  y3  -  y2  -  22 y  +  40 
15.  5  -  4063 
17.  a4  +  7a2 +  64 


(B) 

2.  x2  +  x  —  a;3  —  1 
4.  5  -  80a2 
6.  4?/ 3  —  Sy  +  1 
8.  a2  —  ab  —  a  +  b 
10.  64 y4  +  y 
12.  5x2y2  —  2 xy2  —  7y 2 
14.  12?/2  -  y  -  20 
16.  aa:2  —  a  —  a:2  +  1 
18.  a4  -  18a2  +  81 


Factor: 

1.  ax2  —  a2x  +  ax 
3.  a2x2  —  ax  —  2 


Practice  Exercise  4-14 

(B) 


2.  ax2  —  2 ax  +  a 
4.  a2x2  —  a2  +  1  —  2ax 
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Factor: 

5. 

a2z4  —  3 a4rc2  -f  ae 

6. 

aAx2  —  5a  2x4  +  4a;6 

7. 

10  ax2  +  38aa:  —  8a 

8. 

6z/3  -  19?/ 2  +  11  y  +  6 

9. 

ax2  —  2  —  x  +  2  ax 

10. 

asx 3  +  2/3 

11. 

2 a2  -  5a  -  18 

12. 

64a2  -  48a  +  9 

13. 

1  -  17a:2  +  16a:4 

14. 

Sx  —  27a:3 

15. 

(3a  -  5) 2  -  6a2  +  2ab 

16. 

a:3  —  rn/2  —  a:2?/  +  ?/3 

17. 

25a;4  +  6a2a;2  +  a4 

QO 

25a:4  -f  16a2a;2  —  9a4 

19. 

2a3  +  7a2  +  2a  -  3 

20. 

3a:3  -  5a:2  -  16a;  +  12 

Practice  Exercise  4-15 


(A) 


Factor: 


1. 

ax  +  bx  +  cx 

2. 

cx  —  cy  -f  c 

3. 

x2  -f-  7a:  +  12 

4. 

x2  -  2x+l 

5. 

x2  —  9 

6. 

x2  —  x  —  6 

7. 

x2  —  X 

8. 

x(a  —  5)  —  y{a  —  5) 

9. 

a(x  +  y)  —  x  —  y 

10. 

25a:2  -  10a:  +  1 

11. 

(a  —  5)2  —  c2 

12. 

{x  -f  y) 2  -  1 

13. 

a 3  —  6s 

14. 

a3  +  1 

15. 

a  (a:  -  ?/)  +  b(x  -  y)  +  c(x 

-  y) 

(B) 

Factor: 

16. 

2x 2  +  3a:  -  2 

17. 

3  —  5a;  —  2a;2 

18. 

4 yz  -  7?/2  +  3 y 

19. 

2?/ 3  -  18?/ 

20. 

30a:2  -f  9a;  -  12 

21. 

25a:2  —  60a:?/  -f-  36?/ 2 

22. 

(x  -  y  -  l)2  -  1 

23. 

a:2  -f  25y2  —  1  —  10a;?/ 

24. 

(a  -  6)2  -  a  4*  b 

25. 

(a  -  l)2  +  2  -  2a 

26. 

81  a4  +  3a 

27. 

81a4  -  9a2 

28. 

2aa:  +  6?/  —  ay  —  25a; 

29. 

c  —  xd  —  cd  x 

30. 

72x2  -  x  -  1 

31. 

6?/ 2  —  3?/  —  9 

32. 

Gy3  ■+■  23 y2  —  4 y 

33. 

a2bc  -f-  5cd2  —  ab2d  — 

34. 

1  —  x  —  x2  4-  xs 

35. 

98a;2  -  28a:  +  2 

36. 

a5  —  81a 

37. 

a:2?/2  —  x2  +  1  —  2  xy 

38. 

15a;2  -  4a:  -  3 

39. 

11  —  6  y  —  5  y2 

Factoring  Polynomials 
Factor: 

40.  40  +  6 5a  -  30a2 
42.  ax  +  b(x  —  y)  —  ay 
44.  64  +  b2c2  +  c4 
46.  a:4  -  3x2  +  1 
48.  4x  +  4x4 
50.  64 x*  +  y* 

52.  yz  +  4 y2  +  y  —  6 
54.  4 yz  —  3 y2  —  1 
56.  12xz  +  16x2  -  Sx 
58.  9yz  -  Sly  +  10 
60.  64x4  +  x 
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41. 

x  — 

a  4-  (ax  —  a2) 

43. 

x2  +  a2  -  1  -  a2x2 

45. 

b4  +  b2c2  —  2c4 

47. 

x4  - 

1 

M 

** 

CO 

49. 

1  4-  4x4 

51. 

64x4 

-  yA 

53. 

y3  -f  y2  -  y  —  1 

55. 

4?/3  ■ 

5ft 

1 

=ft 

CO 

1 

57. 

8x3  • 

-  72x2  +  162x 

59. 

9 y2  ■ 

-  31  y  +  12 

61. 

4x3  ■ 

-  16x2  4-  13x  - 

Practice  Exercise  4-16 


(B) 


Perform  the  operation  indicated: 
1.  (5x3)(3x5) 

3.  —  2a(a2  —  a  —  3) 

5.  (2a  —  b) (3a2  ~  ab  —  2b2) 


2.  (-f^Xfy2) 

4.  (2x  -  3?/)  (4a;  +  y) 
_  -  20a45 

-  5a25 


7 

fz?/2 

9.  (4a3  -  llab2  4*  3b3)  (2a  -  35) 


3a3  —  6a2  —  3a 


—  3a 


If  a  =  —  2,  5  =  —  3,  evaluate: 


10. 

12. 

14. 

15. 


lOab 
a  -j~  b 
b2  —  a2 


11.  (a  -  b) 2 

13.  2 a2  -  3ab  -  2b2 


a(a  —  b)  —  2  b(a  4*  b) 

b(a  —  b)  —  a(2a  —  b)  —  (a  —  6)  (a  +  6) 


Simplify: 

16.  (2s  -  1)' 2  -  (2x  -  l)(2x  +  1) 

17.  a  (a  -  l)2  -  2a  (a  +  l)(a  -  2)  -  a(l  -  2a) 

18.  3(2x  -  3 y)(x  +  2 y)  -2(3 x  -  y) 2 

a3  a2  a2  —  a  OA  3x2  4*  6x2/ 


a 


19. 


a 


20. 


3x 


22/ 


Chapter 


SIMPLIFICATION  OF 
RATIONAL  EXPRESSIONS 


5*1  Rational  expressions.  The  following  expressions 

_  ,  _  1  x2  —  Sx  +  2  x2  —  y2  x4y*z2 

Qj*  I  -  O  ■  ■  •  ■  '  — - .  y  ...  .  .  .  ■  ■■■  "■  —  y  m  -  ■■ 

x  —  1  x3  (x  —  2)(y  +  3)  x2yz 

are  called  rational  expressions  because  of  the  ratio  or  fractional  form  in 
which  they  appear.  The  numerator  and  denominator  of  each  is  a  poly¬ 
nomial.  If  the  denominator  is  a  polynomial  without  a  variable,  such  as 
1,  2,  etc.,  the  rational  expression  is  called  a  polynomial  or  integral  rational 
expression;  if  the  denominator  is  a  polynomial  with  a  variable,  the  rational 
expression  is  called  a  fractional  rational  expression. 

It  is  essential  to  understand  that  fractional  rational  expressions  are 
not  defined  for  values  of  the  variable  which  make  the  denominator  equal 
to  zero,  since  division  by  zero  is  not  defined. 


5*2  Simplification  of  rational  expressions.  If  the  variables  in  a  rational 
expression  are  real  numbers,  then  the  rational  expression  represents  a  real 
number. 

Thus,  rational  expressions  may  be  added,  subtracted,  multiplied,  or 
divided  in  accordance  with  the  definition  of  these  operations  for  real 
numbers.  In  the  following  sections,  applications  of  these  operations  are 
illustrated. 
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5*3  Reducing  rational  expressions  to  lowest  terms.  The  principle  of 
equivalent  fractions  (PEF)  may  be  used  to  simplify  rational  expressions 
as  follows : 


(i) 


21  _  3  X  7 
28  ”  4  X  7 
_  3 
“  4 

x2  —  9  (x  —  3)(z  +  3) 
x2  Sx  x(x  +  3) 


x 


x  X  —  3 


(iv) 


18 a2b  3 a  •  6 ab 

24 abz  462  •  dab 

3  a 

=  i^’ a- 

x2  -  Tx  +  12 
x2  -  8x  +  15 
_  {x  —  4)  {x  —  3) 
(x  —  5)  (x  —  3) 
x  —  4 

=  - -  12^3 

x  —  5 


The  principle  of  equivalent  fractions  does  not  permit  multiplication  and 
division  of  numerator  and  denominator  by  zero.  Therefore,  when  numer¬ 
ator  and  denominator  are  multiplied  or  divided  by  an  expression  involving 
a  variable,  it  is  necessary  to  indicate  any  restriction  that  must  be  placed 
on  the  variable.  For  example,  in  (iii)  since  division  by  x  +  3  is  performed, 
x  cannot  be  (—  3)  if  the  expressions  are  to  be  equivalent. 


Write  solutions  to  each  of  the  following  problems  and  compare  them  with 
those  on  page  476. 


1.  Reduce  to  lowest  terms 


2xA  -  2yi 
6  x  —  Qy 


2.  Reduce  to  lowest  terms 


ax  —  bx  +  ay  —  by 
ax  —  bx  —  ay  +  by  ’ 


3.  Reduce  to  lowest  terms 


x4  -  15a;2  +  9 
x2  —  Sx  —  3 


Exercise  6-1 

(A) 

State  the  values  of  the  variablesfior  which  the  following  rational  expressions 
are  not  defined: 


1. 


4. 


1 


x 


3  xy 


(x  —  3)(x  —  4) 


2.  JL 

xy 


6. 


x 


2  _ 


3. 


6. 


x 


1 


x  —  2 

3  (g  -  3) 
z{z  +  6) 
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(x  -  2)(x  -  3)  oa62  1 

3x2  -  27  8'  (c  -  d)d  9‘  (xs  -  1) (2  +  x) 

Copy  and  complete  the  following: 

10.  I-  —  ?-4*-  —  — 

2  4  2 a  Sbc 

a  a2  a&c  3a3 

’  b  =  62  =  “=6^= 

a  —  b  __  a2  —  b2  __  (a  —  6) 2  __ 
a  4-  6  3(a2  —  b2) 


(B) 

Reduce  to  lowest  terms : 


13. 

9  abc 

14. 

2  pq 

15. 

(x  4-  4)(x  -  2) 

3c 

6  pgr 

(x  -  2)(x  4-  1) 

16. 

7x  4-  7y 

17. 

x2  —  7x  4-  12 

18. 

x3  -  8 

7  z 

x2  —  4x 

x2  -  4 

19. 


21. 


x2  +  y 2 


27a3  -  fr3 
9a3  —  ab 2 


20. 


x3  —  5x2  +  4x 
x3  —  x 


(x  -  l)(x  -  2)(x2  -  6x  +  5) 
(x2  —  7x  +  10)  (x2  —  2x  +  1) 


23. 


(x  -  by)2 

2x2  —  12  xy  +  10?/ 2 


24. 


x3  —  y 8 


25. 


{m2  4*  rn  —  6  )(m2  —  3  m  —  4) 
(m2  —  m  —  2)(m2  —  m  —  12) 


x4  +  12x2  +  64 

26.  - 

x3  +  2x2  +  8x 


27. 


ax2  +  ay2 
bx*  —  by* 


28. 


a 2  —  x2  4-  4x  —  4 
a  —  2  4-  # 


29. 


ax  4-  bx  4-  ay  4-  by 
ax  4*  bx  —  ay  —  by 


30. 


x3  —  x2  4-  x  —  1 
x4  -  1 


31. 


a2  —  2 ab  4 -  b2  —  c2 
a2  —  ab  +  ac 


32. 


x2  —  8x  4-  7 
x3  —  5x  +  4 


33. 


x2 


ax  —  bx  4-  a,b 


x2  —  y2  4-  2 xy 
z2  —  x2  4"  2x2 


x2  —  ax  4~  bx  —  ab 
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(C) 

Reduce  to  lowest  terms: 


35. 

m4  —  7m 2  —  18 

36. 

a3 

—  63  —  2a26  -b  2a62 

m3  —  3  m2  +  2m  — 

6 

a3  +  63 

37. 

(a  —  26) 2  —  4(a  — 

26) 

38. 

x 6 

—  x4  —  x  +  1 

a2  —  4a6  +  462  — 

16 

x4 

—  x3  —  x2  +  x 

39. 

a4  —  a262  +  64 

40. 

x6  —  1 

a6  +  66 

X4 

-b  x2  +  1 

5*4  Equivalent  rational  expressions  formed  by  multiplying  the  numerator 
and  denominator  by  (—  1).  The  negative  of  a  real  number  is  obtained  by 
multiplying  the  number  by  (—  1)  .  Thus,  the  negative 

(i)  of  36  is  (—  1)  (36)  or  —  36  ; 

(ii)  of  a  is  (—  l)(a)  or  —  a  ; 

(iii)  of  (a  —  6)  is  (—  l)(a  —  b)  or  (—  a  -f  6)  or  (6  —  a)  . 

It  is  sometimes  convenient  to  use  this  fact,  together  with  the  principle 
of  equivalent  fractions,  to  change  the  signs  of  the  terms  of  a  rational 
expression.  The  following  examples  illustrate  this. 


Example  1.  Express  — —  with  denominator  (-by). 


Solution. 


V 

-b  x  (+  x)(-  1)  -  x 


Example  2.  Express 
Solution. 


-  y  (-  y)(-  i)  +  y 

- - -  with  denominator  (p  —  q)  . 

q  -  p 

b  (a  —  6)(  —  1)  b 


a 


a 


v  (q  ~  v)(-  i)  v  -  q 


a  —  b 

Example  3.  Reduce  - - to  lowest  terms. 


Solution. 


b  —  a 

a  —  b  _  (a  —  6)(  —  1) 
b  —  a  (6  —  a)(  —  1) 

(a  -  6)(-  1) 


(a  -  b) 

(—1),  a  5^  b 

Write  a  solution  to  the  following  problem  and  compare  it  with  that  on 
page  476. 


1.  Reduce 


2a : 


ah  -  b 2 


(a  -b  b') (b  —  a) 


to  lowest  terms. 
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-f 


A 


V-- 


Exercise  6-2 

(A) 

Read  each  of  the  following  fractions  with  the  denominator  positive: 


1. 


4. 


7. 


+  5 
-  2 

-  x 

-  y 

a  —  b 

-  5 


2. 


5. 


8. 


-  5 

-  6 


—  a  —  b 

%  +  y 

—  m 


3. 


6. 


9. 


+  x 


y 

-  2 


-  v  -  q 

X 

(-  y)(-  z) 


Express  with  denominator  ( a  —  b): 


10. 

5 

11. 

x  -  y 

12. 

-  5 

b  —  a 

b  —  a 

b  —  a 

13. 

x  +  y 
b  —  a 

14. 

i/ 

(+  a)(-  b) 
b  —  a 

15. 

3{x  -  y ) 
b  —  a 

Reduce  to  lowest  terms: 


16. 


p  -  q 


19. 


22. 


i-\)  jp'i 

4  “  PV.-0  \f 

3  d  —  3c 
c  —  d 

x4  -  16 

4  —  x2 


17. 


20. 


23. 


m  —  n 
n  —  m 

a3  —  1 

v/ 1  —  a2 

x3  —  9x 
—  3  —  x 


-) 


18. 


21. 


24. 


5x  —  3  y 
3  y  —  5x 


x 


2  _ 


7x  +  12 


9  -  x2 
1  -  x2 


X' 


lx  +  6 


5*5  Multiplication  and  division  of  rational  expressions.  Multiplication 
and  division  of  fractions  are  defined  as  follows: 

If  a,  b,  c,  d  e  R,  then 

®  “ 


a  c 
b  *  d 


bd 


a  c  ad 
(1I)  b*d  =  Tc- 


These  definitions  also  apply  to  the  multiplication  and  division  of  rational 
expressions  in  which  the  variables  are  real  numbers. 

t?  i  i  c!*  rr  5  12  15 

Example  1.  Simplify  -  X  —  -s-  —  . 

o  Zo  7 

5  JL2  ^  15  _  5  12  _7_ 

3  X  28  ~  7  “  3  X  28  X  15 

=  5  X  3  X  4  X  7  =  1 

”3X4X7X3X5~3 


Solution. 
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In  line  2  of  the  solution,  the  numerators  and  denominators  are  expressed 
in  factored  form  so  that  the  fraction  may  be  reduced  to  lowest  terms  at 
the  same  time  that  the  product  or  quotient  is  determined. 

np  2  1  rp  2  _l  9  a* 

Example  2.  Simplify  — - -  X  —7— - . 

xz  —  9  x2  +  x 

x2  —  1  x2  +  3x  (x  +  l)(z  —  1)  x(x  +  3) 

Solution.  — - -  X  —  =  7~ ,--Qw - 77  X  -  7 . —7 

x2  —  9  x2  +  x  (x  +  3)(x  —  3)  x{x  -f-  1) 

x  —  1 


x  —  3 


z  X  0  or  —  1  or  — 3 


Write  solutions  for  each  of  the  following  problems  and  compare  them  with 
those  on  page  476.  .  A  ■  J_ 


1.  Simplify 


ax  +  ay  a 


a  —  b 


X 


a2  +  ab 


(x  +  y) 


...  2x2  —  Sx  —  2  x 

2.  Snnplify  — — - —  X 


1  x3  +  x2  4-  x 


x2  +  x  —  6 


4x‘ 


1  2x2  +  5x  —  3 


0^4  o 


* 


\ 


Exercise  5-3 

(A) 


Simplify : 
x  u 

1.  -x- 

y  z 

4  a  25b 

4‘  5 7X17 


_  a  b  c 

2.  -X-X- 
b  c  a 


5. 


x2  —  y 2 
x  +  y 


X 


x  -  y 


3. 


a  —  b  a  -\-  b 
X 


a  +  6  a  —  b 


„  a2  +  a6  a6 
6.  - - - X  — 


a 


Simplify: 

„  2x 

7-  wx3y 


a- 


ac 


9'  be  X  ab  ’  62 

ii.  ^  x  x  a  _  1 


a  —  1  a2  —  1  (o  +  2) 2 


13. 


a- 


a;-5  -  si/ 


ab  +  a2 
xy  -  y2 


(B) 


2x 

’  3 y  X  5z2 

2a  46 
10-  56  X  37 


12. 


27 


32/ 


6a 

5c~ 

2  -  y2 


X 


x2  -f  xy  x  +  y 


4  a2  —  6a6 

14.  — 72 -  X 

loxy 


45  xy 


Sab  -  126 2 
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Simplify: 


15. 


17. 


19. 


21. 


x2  +  3x  +  2  x2  —  7x  +  12 
x2  —  5x  +  6  x2  -f  x 

8(a2  —  b 2)  5(a  -f-  b) 

20 (a  -  6) 2  x  12 (a  +  6) 2 

a  —  b  d  —  c 

- 7X1 - 

c  —  a  b  —  a 

x2  —  2x  +  1  x2  —  6x  +  9 
x2  -  5x  +  6  X  x2  -  3x  +  2  X 


16  x(y  ~  x)  y(y  +  x) 
y2Jr2yxJt~x2  y2-2iyx-\-x2 

„  _  x3  +  1  x3  —  1 

18‘  TT  TT  x  ~ - r 

x2  +  x  +  1  x 2  —  1 

__  x2  —  3x  —  4  x  +  3 
x2  —  x  —  12  x  -f-  1 

2  -  4x  +  4 
2  -  4x  +  3 


„  a2+  a  -  2  a2  +  12a  +  35  a2  -f  6a  -  7 
22  _ ' - v - ' - 1 - • _ l - - 

a2  +  2a  —  15  10  -f  3a  —  a 2  a2  —  8a  +  15 

_  (a  —  b)2  —  c2  ( b-c)2-a 2 

'  (a  -  c)2  -  b2  X  a2  -  (6  -  c)2 

(C) 

„ .  x2  -  gy  +  y2  a;8  -  y 3  a;2  -  y 2 

x2  —  2x?/  +  ?/2  x3  +  ?/3  x4  +  x2?/2  +  ?/4 

a6  —  b6  w  a2  +  62  a3  —  63 

25‘  a4  +  a262  +  64  X  a2  -  ab  +  fe2  “  a  +  b 

a3  +  a  (a2  +  a)2  a6  —  1  a3  —  1  —  3  a(a  —  1) 
a3  +  1  X  a4  +  cl2  +  1  X  (a3  —  a)2  X  a3  —  a2  -f  a  —  1 


5*5  Addition  and  subtraction  of  rational  expressions.  The  addition  and 
subtraction  of  fractions  are  defined  as  follows: 


If  a,  b,  c,  d  6  R,  then 

a  c  ad  +  be 
(1)  6  +  d  = 


a  c 
b~d 


ad  —  be 
bd~ 


In  practice,  the  definitions  usually  are  not  applied  directly,  but  the 
fractions  to  be  added  or  subtracted  are  written  first  as  equivalent  fractions 
with  the  same  or  a  common  denominator;  the  numerators  are  then  added 
and  the  common  denominator  retained. 


For  example: 

a  c  ad  be 
(l)  b  +  d  =  bd  +  bd 
ad  4*  be 


c  ad  be 

d  bd  bd 

ad  —  be 


bd 


bd 
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3  2 

Example.  Simplify:  (i) - 

x  y 

Solution. 


(ii) 


x  +  4  x  +  1 


(i) 


x  y 
3  y  2x 

xy  xy 
3  y  —  2x 
xy 


(ii) 


3(x  +  4) 


x  +  4  x  +  1 
5(x  +  1)  _ 

(x  +  4)  (a;  +1)  (x  +  l)(z  +  4) 
5x  +  5  —  3a;  —  12 
(x  +  4)(x  +  1) 

2x  -7 


(x  +  4)(x  +  1) 


Write  a  solution  to  the  following  problem  and  compare  your  solution  with 
that  on  page  476. 


1.  Simplify 


3a; 


2a;  5a;2  -  1 

+ 


x  —  2  x  4-  2  a;2  —  4 


Simplify: 

*  4  +  3  2 

4.  i-i  +  i 


X‘ 


x 


7.  — +  -  +  - 
xy  yz  zx 


9. 


11. 


13. 


14. 


x  +  3  x  4-  4 


5 

3 


6 

2 


Exercise  5-4 

(B) 


o  El  .  JL_ JL 

*  5  +  10  15 


_  pq  pr 

5. - 1 - 

r  q 


3.  -  +  T-* 
a  b  c 

a  b  c 
6.  -  +  -  +  1 
b  c  a 


8  JL  + JL 

ab  a2b  ab 2 

ia  ^  +  “  +  b 


2a 


a;  +  1 
6 


4* 


5a; 


a;  —  1  '  a;2  —  1 
3 


12. 


2 

12 


+ 


3 

5 


4 

a  -f-  2b 


a  —  b  a  +  b 


a1 


62 


1 


4a2  -  962  2a  +  36  2a  -  36 
* 

a  —  6  a  +  6 

a2  —  a6  +  62  a'2  +  ab  +  62 
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Simplify! 

16.  -^-+  8 


2 


(x  —  y)2  x2  —  y2  x2  +  2  xy  +  y‘ 

16.  x—*+1+  x 


X 


17. 


+ 


X2  +  X  +  1 
2 


a2  - f-  3a  -j-  2  d2  -f-  5a  +  6  a2  +  4a  +  3 

5 


3  2 

18.  - r  + 


a  —  b  b  —  a 


19. 


2  4 


x  —  y  xy  —  y2  '  x2  —  xy 


20. 


d‘ 


a 


a  —  a3  1  +  a: 


_  w  a; 

21.  — - -  + 


22.  -„3  +  1 


a2  —  4  (a  —  2) 2 


23. 


rc(x2  -  y2)  y(x2  +  y2) 
1  1  2x 


24. 


1 


1 


+ 


3  —  re  3  +  x  9  + re2 
1 


m  +  1  (m  +  l)(m  +  2)  (m  +  +  2)(m  +  3) 


1  1  1 
26.  — - — : — r  +  — - 7  + 


26. 


27. 


4(1  +  x)  4(1  -  x)  2(1  +  re2) 

1  1 

+ 


2 p2  +  P  ~  1  3 p2  +  4p  +  1 

a  15 

+ 


12 


a2  +  5a  +  6  a2  +  9a  +  14  a2  +  10a  +  21 


5*7  Addition  and  subtraction  of  rational  expressions  involving  simplifica¬ 
tion.  In  the  addition  and  subtraction  of  rational  expressions  it  is  advisable 
to  reduce  the  expressions  to  lowest  terms  before  completing  the  addition 
and  subtraction.  For  example: 


~  35  1 
W  70  +  3 

=  I  ,  I 

2  3 

3  +  2 


6 


5 

6 


(ii) 


re2  —  2rc 


3re 


3re 


re2  —  4  x  +  2 

x(x  —  2) 

(x  —  2)  (re  +  2)  x  +  2 

x  3x 

- ,  re  2 

x  +  2  x  +  2 

— 2x 


x  +  2 
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Write  a  solution  to  the  following  problem  and  compare  it  with  that  on  page 
477. 


1.  Simplify 


x2  -  9x  +  20  x2  -  9x+  18 


x2  -7x+  12 


x2  —  9 


Simplify : 

j  ax+by 
ay  bx 


a"  b77  c44 

3 _ I _ | _ 

•  Q  ioo  '  578  ^  C45 


Sx2  —  x  5x*  +  3x3 
5. - 1 - : - 


x 


X' 


7. 


9. 


11. 


13. 


mi 


n- 


5  m  2  n 

m  —  n  3  5 


m  +  5 


+ 


Exercise  6-5 


(B) 


m2  —  3  m  —  10  m  +  2 
z2  —  4a2  x2  -f  2ax  —  8a2 


x2  —  2az  ab 

a3  +  63 


4a  ■ 


2. 


4. 


6. 


3z*_2 

X9  X 

642  144 


1284a  4326 

ab  +  ac  me  —  mb 


a 


m 


_  a  —  b  b  —  c  c  —  a 

8.  - - + - -  + 


10. 


12. 


b  —  a 
3x 


c  —  b  '  a  +  c 

4x  5x  4-  2 


+ 


x2  —  5x  x2  4r  bx  x2  —  25 
x2  +  5xy  -f  4 y2  2 xy 


X‘ 


16  y‘ 


2x2  +  8  xy 


a3  —  b3 


2 a2  —  2ab  -f  262  3a2  +  3 ab  +  362 


a2  —  4 

14.  - - -  + 


a 


+ 


a2  +  5 


a4  —  16  a3  —  4a  a4  —  16 


16. 


x  —  x 


6 


x2  +  3x  —  10  x2  +  3x  -f*  3 


x 


2  _ 


7x  +  12  x2  +  2x  —  8 


X‘ 


16 


Practice  Exercise  6-6 


(B) 


Reduce  each  of  the  following  fractions  to  lowest  terms : 


1. 


a2  —  b2 
ab  +  b2 


2. 


(a  +  6) 2  —  c2 

a2-  (6  +  c)2 
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Reduce  each  of  the  following  fractions  to  lowest  terms : 


3. 


5. 


7. 


9. 


11. 


13. 


x‘ 


9x 


x2  -  7x  4  12 

x3  4  2a:2  4  x  4  2 
x2  -  4 

6x(x  —  3) 2 
3x3  —  27x 

a2  4  2 ab  -f -  h2  —  c2 
a2  —  h2  —  2  be  —  c2 


x9 


y 


x2  —  xy 


x3  —  x2  —  x  -f-  1 
{x  -  l)2 


4. 


2a2  -  16a  4  24 
a2  -  36 


a3  —  4a2  —  2a  4  8 

6.  — 


8. 


10. 


12. 


14. 


2a3  -  128 

a3b  —  ab3 
a3b 2  a268 

12a:2  4  xy  —  35a/2 
6a;2  4  14x2/  —  40^/ 2 

8a;3  —  2/3 
4x2  —  ?/2 

x4  4  xhy2  4  y 4 
x2  —  xy  2/2 


Practice  Exercise  5-7 

(B) 


Simplify: 

a  b  c 

!.  7X-X- 
b  c  a, 

x2  —  4  x2  4  2a:  4  4 
3.  — - r  X 


5. 


7. 


8. 


9. 


a:3  -  8 


x2  —  y2 


X 


x2  4  2x 
(x  4  y) 2 


2. 


4. 


a2b  x2y 
xy2  ^  a62 

a:2  -  7a:  4  12  a:2  4  3a: 

_  y  - ! - 

a:2  -  16 


x2  —  9 


a:2  4  xy  (x  —  y) 2 


m2  4  3m  m2  —  3m 
6.  — r X  r - 


a2  -  25 


X 


a2  -  a  -  6 


X 


a 


m2  —  9 
2  -  5a  4  4 


m4 


a2  -  6a  4  5  a2  -  16  a2  4  7a  4  10 
ac  4  26c  —  ad  —  2bd  a  4  26 


me  — 

—  nc 

4  nd  *  m  — 

n 

3a2  - 

Gab  4  362 

a4  -  64 

(a 

-  6) 2 

2a6  —  26 2 

64a:3  - 

■  y 3  . 

a:4  —  I62/4 

V 

11 

a4 


64 


16a;2  —  y2  4x2  —  7xa/  —  2y2 


X 


aa 


62 


a  —  b 


(a  —  6)2  a3  4  a62  *  a2  4  62 


10. 


\51 
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Practice  Exercise  6-8 


Simplify: 

i.  p-+r- 
q  t 

3.  f-f 

3x  2y 

e  3x  -  2y  2x  -  3 y 
6.  - - - 1 - - - 


(B) 


2.  --~  +  ~ 

a  b  c 

4,  ±_±  +  ± 

ab  be  ac 


6. 


3x  —  2y  2x  —  3  y 


5 


3 


2x  —  1  4x  —  5  £ 

7'  “ 2“  +  ~3~  ~6 


Q  a  —  b  t  b  —  a  a  +  b 
"|"r  "  ————— 


9.  — —  +  2 


11. 


13. 


x  —  1  x  +  1 

x  —  1  X  +  1 

x  +  1  x  —  1 

3x 


2x 


x2  -  7x  +  12  x2  -  9 


10. 


a  —  b  o+6 


3a  —  26  t  3a  +  26 

12.  - +  - * 

a  —  6  a  +  6 


14. 


x2  —  x 


2  x2  -  5x  +  6 


x  +  1 


x  —  2 


Practice  Exercise  6-9 

(B) 


Simplify: 

5  3  8x 

1.  - 7  + 


x—  1  x+1  x2— 1 

1  2 


4  2  ,  3a  -  6 

2.  - r - —  + 


+ 


a—  6  a+6  a2  —  62 

3 


x2  —  7x  +  12  x2  —  9x  +  20  '  x2  —  8x  +  15 

5  3,3  x  —  y  _  a  2  a  26 

4.  — — - : - 1 ; - 7  5.  ;  7 - ~  + 


x2  +  xy  x2  —  xy  '  x3  —  xy2 


6. 


2  3 


a  +  3  a  —  3  2a26  —  186 


x 


—  1  x  —  2  x  —  3 


7. 


7tt2  —  9 


m2  —  16 


m2  —  7m  +  12  m2  —  9m  +  20 


«  s-3  ,3  2  n  4 

8'  T_  +  ^3_3I-9  a 


3  2a2  -  362 

2  -  62  a2  +  62  +  a4  -  64 
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Practice  Exercise  6-10 

(B) 


Simplify: 


a • 


b 2 


!.  -X-X- 
bc  ac  ab 

ra  +  1  ra  +  2  m  —  1 
3.  — —  X— : - :X 


_  2  a  6  be 

*  35  X  5a* 


6. 


7. 


ra  —  1 


a* 


m- 

bA 


1  ' '  (ra  +  2)2 

a  —  b 


a2  +  62  +  2afr  a2  +  ab 

ab  -  b2  b2 

(a  +  6)2  '  a2  -  62 


X4. 


6. 


a2  —  4.x2  a2  —  2  ax 


a2  +  4  ax  ax  +  4x2 


x 


2  _ 


3x  +  2 


X 


a; 


2  _ 


2x  -I-  1 


x2  —  6x  +  9  x2  —  5x  +  6 


0  3x2  -  6 xy  +  3y2  w  2x?/  -  2y2 
o.  - : - rr - X 


2a2  -  18a  +  40 
>  3a2  —  75~ '  '  X 


„„  (a  —  4)2  —  4 
10.  ! - r-t-z - X 


a2  +  5  a 
(a  +  3)2  -  9 

a2  -  36 


X 


(x  -  2/)2 
a2  +  a  —  12 


x4 *  —  yA 


a* 


16a 


a2  —  2a 


n  (a  +  6) 2  -  c2  w  (6  +  c)2  —  a2 

~  X 


12. 


x4  —  yA 


X 


x2  —  y2 


(a  -  5)2  -  1  (a  +  c)2  -  62 

x2  +  2xy  +  y2 


a  +  b  —  c 


(x  +  y)2  (x2  -  y2)2 


X 


x2  4-  y2 


Review  Exercise  6-11 

(B) 


6  a263 

1.  Reduce - —  to  lowest  terms. 

2  ab 

2.  Simplify  • 

6x  8  y  2yz 


3.  Simplify 


X' 


9x 


x 


2  _ 


X 


x2  -  16 


7x  +12  x2  +  4x 


4.  Multiply  x6 7 8  +  x4  +  x3  +  x2  +  x  +  1  by  x  —  1  . 

6.  Using  the  Factor  Theorem,  test  whether  x  —  1  is  a  factor  of 
x6  —  6x4  +  7x3  —  8x  +  5  . 


6.  Simplify 


1 


+ 


2a  -  5  b 


a  —  b  a  +  b  2a2  —  262 

7.  Multiply  3x2  —  4x  +  2  by  2x2  +  5x  —  6  . 

3  2 

8.  If  m  =  4,  find  the  value  of 


2  m  —  8 


m  —  3  m  +  3  m2  —  9  * 
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9:  By  how  much  does 
2  ab 


10.  Simplify 


x2  —  5x  +  4 
a 4  +  64 


j  —  7a;  -h  10  0 
exceed  — : - r -  ? 


8a;  -j-  12 


X  0  X 


a4  —  b4  '  '  6a6 

11.  Find  the  square  of  3x2  —  5x  +  2  . 

Factor: 

12.  a;6  —  64  13.  x2  —  4 y2  -fi  x  —  2y 

14.  4 (a;  —  y)z  —  (x  —  y)  ^15.  9a;3  —  4xy2 

16.  a2  -  b2  -  2bc  -  c2  17.  a4  +  3a2  -  4 

18.  6y2  —  7y  —  3  ^19.  2m4  —  m3  +  4m  —  2 

20.  Find  the  first  four  terms  of  the  quotient  (1  —  Sx)  -4-  (1  +  2x). 

21.  Without  multiplying,  show  that 

(a3  -  l)(a3  +  1)  =  [(a2  +  l)2  -  a2](a2  -  1)  . 

22.  Find  two  numbers  whose  difference  is  11,  and  one-fifth  of  whose  sum 
X  is  9  . 


23.  If  a  =  3,  6  =  2,  c  =  1,  find  the  value  of 


a 


+ 


+ 


6  +  c  c  -f  a  aff-6 

24.  Divide  a;4  —  10a;2  +  9  by  x2  —  2x  —  3  . 

25.  If  P  —  a  —  26  +  c,  Q  =  3 a  —  56  —  4c,  R  =  2a  +  36  —  6c,  find 
3P  -  4Q  +  5R  . 

26.  Solve:  (5a;  +  l)(a;  —  2)  —  (4a;  —  3) (3a;  —  1)  =  10  —  (7x  +  2) (a;  -f  1) 

27.  Without  actual  division,  show  that  a;5  —  3a;2  —  20  is  divisible  by 
x  —  2  . 

2a  2 


28.  Reduce 


a4  —  a2 


to  lowest  terms. 


2a3  —  a  —  1 

29.  Find  the  remainder  when  a;6  —  4a;4  +  7a;3  —  2a;2  +  x  —  5  is  divided 
by  a;2  —  x  +  1  . 

a2  -fib2  ab  —  b2 

30.  Simplffy  — ; - 7  X 


a 


31.  Simplify 


ab 

2 


a 

a4  -  ¥  Xb' 


a2  —  3a  +  2 


+ 


a1 


a 


a2  —  1 


32.  The  distance  an  object  falls  is  given  by  the  formula  D  =  %gt2 . 
Find  D,  given  g  —  32  and  t  =  10  . 


33.  Simplify 


a3  —  4a 


5  a 


a 


4 _ 


16  a3  +  4a 
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6»1  Binary  relations.  The  familiar  words  “relation”  and  “relationship” 
bring  to  mind  a  great  many  properties  which  relate  one  individual  to 
another:  for  example, 


Bill  “is  older  than”  Jim. 

John  “is  taller  than”  George. 

Jane  “is  the  sister  of”  Mary. 

Jack  “likes”  Jill. 

George  “is  heavier  than”  John. 

Helen  “is  the  mother  of”  Mary. 

Sally  “is  cleverer  than”  Ann. 

Mr.  Smith  “is  the  emplojmr  of”  Mr.  Jones. 


These  relationships  apply  between  two  people.  Other  relations,  such  as, 
“is  at  war  with”,  “trades  with”,  “is  opposed  to”,  “is  a  supporter  of”, 
could  apply  between  two  countries.  Still  other  relations,  such  as,  “is 
greater  than”,  “is  equal  to”,  “is  less  than”,  “is  the  square  of”,  apply 
between  two  numbers. 


The  common  characteristic  of  the  above  relations  is  that  each  relation 
applies  between  pairs  of  things  of  the  same  general  type.  For  this  reason, 
these  relations  are  called  binary  relations. 

If  the  relation  “is  older  than”  is  examined  as  it  applies  to  students  in  a 
particular  classroom,  it  would  not  be  difficult  to  list  the  names  of  all  pairs 
of  students,  such  that  the  student  named  second  in  each  pair  is  older  than 
the  student  named  first.  This  would  involve  forming  all  possible  pairs 
of  the  form  (Bill,  Jim),  (Bill,  Mary),  (Bill,  Jack),  (Jim,  Mary),  (Jim,  Jack), 
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(Mary,  Jack),  and  so  on,  such  that  the  second  member  of  each  pair  is  older 
than  the  first.  Since  the  order  in  which  the  names  are  written  in  each 
of  these  pairs  is  important,  each  pair  is  called  an  ordered  pair.  The  set 
of  all  ordered  pairs  formed  as  indicated  above  specifies  completely  the 
relation  “is  older  than”  as  it  applies  to  the  students  in  the  particular 
classroom  under  consideration. 

The  basicJldea^of-fL  binary  relation  is  an  association  fmnL_one  element 
oTa-s^t-to-anotheiv-  Such  an  association  determines  a  set  of  ordered  pairs. 
Thus,  it  is  natural  and  convenient  to  study  a  binary  relation  by  studying 
the  set  of  ordered  pairs  of  the  relation. 

It  should  be  understood  that  there  are  relations  which  involve  three 
members.  These  are  called  ternary  relations  and  determine  a  set  of  ordered 
triples.  Similarly,  there  are  relations  which  involve  more  than  three 
members.  However,  the  only  relations  discussed  in  this  book  are  binarj^ 
relations. 

Example  1.  Given  A  =  { 2,  —  5,  7,  —  7,  —  2,  5},  list  the  ordered  pairs 
of  each  of  the  following  relations : 

(i)  Ri  “is  greater  than”,  on  A; 

(ii)  R2  “is  the  additive  inverse  of”,  on  A; 

(iii)  I? 3  “is  the  square  of”,  on  A  . 

In  listing  the  ordered  pairs  of  a  relation,  the  second  element  in  each 
pair  is  in  the  given  relation  to  the  first  element. 

Solution,  (i)  Bi  =  {(2,  7),  (2,  5),  (-5,  2),  (-5,  7),  (-5,  -2), 

(-  5,  5),  (-  7,  2),  (-  7,  -  5),  (-  7,  7),  (-  7,  -  2), 
(-  7,  5),  (-  2,  2),  (-  2,  7),  (-  2,  5),  (5,  7)} 

(ii)  R,  =  { (2,  -  2),  (-  2,  2),  (-  5,  5),  (5,  -  5),  (7,  -  7), 

(- V,  7)} 

(iii)  Rz  =  0 

Example  2.  Given  A  =  { 1 ,  2,  3,  4,  5 },  list  the  ordered  pairs  of  the  relation 
R  “is  equal  to”,  on  A  . 

Solution.  R  =  { (1,  1),  (2,  2),  (3,  3),  (4,  4),  (5,  5) } 

Exercise  6-1 

(B) 

1.  The  following  is  a  list  of  the  heights  of  the  boys  on  a  basketball  team : 
Andy  6'  1",  George  6'  2",  Michael  5'  11",  Ted  6'  4",  Martin  5'  7". 
List  the  ordered  pairs  such  that  the  second  member  in  each  pair 
“is  shorter  than”  the  first. 
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2.  The  following  is  a  list  of  the  densities  of  certain  materials  in  grams 
per  cubic  centimetre:  Aluminium  2.72,  Copper  8.90,  Diamond  3.5, 
Gold  19.34,  Iron  7.85  .  List  the  ordered  pairs  such  that  the  density 
of  the  second  member  in  each  pair  “is  greater  than”  the  density  of  the 
first. 

3.  Given  the  set  A  —  {  —  3,  —  1,  0,  1,  3,  5 } ,  list  the  set  of  ordered  pairs 
of  each  of  the  following  relations  on  A  : 

(i)  Ri  “is  three  times”  (ii)  P2  “is  equal  to” 

(iii)  R  3  “is  the  square  of”  (iv)  R 4  “is  two  more  than” 

(v)  P6  “is  greater  than” 

4.  Given  the  set  B  =  {0,  J,  1,  2,  3},  list  the  set  of  ordered  pairs  of 
each  of  the  following  relations  on  B : 

(i)  P  i  “is  less  than”  (ii)  P2  “is  the  reciprocal  of” 

(iii)  P3  “is  one  more  than  twice  as  great  as” 

6»2  Ordered  pairs  in  cross-products.  If  A  =  {2,  4}  and  B  =  { 1,  3,  5,  7}, 

it  is  possible  to  form  a  set  of  eight  ordered  pairs  whose  first  member  is  an 

element  of  A  and  whose  second  member  is  an  element  of  B  in  the  following 

manner : 


The  resulting  set  is  { (2,  1),  (2,  3),  (2,  5),  (2,  7),  (4,  1),  (4,  3),  (4,  5),  (4,  7) } 
which  is  referred  to  as  a  cross-product  of  the  two  sets  A  and  B.  This 
cross-product  is  designated  A  X  B  (read,  “A  cross  B”)  and,  using  set- 
builder  notation,  is  defined  as  follows : 

A  X  B  =  {(x,  y)\x  e  A,  y  €  B} 

definition  :  The  cross-product ,  A  X  B,  of  two  sets  A  and  B  is  the  set 
of  all  ordered  pairs  whose  first  member  is  an  element  of  A  and  whose 
second  member  is  an  element  of  B. 

The  sets  A  and  B  also  give  rise  to  a  second  cross-product,  B  X  A,  in 
which  the  first  member  of  each  ordered  pair  is  from  the  set  B  and  the 
second  from  the  set  A. 

B  X  A  =  { (x,  y)  |  x  e  B,  y  €  A  } 

B  X  A  =  (1,  2),  (1,  4),  (3,  2),  (3,  4),  (5,  2),  (5,  4),  (7,  2),  (7,  4)  | 
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If  the  set  B  is  identical  to  the  set  A,  then  the  cross-product 

A  X  A  =  {(x,  y)\x  e  A,  y  e  A}  . 

From  the  manner  in  which  the  ordered  pairs  are  formed,  it  is  seen  that 
the  number  of  ordered  pairs  in  a  cross-product  is  the  product  of  the  number 
of  elements  in  each  of  the  two  sets. 

Thus,  the  number  of  ordered  pairs  in  A  X  B  is  2  •  4  or  8,  and  in 
general : 

If  a  set  A  has  m  elements  and  a  set  B  has  n  elements,  then  the 
cross-product  A  X  B  has  m  •  n  or  mn  ordered  pairs,  and  the  cross- 
product  A  X  A  has  m2  ordered  pairs. 

Example.  Given  A  =  { 1,  3,  5 } . 

(i)  Determine  the  number  of  elements  in  A  X  A. 

(ii)  List  the  ordered  pairs  of  A  X  A. 

Solution,  (i)  Number  of  elements  in  A  X  A  =  3  •  3  =  9 

(ii)  A  X  A  =  }(1,  1),  (1,3),  (1,  5), 

(3,  1),  (3,  3),  (3,  5), 

(5,  1),  (5,  3),  (5,  5) } 

Write  solutions  to  the  following  problems  and  compare  them  with  those  on 

page  477. 

1.  Given  A  =  { 1,  3,  5 } ,  select  the  subset  B  of  ordered  pairs  from  A  X  A 
such  that  the  second  member  is  less  than  the  first  member. 

2.  Find  the  set  of  all  ordered  pairs  of  N  X  N  (N  is  the  set  of  natural 
numbers)  such  that  the  second  member  of  each  pair  exceeds  the  first 
member  by  2  . 

3.  Given  A  —  {8,  27,  64},  select  the  subset  C  of  ordered  pairs  in  A  X  A 
such  that  the  second  member  of  each  pair  is  the  cube  of  the  first 
member. 

Exercise  6-2 

(A) 

1.  If  A  is  the  set  of  integers  having  only  one  digit  and  B  is  the  set  of 
odd  integers  having  one  digit,  how  many  ordered  pairs  are  there  in 
AXB ? 

2.  If  A  —  { 1,  4,  7 } ,  list  the  elements  of  A  X  A  . 
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3.  Find  A  X  B  and  B  X  A  when  A  —  {2,  5}  and  B  =  { 1,  3,  4}  . 

4.  Under  what  condition  is  A  X  B  =  B  X  A? 

6.  Which  ordered  pair  in  { (1,  1),  (3,  9),  (2,  4),  (4,  8),  (6,  36),  (5,  25) } 
does  not  exhibit  the  same  pattern  as  the  other  ordered  pairs? 

(B) 

6.  List  { (x,  y)\x,  y  e  A]  where  A  =  { 2,  3,  4 }  . 

7.  List  the  set  of  all  ordered  pairs  in  { 5,  7 }  X  { 4,  6,  8 }  . 

8.  If  A  =  }  1,  2,  3,  . . .  ,  9 } ,  list  the  set  of  all  ordered  pairs  whose  second 
member  exceeds  its  first  member  by  1. 

9.  List  the  elements  of  the  set  of  all  ordered  pairs  in  N  X  N  whose 
second  member  is  double  its  first  member. 

10.  If  A  —  { 1,  4,  7 } ,  list  the  set  of  all  ordered  pairs  in  A  X  A  in  which 
the  second  member  is  the  cube  of  the  first  member. 

11.  The  Eastern  Conference  Football  League  consists  of  teams  from 
Hamilton,  Montreal,  Ottawa,  and  Toronto.  List  ordered  pairs  to 
indicate  all  possible  games,  the  second  member  of  the  pair  being  the 
visiting  team. 

6*3  Graphs  of  ordered  pairs.  It  has  been  noted  previously  that  there  is  a 
one-to-one  correspondence  between  the  real  numbers  and  the  points  on 
the  real  number  line.  The  points  designated  by  the  real  numbers  2, 
—  1.5,  -\/2,  —  i  are  indicated  graphically  in  Fig.  6-1. 

-3"  -2  -1*5  -1 I  6  1  ^2  3 

4 

Fig.  6-1 

To  draw  the  graph  of  an  ordered  pair,  two  such  real  number  lines  are 
required.  They  are  usually  drawn  at  right  angles,  as  indicated  in  Fig.  6-2. 

The  horizontal  number  line  is  known  as  the  x-axis  and  the  vertical 
number  line  as  the  y-axis. 

If  lines  are  drawn  parallel  to  the  x-axis  through  points  on  the  y-axis 
whose  coordinates  are  the  integers  . . .,  —  3,  —  2,  —  1,  1,  2,  3,  . . and  if 
lines  are  drawn  parallel  to  the  y-axis  through  points  on  the  x-axis  having 
integral  coordinates,  a  lattice  is  formed  (Fig.  6-li).  The  points  of  intersec¬ 
tion  of  these  lines  are  called  lattice  points  which  can  be  identified  with 
ordered  pairs  of  integers.  The  lines  are  called  lattice  lines. 
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Fig.  6-2 

To  draw  the  graph  of  an  ordered  pair  of  integers  (p,  q),  it  is  necessary 
to  locate  a  lattice  point  which  is  p  units  from  the  y- axis,  measured  in  a 
direction  parallel  to  the  z-axis,  and  q  units  from  the  z-axis,  measured  in  a 
direction  parallel  to  the  y-axis  (Fig.  6-3 ) ;  p  is  called  the  x-coordinate  or 
abscissa,  and  q  the  y-coordinate  or  ordinate  of  the  point. 


Thus,  the  point  identified  by  the  ordered  pair  (—  3,  4)  is  3  units  to  the 
left  of  the  y- axis  and  4  units  above  the  z-axis,  as  shown  in  Fig.  6-4.  Other 
points,  with  their  coordinates,  are  also  shown. 


[  66  Chapter  VI 

The  number  plane  is  divided  into  four  quadrants,  numbered  as  in  Fig.  6-4. 
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Since  the  set  of  integers  includes  0,  lattice  points  appear  on  the  axes, 
as  illustrated  by  the  points  whose  coordinates  are  (2,  0),  (0,  3),  (—  2,  0), 
and  (0,  —  3).  The  point  of  intersection  of  the  axes  has  coordinates  (0,  0) 
and  is  known  as  the  origin  (designated  by  O). 

Lines  parallel  to  the  axes  may  be  drawn  through  any  points  ( x ,  0)  and 
(0,  y),  x,  y  6  R  on  the  axes  to  meet  in  a  unique  point  (x,  y)  on  the  number 
plane.  Thus,  every  point  in  the  real  number  plane  can  be  associated  with 
an  ordered  pair  of  real  numbers. 

The  French  mathematician  and  philosopher,  Rene  Descartes  (1596- 
1650),  is  credited  with  developing  this  method  of  representing  the  position 
of  a  point  in  a  plane  with  respect  to  number-line  axes  of  reference.  In 
1637  he  published  the  first  book  which  may  properly  be  called  a  treatise 
on  analytic  geometry  or  Cartesian  coordinate  geometry.  The  fundamental 
assumption  of  this  geometry  is  as  follows : 

There  is  a  one-to-one  correspondence  between  the  set  of  all  points 
in  a  plane  and  the  set  of  all  ordered  pairs  of  real  numbers. 

The  set  of  all  ordered  pairs  of  real  numbers  is  the  cross-product 

R  X  R  =  \{x,  y) \x  e  R,  y  e  R\  . 
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Cross-products  are  often  referred  to  as  Cartesian  'products  in  deference 
to  Descartes. 

Example  1.  If  A  =  {  —  3,  1,  4},  determine  A  X  A  and  draw  its  graph. 
Solution. 

A  X  A  =  {(-3,4),  (1,4),  (4,4), 

(-  3,  1),  (1,  1),  (4,  1), 

(-  3,  -  3),  (1,  -  3),  (4,  -  3)} 

The  graph  is  shown  in  Fig.  6-5. 
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The  graph  of  the  Cartesian  set  A  X  A  consists  of  all  the  points  of 
intersection  in  the  number  plane  formed  by  drawing  parallels  to  the  axes 
through  the  points  on  the  axes  corresponding  to  the  elements  of  A.  In 
other  words,  there  is  a  one-to-one  correspondence  between  the  set  of 
ordered  pairs  in  A  X  A  and  these  points  in  the  number  plane. 


Example  2.  Draw  the  graph  of  the  Cartesian  set  A  X  A  where 


Solution. 

«  MB  f„>  (k  fo>  (- 1 
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The  graph  is  shown  in  Fig.  6-6. 
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Exercise  6-3 

(A) 

1.  In  the  accompanying  diagram,  state  the  coordinates  of  the  points 
indicated. 
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(B) 

2.  Write  the  coordinates  of  the  points  indicated  in  the  diagram  of 
question  1. 

3.  Using  convenient  axes  and  scale,  plot  the  points  P(10,  3),  Q{—  6,  4), 
P( 0,  10),  S{~  2,  -  8),  P(6,  0),  and  7(2,  -  9). 

4.  Plot  the  points  A(  —  3,  5),  B(7,  5),  and  C( 7,  —  3).  Measure  (i)  the 
length  of  AB  (ii)  the  length  of  BC„ 

5.  In  the  diagram  for  question  4,  find  the  coordinates  of  the  fourth  point, 
D,  of  a  rectangle  ABCD  and  of  the  midpoints  of  AB  and  BC. 

6.  Plot  the  point  A( 3,  4).  Find  the  distance  from  A  to  the  origin  in 
terms  of  the  unit  employed. 

7.  Plot  the  points  A(  —  4,  0)  and  B( 0,  3).  Find  the  length  of  AB  by 
using  a  right-angled  triangle.  Check  the  result  by  measurement. 

8.  Plot  the  points  P(6,  2)  and  Q(—  2,  --  6).  Check  that  these  points  are 
the  same  distance  from  the  origin  (i)  by  using  right-angled  triangles 
and  (ii)  by  measurement. 

9.  If  A  —  { 1,  2,  3,  4 } ,  list  the  ordered  pairs  in  A  X  A  and  draw  the 
graph  of  the  set. 

10.  Draw  the  graph  of  A  X  A  when  A  =  {  —  3,  —  1,  1,  3 }  . 

11.  If  A  =  {  —  2,  0,  2 } ,  plot  the  graph  of  A  X  A  and  list  the  elements  of 
the  Cartesian  set. 

6*4  Relations  in  A  X  B  and  A  X  A  .  If  with  each  element  of  set  A  there 
is  associated  an  element  of  set  B,  then  this  association  is  called  a  relation 
from  A  to  B  in  A  X  B.  Since  the  association  determines  a  set  of  ordered 
pairs,  a  relation  in  A  X  B  determines  a  subset  of  A  X  B.  Also,  a  relation 
in  A  X  A  determines  a  subset  of  A  X  A. 

A  relation  P  involves : 

(i)  a  universal  set  U  on  which  the  relation  is  applied; 

(ii)  a  defining  sentence  (rule  of  correspondence) ; 

(iii)  a  set  of  ordered  pairs  determined  by  the  defining  sentence. 

The  relation  P  “is  less  than”  applied  on  set  U  is  conveniently  expressed 

P  =  {(x,y)\y  <  x,  x,  y  a  U) 

which  indicates  that  the  relation  P : 

(i)  is  applied  on  U ; 

(ii)  has  the  defining  sentence  y  <  x  ,  x  ,  y  e  U; 

(iii)  determines  a  set  of  ordered  pairs  ( x ,  y)  which  is  a  subset  of  U  X  U. 
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Example.  Given  A  =  }  0,  1,  2,  3,  4 }  . 

(i)  Find  all  the  ordered  pairs  (x,  y )  in  A  X  A  and  draw  the  lattice  lines 
determining  the  points  which  have  these  ordered  pairs  as  coordinates. 
Draw  the  graph  of  A  X  A. 

(ii)  Select  and  graph  the  ordered  pairs  of  the  following  relations : 

(a)  R  i  =  { (x,  y)  |  y  =  x,  x,  y  e  A } 

(b)  R2  =  { (x,  y)  j  y  >  x,  x,  y  €  A } 

(c)  Rs  =  {(x,y)\y<x,x,yzA} 


Solution. 

(i)  A  X  A 

Y 

k  4 

=  { (0,  4),  (i,  4),  (2,  4),  (3,  4),  (4,  4), 

(0,  3),  (1,  3),  (2,  3),  (3,  3),  (4,  3),  3 , 

(0,  2),  (1,  2),  (2,  2),  (3,  2),  (4,  2),  2. 

.  i 

f 

l  d 

W  \ 

9 

(0,  1),  (1,  1),  (2,  1),  (3,  1),  (4,  1), 

.  /J 

k  4 

k  - 

f  \ 

9 

(0,0),  (1,0),  (2,0),  (3,0),  (4,0)}  Q 

f  \ 

9 

.  * 

The  graph  is  shown  in  Fig.  6-7. 

?  ^ 

1  4 

! 

Fig.  6-7 


(ii)  (a) 

Ri  =  { (x,  y)  |  y  =  x,  x,  y  e  A  j 
=  {  (4,4), 

(3,  3), 

(2,  2), 

(1,  1), 

(0,  0), 

The  graph  is  shown  in  Fig.  6-8. 


I 


3 

2 


2  3 

Fig.  6-8 


R2  =  { (x,  y)  |  y  >  x,  x,  y  e  A } 

=  {(0,4),  (1,4),  (2,4),  (3,4), 
(0,  3),  (1,  3),  (2,  3), 

(0,  2),  (1,  2), 

(0,  1)  } 

The  graph  is  shown  in  Fig.  6-9, 
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Fig.  6-9 


Relations 

(c) 

Rz  =  {(*,  y)\y  <x,x,yiA } 

=  !  (4,  3), 

(3,  2),  (4,  2), 
(2,  1),  (3,  1),  (4,  1), 
(1,0),  (2,  0),  (3,  0),  (4,  0)} 

The  graph  is  shown  in  Fig.  6-10. 
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Fig.  6-10 


6*5  Domain  and  range  of  ^relation. 

definition  :  The  domain  of  a  relation  is  the  set  of  all  first  members 
of  the  ordered  pairs  of  the  relation. 


definition:  The  range  of  a  relation  is  the  set  of  all  second  members 
of  the  ordered  pairs  of  the  relation. 


Example.  List  the  domain  and  range  of  the  relation 

F  =  {(x,  y)\y  =  2 x,  x,y  t  A},  where  A  =  { 0,  1,  2,  4}  . 

Solution.  F  =  { (0,  0),  (1,  2),  (2,  4) } 

the  domain  is  { 0,  1,  2 },  and  the  range  is  {0,  2,  4}  . 

Write  solutions  to  the  following  problems  and  compare  them  with  those 
on  page  477. 

1.  If  A  =  {0,  1,  2,  3,  4,  5},  find  the  domain  and  range  of  the  relation 

B  =  {0,  y)\y  =  z2  +  1,  x,  y  e  A }  . 

2.  Find  the  domain  and  range  of  the  relation 
C  =  {(x,  y)\y  =  2x  -  1,  x,  y  €  Aro }  . 

3.  Find  the  domain  and  range  of  the  relation 
D  =  {(x,  y)\y  =  x,  x,  y  e  R}  . 

4.  Which  of  the  ordered  pairs: 

(3,  4),  (0,  0),  (0,  -  5),  (4,  -  3),  (5,  0),  (0,  25),  (4,  3),  (6,  1) 

do  not  satisfy  the  relation  E  =  {(x,  y)\x2  y2  =  25,  x,  y  €  i}? 

Exercise  6-4 

(A) 

1.  Find  the  domain  and  range  of  the  relations: 

(i)  Ri  =  { (x,  y)\y  =  2x  +  1,  x,  y  €  A }  where  A  =  { 1,  3,  5,  7} 

(ii)  R2  =  { ( x ,  y)\y  =  2x2,  x,  y  e  No] 
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Find  the  domain  and  range  of  the  relations: 

(iii)  723  =  { (x,  y)\2x  +  y  =  3,  x,  y  €  N] 

(iv)  R\  =  { (x,  y)  \x  +  y  =  0,  x,  y  €  R } 

2.  List  three  ordered  pairs  of  each  of  the  following  relations  on  the 
set  I: 

(i)  Pi  =  }  (x,  y)\y  =  x  +  1 }  (ii)  P2  =  { (x,  y)\x  +  y  =  5} 

(iii)  P3  =  {(a;,  y)\y  =  x2}  (iv)  P\  =  { (x,  y)\x  =  y2} 


(B) 

3.  Which  of  the  ordered  pairs  (1,  2),  (2,  6),  (18,  3),  (0,  0),  (4,  32)  do  not 
satisfy  the  relation  Q  =  { (x,  y)  \2x2  =  y,  x,  y  e  iV }  ? 

4.  If  U  =  }0,  1,  2,  3 }  and  (x,  y)  is  an  element  of  U  X  U,  determine 
the  ordered  pairs,  and  state  the  domain  and  range  of  each  of  the  fol¬ 
lowing  relations: 

(i)  A  =  {{x,y)\y  =  x  +  l}  (ii)  B  =  {{x,y)\x  =  3} 

(iii)  C  =  {(x,y)\y  >  x}  (iv)  D  =  {(x,y)\y  =  4x} 

(v)  E  =  \(x,y)\y  =  4}  (vi)  F  =  {(x,y)\y  =  x2} 

5.  If  A  ~  {  —  1,  0,  l}  and  B  =  {  —  2,  0,  2},  find  A  X  B;  select  the 
ordered  pairs  for  which  the  second  member  is  double  the  first  mem¬ 
ber,  and  state  the  domain  and  the  range  of  this  relation. 

6.  Find  the  domain  and  range  of : 

(i)  F 1  =  { (x,  y)\y  =  x2,  x,  y  €  R] 

(ii)  F-2  =  { (x,  y)\x  =  -  2,  x,  y  e  R\ 

(iii)  F3  =  { (x,  y)\y  =  3,  x,  y  €  R) 

(iv)  Fi  =  { (x,  y)  |x  =  0 ,x,yeR} 

6*6  Graphs  of  relations.  The  graph  of  a  binary  relation  is  the  set  of 
points  whose  coordinates  are  the  ordered  pairs  of  the  relation.  Example 
1  illustrates  a  method  of  obtaining  the  graph  of  a  relation  which  is  defined 
over  a  set  of  numbers  containing  only  a  limited  number  of  elements. 

Example  1.  If  A  =  {  —  2,  —  1,0,  1,  2,  3},  draw  the  graph  of  the  relation 
B  =  { (x,  y)\y  =  x,  x,  y  €  A}  . 

Solution.  B  =  { (x,  y)\y  =  x,  x,  y  6  A  } 

The  ordered  pairs  of  B  may  be  determined  by  constructing  a  table  of 
values  in  which  each  x  in  the  domain  is  associated  with  the  corresponding 
value  of  y  in  the  range. 


Relations 

Table  of  values  for  B : 


17? 


X 

-  2 

-  1 

0 

1 

2 

3 

y 

-  2 

-  1  0 

1 

2  3 

The  table  implies  the  following 
about  this  relation : 

(i)  the  domain,  which  is 
{-2,  -1,0,  1,2,3}  ; 

(ii)  the  range,  which  is 
{-2,  -1,0,  1,2,3}  ; 

(iii)  the  set  of  ordered  pairs,  which 
is  {(-2,  -  2),  (-  1,  -  1), 
(0,  0),  (1,  1),  (2,  2),  (3,  3) }  . 
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Fig.  6-11 


The  graph,  Fig.  6-11,  consists  of 

the  six  points  whose  coordinates  are  the  ordered  pairs  of  the  relation. 

Examples  2  to  5  deal  with  relations  which  have  the  same  defining 
equation,  but  which  are  defined  on  different  number  sets.  The  devel¬ 
opment  is  designed  to  suggest  what  is  meant  by  the  graph  of  a  relation 
defined  on  the  set  of  real  numbers. 


Example  2.  Draw  the  graph  of  the  relation 

Pi  =  {0,  y)\y  =  x  +  1,  x,  y  e  C] 

where  C  =  { —  3,  —  2,  —  1,  0,  1,  2,  3}  ,  and  state  the  domain  and  range 
of  the  relation. 


Solution. 

Pi  =  { (*,  y)\y  =  x  +  i,  x,  y  €  c} 
For  Pi: 


X 

-  3 

-  2 

-  1 

0 

1 

2 

y 

-  2  -  1 

0 

1 

2 

3 

The  graph  is  shown  in  Fig.  6-12. 
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discussion.  This  table  gives  the 
domain  and  range,  and  the  ordered 
pairs  of  the  relation. 

However,  in  this  example,  neither 
the  domain  nor  the  range  contains 
every  element  of  C.  For  example, 
if  x  =  3,  then  y  =  4,  but  4  i  C; 
therefore  the  relation  is  not  defined 
for  all  elements  of  C. 

Domain  is  j  —  3,  —  2,  —  1,  0,  1,  2}  . 
Range  is  {  —  2,  —  1,  0,  1,  2,  3}  . 
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Example  3.  Draw  the  graph  of  the  relation 

A  =  { (x,  y)\y  =  x  +  1,  x,  y  €  I) 

and  state  its  domain  and  range. 


Solution. 

P2  =  l  ix,  y)\y  =  x  +  1,  x,  y  €  /} 


For  P2: 


X 

-  3 

-  2 

1 

0 

1 

2 

y 

-  2 

1 

0 

1 

2 

3 

The  partial  graph  of  P2  is  shown 
in  Fig.  6-13. 


Domain  is  { x\x  el j  . 
Range  is  {y\y  e  /}  . 


discussion.  Since  the  set  I  is  an 
infinite  set,  the  relation  determines 
an  infinite  set  of  ordered  pairs.  The 
graph  consists  of  an  infinite  set  of 
points.  To  obtain  the  'partial  graph 
of  P2,  arbitrarily  select  a  convenient 
number  of  replacements  for  x  from 
the  set  I  and  construct  the  corres¬ 
ponding  table  of  values.  Plot  the 
corresponding  points;  these  points 
are  a  partial  graph  of  P2.  The  full 
graph  cannot  be  drawn.  The  par¬ 
tial  graph  implies  that  the  full  graph 
is  an  extension  of  this  graph  in  the 
directions  indicated  by  the  plotted 
points. 

The  table  does  not  state  the  do¬ 
main  and  range  nor  list  all  the 
ordered  pairs.  The  domain  and 
range  are  inferred  from  the  nature 
of  the  graph  or  as  follows : 

v  y  =  x  +  1,  y  is  an  integer  for 
all  replacements  of  x  from  7, 

.'.  the  domain  is  {x\x  e  /}  . 
v  x  =  y  —  1,  x  is  an  integer  for 
all  replacements  of  y  from  I, 

.’.  the  range  is  {y\y  e  /}  . 


Example  4.  Draw  the  graph  of  the  relation 

P 3  =  l(x,  y)\y  =  x  +  1,  x,  y  e  C} 

where  C  is  the  set  of  all  real  numbers  between  and  including  —  3  and  +  3. 
Solution. 

P3  =  { (x,  y)\y  =  x  +  1,  x,  y  e  C}  discussion.  The  set  C  may  be 

C  is  the  set  of  real  numbers  in  the  expressed  concisely  as 

interval  —  3  to +  3.  {z|  —  3^z^3,  z  eR) 


Relations 
For  P3: 


175 


X 

-  3 

-  2 

-  1 

0 

1 

2 

y 

-  2 

-  1 

0 

1 

2 

3 

The  graph  of  P3  is  shown  in  Fig. 
6-14- 
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1 

Fig.  6-1 4 


Domain  is  [x\  —  3  ^  x  tz  2 ,  x  €  R}  . 
Range  is  {y\  -  2  ^  y  ^  3,  y  e  P}  . 


which  means  that  2  is  any  real  num¬ 
ber  in  the  interval  between  and 
including  —  3  and  +  3.  Since  the 
replacement  set  for  x  and  y  is  an 
infinite  set,  the  relation  determines 
an  infinite  set  of  ordered  pairs  and 
the  graph  an  infinite  set  of  points. 
To  obtain  the  graph,  arbitrarily 
select  a  convenient  number  of  re¬ 
placements  for  x  from  the  set  C  and 
construct  the  corresponding  table 
of  values.  Since  the  interval  has 
end  values,  the  table  of  values 
should  include  these.  In  this  table, 
one  of  the  replacements  for  £  is  —  3, 
and  one  of  the  replacements  for 
y  is  +3.  The  end  points  of  the 
graph  are  determined  by  the  order¬ 
ed  pairs  (—3,  —  2)  and  (2,  3). 

If  a  few  other  points,  such  as 
those  whose  ordered  pairs  are  given 
in  the  following  table,  are  tested,  it 
is  found  that  they  appear  to  lie  on 
the  line  segment  joining  the  points 
with  coordinates  (—  3,  2)  and  (2,  3). 


X 

5 

2 

3 

2 

1 

2 

1 

2 

3 

2 

y 

3 

2 

1 

~~  2 

1 

2 

3 

2 

5 

2 

The  graph  is  the  line  segment 
joining  the  points  with  coordinates 
(—3,  —  2)  and  (2,  3).  The  graph 
is  said  to  be  continuous  in  this 
interval. 

From  the  graph  it  is  seen  that : 

the  domain  is 

{x\  —  3  ^  x  S  2,  x  e  R]  ; 

the  range  is 

{y\-2^y  H3,ytR}  . 
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Example  6.  Draw  the  graph  of  the  relation 

Pi  =  { (x,  y)\y  =  x  +  1,  x,  y  €  R) 
and  state  its  domain  and  range. 


Solution. 

Pi  =  {0,  y)\y  =  x  +  1 ,  x,  y  a  R} 
For  P4: 


X 

-  3 

-  2 

-  1 

0 

1 

2 

V 

-  2  -  1 

0 

1 

2 

3 

The  partial  graph  of  P4  is  shown 
in  Fig.  6-15. 


Domain  is  {x\x  €  R}  . 

Range  is  [y\y  €  R}  . 

Example  6.  Draw  the  graph  of 
Pi  =  { (*,  y)\y  =  x2,  x  a  A,  y  z  l\  , 
if  A  =  {-  3,  -  2,  -  1,  0, 1,2,3} . 
Solution. 

Pi  =  { (x,  y)\y  =  x2,  x  z  A,  y  t  l\ 
For  Pi: 


X 

-  3 

-  2 

-  1 

0 

1 

2 

3 

y 

9 

4 

1 

0 

1 

4 

9 

The  graph  of  the  relation  is  shown 
in  Fig.  6-16  . 


discussion.  Make  an  arbitrary  selec¬ 
tion  of  replacements  for  x  from  the 
set  R ;  construct  the  table  of  values 
and  plot  the  corresponding  points. 
The  graph  of  P4  is  the  line  deter¬ 
mined  by  the  plotted  points.  This 
is  a  reasonable  assumption  since  the 
interval  selected  for  plotting  points 
was  chosen  arbitrarily.  Only  partial 
graphs  of  relations  in  R  X  R  can 
be  drawn. 

From  the  graph  it  may  be  seen: 
the  domain  is  {x\x  €  R }  ; 
the  range  is  { y\y  e  R }  . 

Examples  6  and  7  illustrate  re¬ 
lations  the  graphs  of  which  are  not 
straight  lines  or  sets  of  points  which 
lie  on  a  straight  line. 
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Fig.  6-16 


Relations 

Example  7.  Draw  the  graph  of  P2  = 
domain  and  range  of  the  relation. 

Solution. 

Pi  =  {0,  y)\y  =  x2,  X,  y  eR} 
v  x  e  R,  then  x2  (or  y)  e  R. 

P2  =  { (x,  x2) I#  €  P} 

For  P2 : 


X 

-  3 

-  2 

.14 

-  1 

y 

9 

4 

1.96 

1 

-  .5 

0 

.5 

1  1.4 

2 

3 

.25 

0 

.25 

1  1.96 

4 

9 

The  partial  graph  is  shown  in 
Fig.  6-17. 
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Fig.  6-17 


Domain  is  {z|x  e  R  j  . 
Range  is  [y\y  ^  0,  y  €  P  j  . 
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{x,  2/||/  =  x2,  x,  y  e  P}  and  state  the 


discussion.  The  table  of  values  for 
Pi  in  Example  6  is  satisfactory  for 
establishing  the  pattern  of  the  graph 
of  P2.  In  the  table  given,  a  few 
more  replacement  values  are  used 
to  illustrate  that  the  smooth  curve 
drawn  through  the  plotted  points 
really  is  a  good  approximation  to 
the  required  graph. 

Both  the  graph  and  the  defining 
equation,  y  =  x2,  suggest  that  as 
x  assumes  all  real  values  in  the  in¬ 
terval  —  3  to  +  3,  y  assumes  all  real 
values  in  the  range  interval  0  to 
+  9.  Also,  since  x  may  be  replaced 
by  any  real  number,  the  curve  ex¬ 
tends  indefinitely  beyond  the  points 
whose  coordinates  are  (—  3,  9)  and 
(3,  9) . 

The  graph  suggests  that: 
the  domain  is  { €  P }  ; 
the  range  is  [y\y  ^  0,  y  €  P}  . 


Write  solutions  to  the  following  problems  and  compare  them  with  those  on 

page  478. 

1.  Draw  the  graph  of  the  relation 

M  =  {(s,  y)\2x  +  y  =  3,  x,  y  e  P } ,  and  state  its  domain  and  range. 

2.  Draw  the  graph  of  the  relation 

A  =  { (x,  y)\x  =  3,  x,  y  €  P},  and  state  its  domain  and  range. 
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(A) 

1.  If  x,  y  e  R,  and  the  following  are  defining  equations  of  relations, 
express  the  ordered  pairs  ( x ,  y )  of  the  relations  in  terms  of  the  variable  x : 


(i)  3 x  =  y 

(ii)  x  —  2y  =  0 

(hi) 

x  -F  y  =  2 

(iv)  4x  —  y  =  5 

(v)  3x  +  4y  =  0 

(vi) 

2x  +  3y  =  4 

(vii)  5x  +  2y  +  6  = 

=  0  (viii)  ax  —  y  =  b 

(ix) 

px  =  qy 

(x)  cx  +  dy  =  e 

(xi)  4x2  —  y  —  0 

(xii) 

to 

+ 

.  1 
to 

II 

o 

For  a:,  y  e  I,  find  three  ordered  pairs  defined  by  the  following  equa- 

tions : 

(i)  2x  +  y  =  3 

(ii)  3x  —  y  =  5 

(hi) 

X  +  2y  =  7 

(iv)  y  =  2x2 

(v)  xy  =  12 

(vi) 

y  =  x2  —  2 

Determine  which  of  the  following  ordered  pairs  satisfy  the  relation 

A  =  j  (x,  y)\x  +  2 y 

=  10,  xf  y  e  / }  : 

(i)  (0,5) 

(ii)  (2,5) 

(iii) 

(-  3,  7) 

(iv)  (-  2,  6) 

(v)  (4,  3) 

(vi) 

(9,  1) 

(B) 

.  — 

For  x,  ye/,  make 

a  table  of  values  showing  three  ordered  pairs 

defined  by  each  of  the  following  equations : 

(i)  X  +  y  =  5 

(ii)  x  -  y  =  5 

(hi) 

2x  —  y  =  6 

(iv)  x  +  3y  =  0 

(v)  2x  +  y  =  1 

(vi) 

y  =  x2 

(vii)  x  +  2y  =  8 

(viii)  3 x  —  y  =  —2 

(ix) 

2y  =  x2  —  1 

(x)  2x  —  3y  =  7 

(xi)  4x  +  2y  =  5 

(xii) 

x  —  y2 

5.  If  x,  y  €  /,  draw  the  graph  of  each  of  the  following  relations : 

(i)  Pi  =  {(s,  y)\y  =  x  -  3}  (ii)  R2  =  {(x,  y)\x  =  y  +  4} 

(iii)  Rz  =  !  (x,  y)\y  =  3}  (iv)  P4  =  { (x,  y) \2x  -  y  =  12} 

(v)  P5  =  { (x,  y)\Sy  +  x  -  15  =  0}  (vi)  P6  =  { (x,  y)\\x  -  y  =  2} 

6.  If  x,  y  e  R,  draw  the  graph  of  each  of  the  following  relations: 

(i)  Pi  =  { (x,  y)\x  +  2y  =  5}  (ii)  P2  =  { (x,  y) \2x  -  y  =  4} 

(iii)  P3  =  { (x,  y)\2x  +  y  =  l  }  (iv)  P4  =  { (x,  y)\x  =  4} 

(v)  P6  =  { (x,  y)\x  -  by  =  2}  (vi)  P6  =  { (x,  y) \x  =  y2} 

7.  For  x,  y  e  R,  draw  the  graph  of  { (x,  y)\x  —  y  =  2}  and  determine  the 
ordinates  of  points  whose  abscissas  are  4  and  —  2  . 
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8.  (i)  Using  the  same  axes,  draw  the  graphs  of  the  relations 

A  =  { (x,  y)  \x  +  y  =  7,  x,  y  €  R }  and 
B  ~  { (x,  y)  \x  -  y  =  5,  x,  y  €  R }  . 

(ii)  Name  the  coordinates  of  the  points  where  each  line  crosses  the 
axes  and  of  the  point  where  the  two  lines  intersect. 

(C) 

9.  The  cost  of  printing  tickets  for  a  dance  is  given  by  the  equation 
x  =  300  +  y  where  x  represents  the  cost  in  cents  and  y  represents 
the  number  of  tickets  printed.  Draw  the  graph  of  the  relation  defined 
by  this  equation  and  from  it  determine  the  cost  of  printing  600 
tickets. 

6*7  Linear  relations.  It  has  been  observed  that  the  graphs  of  some 
relations  are  sets  of  distinct  points,  some  are  line  segments,  some  are 
straight  lines,  and  some  are  curved  lines.  The  segments,  lines,  or  curves 
are  always  associated  with  domains  and  ranges  which  are  either  the  set  of 
real  numbers  or  some  subset  of  the  real  numbers. 

Experience  leads  us  to  the  conclusion  that  the  graph  of  a  relation  with  a 
defining  sentence  such  as  3x  +  2y  =  6,  x,  y  €  R,  is  a  straight  line. 

The  equation  3x  +  2y  —  6  involves  the  two  variables,  x  and  y,  the  two 
coefficients  of  the  variables,  3  and  2,  and  the  constant  term,  6.  If  we 
represent  the  coefficients  of  the  variables  by  a,  b,  and  the  constant  term 
by  c,  all  such  equations  of  the  first  degree  in  two  variables  may  be  re¬ 
presented  by  ax  +  by  =  c  . 

This  equation  is  called  a  general  equation  because  it  represents  all 
equations  which  have  this  form.  Comparing  3x  2y  =  6  with  the  general 
equation  ax  +  by  =  c,  we  see  that  a  =  3,  b  =  2,  c  =  6  in  this  case. 

The  study  we  have  made  of  the  graphs  of  relations  suggests  that  the 
following  general  statement  is  true. 

If  a,  b,  c  €  R,  then  any  sentence  of  the  form 

ax  +  by  =  c,  x,  y  e  R 

\ 

is  the  defining  sentence  of  a  relation  on  R  whose  graph  is  a  straight  line. 

If  the  defining  sentence  of  a  relation  is  an  equation  of  the  first  degree 
in  two  variables,  then  the  relation  is  called  a  linear  relation. 

6*8  The  x-  and  ^-intercepts  of  the  graph  of  a  linear  relation.  The  graph 
of  the  linear  relation  L  =  {(x,  y) \3x  -  2y  =  6,  x,  y  a  R}  is  illustrated 
in  Fig.  6-18. 
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It  is  seen  that  the  graph  crosses 
the  x-axis  at  a  directed  distance 
of  +  2  units  from  the  origin. 

The  directed  distance  from  the 
origin  to  the  point  where  the  graph 
crosses  the  x-axis  is  called  the  x- 
intercept  of  the  graph. 

The  directed  distance  from  the 
origin  to  the  point  where  the  graph 
crosses  the  y-axis  is  called  the 
y -intercept . 


Fig.  6-18 


Thus,  for  the  graph  of  this  relation: 

(i)  the  z-intercept  is  2 ; 

(ii)  the  ^-intercept  is  —  3 . 


Each  intercept  determines  a  point  on  the  graph: 

(i)  the  re-intercept,  2,  determines  the  point  with  coordinates  (2,  0) ; 

(ii)  the  ^/-intercept,  —  3,  determines  the  point  with  coordinates  (0,  —  3). 

Since  any  line  is  determined  by  two  points  on  it,  the  graph  in  Fig.  6-18 
could  have  been  drawn  by  the  following  procedure: 

(i)  find  the  x-  and  y-  intercepts; 

(ii)  plot  the  two  points  determined  by  them ; 

(iii)  draw  the  straight  line  determined  by  the  points. 

This  method  of  drawing  the  graph  is  called  the  intercept  method. 

To  find  the  re-intercept  of  the  graph  from  the  defining  equation,  we  note 
that  the  re-intercept  is  the  abscissa  of  the  point  on  the  graph  whose  ordinate 
is  zero.  Therefore,  by  substituting  y  =  0  in  the  equation,  the  corresponding 
value  of  x,  and  hence  the  re-intercept,  is  determined. 

Thus,  in  this  example  in  which  3re  —  2y  =  6  : 

if  y  =  0,  then  3rc  =  6 
:.  x  —  2 
:.  the  re-intercept  is  2. 

In  a  similar  manner,  the  y-intercept  is  determined  by  substituting 
x  =  0  in  the  equation. 
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If  x  =  0,  then  —  2y  =  6 

y  =  -  3 

the  ^/-intercept  is  —  3. 


Example  1.  Use  the  intercept  method  to  draw  the  graph  of  the  linear 
relation  G=  { (z,  y)\2x  -f  Sy  =  5,  x,  y,  €  R]  . 


Solution.  2x  -f  Sy  =  5 
If  y  =  0,  then  2x  =  5 

5 

.*.  z  =  - 
2 

.*.  the  rc-intercept  is  f-  or  2}. 

If  x  =  0,  then  Sy  =  5 

5 

y  3 

the  ^-intercept  is  f  or  If  . 

The  graph  is  shown  in  Fig.  6-19. 


Example  2.  Draw  the  graph  of  the  relation 


H  =  { (z,  ij) \2x  -  Sy  =  0,  z,  y  e  R)  . 


“  —  t  y  j  i"**'  —  v>  j  • 

A 

r 

Solution.  2x  —  ‘Sy  —  0 

y 

If  2  =  0,  then  —  3y  =  0 

O 

V  =  o 

i 

the  ^-intercept  is  zero. 

O 

X 

If  y  =  0,  then  22  =  0 

» 

2 

r 

o 

II 

• 

• 

• 

.*.  the  2-intercept  is  zero.  Fig.  6-20. 


The  two  intercepts  determine  only  one  point,  the  point  with  coordinates 
(0,  0)  on  the  graph.  Thus,  a  second  point  must  be  determined  before  the 
graph  may  be  drawn. 

If  2  =  3,  then  6  —  Sy  =  0 

—  Sy  —  —  6 

y  =  2 

(3,  2)  corresponds  to  a  point  on  the  graph. 

The  graph  is  shown  in  Fig.  6-20. 
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Exercise  6-6 


(A) 

1.  For  each  of  the  linear  relations  on  R  defined  as  follows,  find  the  co¬ 
ordinates  of  three  points  on  the  graph : 

(i)  F i=  { ( x ,  y) |3x  +  y  =  7}  (ii)  F2  =  { (x,  y)\x  +  2y  =  4} 

(iii)  F3  =  { (x,  y) \2x  -  y  +  5  =  0 }  (iv)  Fa  =  { (x,  y)\2x  +  3y  =  5 } 

(v)  F 5=  { (x,  y) \4x  —  2y  -f  3  =  0}  (vi)  Fe  =  { (x,  j/)|s. -  4} 

(vii)  Fr  =  {(x,  y)\y  =  -  2}  (viii)  Fs=  { (x,  y)\x  +  2y  =  0} 


(B) 


2.  Find  the  x-intercept  and  the  ^-intercept  of  the  graph  of  each  of  the 
following  linear  relations  on  R : 

(i)  Li=  { (x,  y)\2x  +  Sy  =  6}  (ii)  L2=  { (x,  y) |4x  -  y  =  5} 

(iii)  Ls  =  {(x,  y)\x  -  2y  =  0}  (iv)  La  =  {  (x,  y) |3x  +  by  +  7  =  0} 

(v)  Lb  —  |  (x,  y)\4y  -  5x  -  3  =  0}  (vi)  Le=  { (x,  y) |2x  =  3y  -  6} 


Draw  the  graph  of  the  following  relations  on  R: 


3.  A={  (x,  y) |3x  -  y  =  4} 

5.  <7  =  { (x,  2/)|x  -  y  +  6  =  0} 
7.  £’=  {Or,  2/)|3x  +  y  +  2  =  0} 
9.  C  =  {(x,  y)\x  =  -  4} 


4.  5=  { (a?,  y)\x  +  2y  ■■ 
6.  D=  { (x,  y) \2x  +  4y 
8.  F=  { (x,  y)]y  =  3} 
10.  H={(x,  y)\2x  +  y 


=  5} 
0) 


6*9  Linear  relations  defined  by  inequations.  The  graph  of  the  linear 
relation  P  =  { (x,  y)\y  —  x,  x,  y  €  R)  is  shown  in  Fig.  6-21.  This  straight 
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Fig.  6-21 


Fig.  6-22 
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line  separates  the  plane  into  the  two  half-planes  Hi  and  H2  (Fig.  6-21). 
Hi  is  the  set  of  points  above  the  line,  and  H2  is  the  set  of  points  below  the 
line.  The  points  on  the  line  are  not  in  either  half-plane.  The  line, 
however,  is  called  the  boundary  of  each  half-plane.  Thus,  with  reference 
to  the  line  whose  equation  is  y  —  x,  the  points  in  the  plane  may  be  classified 
as  (i)  above  (ii)  on  (iii)  below  the  line. 

A  defining  sentence  for  each  of  these  three  sets  of  points  may  be  de¬ 
termined  as  follows. 

Consider  all  the  points  whose  abscissa  is  2.  These  points  all  lie  on  the 
line  parallel  to  the  y- axis  and  passing  through  the  point  with  coordinates 
(2,  °). 

The  intersection  of  this  line  (Fig.  6-22)  with  the  line  whose  equation  is 
y  =  x  is  the  point  with  coordinates  (2,  2).  For  this  point  y  =  x.  For  all 
points  directly  above  the  point  with  coordinates  (2,  2),  for  example,  points 
with  coordinates  (2,  3),  (2,  4),  (2,  5), 

y  >  x  . 

For  points  directly  below  the  point  with  coordinates  (2,  2),  for  example, 
points  with  coordinates  (2,  1),  (2,  0),  (2,  —  1), 

y  <  x  . 

Since  the  domain  and  range  are  continuous,  similar  relationships  hold 
with  respect  to  any  point  on  the  line  for  all  the  other  points  in  the  plane. 
Thus: 

(i)  for  any  point  on  the  line,  y  =  x  ; 

(ii)  for  any  point  above  the  line,  y  >  x  ; 

(iii)  for  any  point  below  the  line,  y  <  x  . 


The  set  of  points  on  the  line  is 
the  graph  of  the  relation 
L  =  { (a?,  y)\y  =  x,  x,  y  e  R)  . 

The  set  of  points  above  the 
line,  that  is  the  half -plane  Hi,  is 
the  graph  of  the  relation 
Hi  =  {Or,  y)\y  >  x,  x,  y  e  R }  . 

The  set  of  points  below  the 
line,  that  is  the  half-plane  H2,  is 
the  graph  of  the  relation 
H2  =  { Or,  y)\y  <  x,  x,  y  €  R }  . 


Fig.  6-23 


The  two  sets  Ih  and  H2  are  defined  by  inequations  and  their  graphs  are 
described  as  regions  of  the  plane.  This  is  generally  true  of  the  graphs  of 
relations  defined  by  inequations  in  two  variables. 
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The  graph  of  the  relation  H\  =  { (x,  y)  \y  >  x,  x,  y  e  R }  is  shown  in  Fig. 
6-23.  To  draw  this  graph,  the  broken  line  representing  the  graph  defined 
by  y  =  x,  x  e  R  is  drawn  first.  Then  the  part  of  the  plane  above  the  line  is 
shaded  in  with  solid  fines  as  indicated.  The  broken  fine,  the  boundary  of 
the  region,  may  be  considered  a  construction  fine.  All  such  fines  are 
drawn  as  broken  fines. 


Example  1.  Draw  the  graph  of  the  relation 


A  =  {0,  y)  \2, 

Solution. 

The  graph  of  the  relation  de¬ 
fined  by  2x  +  y  =  3  has  intercept 
f  and  ^-intercept  3  . 

The  graph  of  A  consists  of : 

(i)  all  the  points  on  the  fine 
with  equation  2x  +  y  =  3  ; 

(ii)  all  the  points  below  this  fine. 

The  graph  of  A  is  shown  in 
Fig.  6-24- .  Note  that  in  this  ex¬ 
ample  the  fine  with  equation 
2x  +  y  —  3  is  drawn  in  solid 
because  the  points  on  it  are  part 
of  the  graph  of  the  relation  A. 


+  y  ^  3,  x,  y  e  R }  . 
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Example  2.  Draw  the  graph  of 
the  relation 

B  =  { (s,  y) \2x  -  y  <  4,  x,  y  €  /} 
and  state  its  domain  and  range. 

Solution.  Since  x,y  e  I,  the  graph 
of  B  will  be  the  set  of  lattice 
points  in  the  region  above  the  fine 
whose  equation  is  2x  —  y  =  4  . 

The  x-intercept  of  the  fine  is  2  ; 
the  ?/-intercept  of  the  fine  is  —  4  . 

The  graph  of  B  is  shown  in 
Fig.  6-25. 

Domain  is  {x\x  e  1}  . 

Range  is  \y\y  €  /}  . 
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If  the  defining  sentence  of  a  relation  is  an  inequation  of  the  first  degree 
in  two  variables,  the  relation  is  a  linear  relation . 

Write  a  solution  to  the  following  problem  and  compare  it  with  that  on 
page  479. 

1.  Draw  the  graph  of  the  relation 

F  =  {(x,  y)\x  ^  3,  x,  y  €  R] 
and  state  its  domain  and  range. 


Exercise  6-7 


(A) 

1.  List  5  ordered  pairs  belonging  to  each  of  the  relations  in  R  defined 
by  the  following  sentences : 

(i)  y  >  2x  (ii)  y  ^  3x  (iii)  y  >  x  —  3 

(iv)  x  y  ^  2  (v)  x  +  2y  <  5  (vi)  y  <  3 

(vii)  2x  —  y  <  3  (viii)  2x  +  y  ^  3 


(B) 


Draw  the  graph  of  each  of  the  following  if  (x,  y)  €  /  X  I: 


2.  {(x,  y)\x  +  y  ^  3} 

4.  { (x,  y)  \x  -{-  2y  ^  5 } 
6.  {(x,  y)\x  -  y  <  2} 

8.  { (x,  2/) |3x  2y  <4} 


3.  {(x,  y)\2x  -  y  >  0} 
5.  {(x,  y)\y  ^  -  3} 

7.  {(x,  y)\2x  +  2y  >  5} 

9.  {  (x,  y)\x  ^  2y  -  l} 


Draw  the  graph  of  each  of  the  following  if  (x,  y)  zR  X  R: 

10.  {(x,  y)\y  >  3x  -  l}  11.  {(x,  y)|x  <  4} 

12.  { (x,  y)\2x  -  y  ^  3}  13.  { (x,  y)\2x  ^y+  1 } 

14.  {(x,  y)\2x  +  y  S  4}  15.  { (x,  y) \2x  -f  Sy  ^  6 } 


(C) 

Draw  the  graph  of  each  of  the  following  if  (x,  y)  €  R  X  R: 

16.  { (x,  y)\2x  —  Sy  >  4}  17.  { (x,  y)|3x  +  4?/  ^  2} 

18.  {(x,  y)\2x  —  Sy  t  5}  19.  { (x,  y)\y  ^  x2} 

20.  { (x,  y) |  |x|  <  3}  21.  { (x,  y)\x>  4-  y>  ^  16} 

22.  { (x,  y)  |x  —  2  and  y  ^  1 } 

23.  { (x,  y)\2x  —  y  >  3  and  x  +  y  <2} 
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6*  10  Relations  involving  the  intersection  and  union  of  sets. 

a.  Relations  involving  the  intersection  of  sets. 

The  graph  of  A  =  { ( x ,  y)\y  =  2x,  x,  y  e  R }  and  the  graph  of 
B  =  {(x,  y)\y  =  x  +  2,  x,  y  e  R} 
are  the  two  straight  lines  (broken)  illustrated  in  Fig.  6-26. 

The  two  graphs  intersect  at  the  point  whose  coordinates  are  (2,  4). 
The  ordered  pair  (2,  4)  is  an  element  of  set  A  and  also  of  set  B  and  is  thus 
the  intersection  set  of  A  and  B. 

C=  {(2,4)1  is  a  relation  whose  domain  is  { 2 }  and  whose  range  is  { 4 }  . 
C  is  the  relation  defined  as  the  intersection  of  relations  A  and  B. 

Symbolically,  this  relation  may  be  expressed  in  any  one  of  the  following 
ways: 

(i)  C  =  ACiB  (read,  “A  cap  B”  or  “A  intersect  B”); 

(ii)  C  =  (A  and  B) ; 

(iii)  C  =  { (x,  y)\y  =  2x,  x,  y  e  R}  fl  { (x,  y)\y  =  x  +  2 ,  x,  y  e  R}  ; 

(iv)  C  =  { (x,  y) | y  =  2x  and  y  =  x  A- 2,  x,  y  e  R}  ; 

(v)  C  =  l  (x,  2x)  \x  €  R }  fl  { (x,  x  +  2)  \x  e  R }  . 

Form  (v)  may  be  used  in  this  case  because  y  (or  2x)  from  A  and  y  (or 

x  +  2)  from  B  are  real  numbers  for  all  x  e  R  ;  the  domain  of  each  of  the 
given  relations  is  {x\x  €  R} ,  and  the  range  of  each  is  {y\y  <e  R]  . 

The  graph  of  C  is  the  point  whose  coordinates  are  (2,  4)  shown  in 
Fig.  6-26.  Note  the  use  of  broken  lines  as  construction  lines  in  the  deter¬ 
mination  of  the  point  which  is  the  graph  of  C. 


Fig.  6-26 


Fig.  6-27 


Relations 


187 


b.  Relations  involving  the  union  of  two  sets. 

The  graph  of  A  =  { (x,  y)\y  =  2x,  x,  y  €  R]  and  the  graph  of 
B  =  (0,  y)\y  =  x  +  2,  x,  y  e  R] 
are  the  two  straight  lines  (solid)  drawn  in  Fig.  6-27. 

The  ordered  pairs  which  are  the  coordinates  of  any  point  on  either  of 
the  two  straight  lines  belong  to  either  set  A  or  to  set  B  or,  in  the  case  of 
(2,  4),  to  both  sets.  Thus,  this  set  of  ordered  pairs  is  the  union  set  of  set 
A  and  set  B. 

The  relation  D  which  determines  this  set  of  ordered  pairs  has  domain 
{x|x  e  R}  and  range  [y\y  e  R  j  . 

Symbolically,  this  relation  may  be  expressed  in  any  one  of  the  following 
ways : 

(i)  D  =  AD  B  (read,  “A  cup  B”  or  11 A  union  B 

(ii)  D  =  (4  or  B); 

(iii)  D  =  { Or,  y)\y  =  2x,  x,  y  e  R }  U  { (x,  y)\y  =  x  +  2 ,  x,  y  e  Rj  ; 

(iv)  D  =  j  (x,  y)  \y  =  2x  or  y  =  x  +  2,  x,  y  e  R }  ; 

(v)  D  =  { (x,  2x)  \x  €  R }  U  { (x,  x  +  2)  \x  e  R }  . 

Unless  otherwise  specified,  relations  in  the  following  examples  and 
exercises  are  relations  on  the  set  of  real  numbers. 


Example.  Draw  the  graphs  of  the  relations: 

(i)  M  =  { (x,  y)\x  +  y  =  10  and  y  =  x  +  2}  ; 

(ii)  P  =  { (x,  y)\x  +  y  =  10  or  y  =  x  +  2}  ; 
and  state  the  domain  and  range  of  each. 


Solution. 

(i)  Let 

Mi  =  {{x,y)\x  +  y=10} 
and 

M2=  {(x,y)\y  =  x  +  2}. 
Then 

M  =  M10M2 . 

For  the  graph  of  Mi: 
the  x-intercept  is  10; 
the  ^/-intercept  is  10. 

For  the  graph  of  M2: 
the  x-intercept  is  —  2 : 
the  y-intercept  is  2. 
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The  graphs  of  Mi  and  M2  are  used  as  construction  lines  to  determine 
the  point  of  intersection  with  coordinates  (4,  6)  which  is  the  graph  of  M 
(Fig.  6-28). 

Thus  M  =  j  (4,  6) }  ;  its  domain  is  { 4 }  ;  its  range  is  { 6 }  . 
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Exercise  6-8 

(A) 

Classify  each  of  the  following  as  an  intersection  or  a  union  of  two  relations 
and  state  these  two  relations: 

1.  A  =  { ( x ,  y)  \x  -f-  2y  =  8  and  2x  —  y  =  6 } 

2.  B  =  { (m,  n)  |  m  —  3 n  or  2m  =  n } 

3*  C  —  { (p,  q)\Sp  —  q  =  4  and  2p  -f  q  =  6} 

4.  D  =  { (a,  b)\2a  +  3b  =  6  or  a  -f-  46  =  8} 

(B) 

6.  Draw  the  graphs  of  the  relations  in  questions  1  to  4.  'Where 
possible,  list  the  ordered  pairs  of  the  relation.  State  the  domain  and 
range  in  each  case. 
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Find  graphically: 

6.  {(x,  y)\2x  *=  y  +  3}  fl  {Or,  y)\x  =  2y  +  4} 

7.  {(x,  y)\y  =  x  +  l}  U  {(x,  y)\y  =  -  x  -  3} 

8.  { (a,  h) \a  +  b  =  0 }  fl  { (a,  h)  |a  —  b  —  0 } 

9.  { (m,  n) \m  +  n  —  4 }  U  j  (m,  n)\n  =  4 } 

10.  Given  the  following  sets : 

A  =  {0,  y)\x  +  y  =  6}  B  =  {Or,  y)\x  -  y  =  4} 

C  =  {(s,  y)\2x  +  2y  =  7}  D  =  { (x,  y)\3x  +  3 y  =  18} 

find  graphically  (i)  A  fl  B  (ii)  ARC  (iii)  AOD.  If  two  sets  of 
ordered  pairs  are  determined  by  linear  relations,  how  many  members 
may  be  included  in  their  intersections  ? 

(C) 

11.  Determine  graphically: 

{ (x,  y)  \x  —  y  =  6  and  x  +  oy  =  —  12  and  3x  +  2y  =  3 } 

6*11  Relations  involving  the  intersection  and  union  of  sets  defined  by 
inequations. 

Example  1.  Graph  the  relations : 

(i)  A  =  { (x,  y) \y  >  3  -  x  and  y  >  2x  +  2 }  ; 

(ii)  B  =  {(x,  y)\y  >  3  -  x  or  y  >  2x  -fi  2}  ; 
state  the  domain  and  range  of  each. 
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The  graph  of  A  i  is  all  the  points  in  the  region  above  the  line  with 
equation  y  =  3  —  x  in  Fig.  6-30. 

The  graph  of  A2  is  all  the  points  in  the  region  above  the  line  with 
equation  y  =  2x  +  2  in  Fig.  6-30. 

Since  A  —  A  i  fl  A  2  the  graph  of  A  is  the  set  of  points  common  to  the 
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two  regions.  This  is  marked  with  solid  lines  in  Fig.  6-30.  (Construction 


lines  are  broken  lines.) 

The  intersection  point  of  the 
graphs  of  A  i  and  A  2  has  coord¬ 
inates  (•§■,  2-f).  This  point  is  not 
on  the  graph  of  A. 

The  domain  of  A  is  {a;|:r  e  R } ; 
the  range  of  Ais  {y\y>  2f, y  eR } . 

(ii)  Since  B  —  A  i  U  A  2,  the  union 
of  A  i  and  A  2,  therefore  the  graph 
of  B  is  all  the  points  in  the  region 
marked  with  solid  lines  in  Fig. 
6-31.  Note  that  the  point  with 
coordinates  (^,  2f)  is  not  on  the 
graph  of  B. 

The  domain  of  B  is  { x\x  e  R  J  ; 
the  range  of  B  is  [y\y  €  R }  . 

Example  2.  Using  intersection  or 
which  the  following  are  the  graphs 
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Fig.  6-31 

union  of  sets,  define  the  relations  for 


Fig.  6-32 


Fig.  6-33 


Solution,  (i)  The  graph  includes  in  part  all  the  points  in  the  region 
above  the  line  whose  equation  is  y  —  2x  -f-  2  together  with  all  the  points 
on  the  line.  These  points  are  the  graph  of  the  relation 

Ci  =  {(x,  y)\y  ^  2x  +  2}  . 

The  graph  also  includes  all  the  points  in  the  region  below  the  line  whose 
equation  is  y  =  3  —  x  together  with  all  the  points  on  the  line.  These 
points  are  the  graph  of  the  relation 

C2  =  l(x,  y)\y^  3  -  x]  . 
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Therefore,  the  total  graph  is  the  graph  of  the  relation 

C  =  CiU C2  or  C  =  { (x,  y)\y  ^  2x  +  2  or  y  ^  3  —  x]  . 

The  domain  of  C  is  [x\x  €  R },  and  the  range  is  [y\y  e  R}  . 

(ii)  The  graph  includes  only  those  points  on  the  line  whose  equation  is 
y  =  2x  +  2  and  in  the  region  below  this  line  which  are  also  in  the  region 
above  the  line  whose  equation  is  y  =  3  —  x  . 

Thus,  the  required  relation  D  is  the  intersection  of  the  two  relations 
D  i  and  D2,  where 

F>i  =  {(x,  y)\y  S  2x  +  2}; 

A>  =  {0,  y)\y  >  3  -  x}  . 

Thus,  D  =  { Or,  y)  \y  ^  2x  +  2  and  y  >  3  —  x }  . 

The  point  whose  coordinates  are  (J,  2f)  is  not  included  in  the  graph. 
The  domain  of  D  is  { >  J,  x  e  /?} ;  the  range  of  D  is  { y\y  e  R  j  . 


Exercise  6-9 

(B) 

Graph  the  following  relations;  state  the  domain  and  range  of  each: 

1.  A  =  { (x,  y)\2x  —  y  ^  0  or  x  +  2 y  ^  5,  x,  y  €  R} 

2.  B  =  { Or,  y)\2x  —  y  <0  and  x  -f  2y  ^  5,  x,  y  e  R  J 

3.  C  =  { ( x ,  y)\2x  +  y  =  0  and  x  +  2y  S  5,  x,  y  €  R) 

4.  D  =  { ( x ,  2/)  |2m  +  y  ^  0  and  x  +  2y  ^  5} 

or  { Or,  2/)  |2m  +  y  S  0  and  x  +  2y  =  5} 

6.  If  A  =  { Or,  y)  \y  ^  -  3 }  B  =  { Or,  ?/)  |z  ^  5 } 

C  =  { (x,  2/)|i/  ^  z  +  l} 

graph  A  fl  Bf]  C  (the  intersection  of  A,  B,  and  C). 

6.  Graph  { (x,  y)  \y  >  3 }  U  { Or,  y)  \x  <  —  2 }  . 

7.  Graph  { (x,  y)\2x  +  y  ^  3 }  fl  { ( x ,  ?/)|2:r  +  y  ^  5}  . 

8.  If  M  =  { Or,  y)\y  <4}  N  =  { Or,  y)|y  >  1 } 

P  =  { (z,  2/)  \x  <  3 }  Q  =  \(x,  y)\x  >  -  2} 

graph  M  fl  N  fl  P  fl  Q. 

9.  If  D  =  {  Or,  y)\y  <2x  -  2)  E  =  { Or,  y)\y  <  -  x  +  5} 

F  =  {{x,  y)\y  >  -  1} 
graph  (i)  D  fl  E  fl  F  (ii)  D  U  E  U  F. 

10.  Graph  { Or,  y)\y  =  x2  and  x  =  2}  . 

11.  Graph  { Or,  y)\y  >  x2  and  x  <  2  j  . 

12.  Graph  j  (x,  y)\y  S  x2  and  y  S  3}  . 

13.  Graph  j  Or,  y)\y  ^  x2  and  x  ^  —  1  and  x  ^  2}  . 
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U sing  intersection  of  sets ,  define  the  relations  for  which  the  following  are 
the  graphs: 
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Practice  Exercise  6-10 

(B) 

Draw  the  graphs  of  the  following  relations;  state  the  domain  and  range  of 
each: 

1.  P=  { (x,  y)\y  >  \x\  and  2y  =  x  +  4} 

2.  Q=  {(&,  y)\y  >  \x\  or  2y  =  x  +  4} 

3.  R  =  { (x,  y)  \y  ^  |x|  and  2y  ^  x  +  4 } 

4.  S—  { ( x ,  y) \y  —  2x  =  5  and  |rc|  =  3 } 

6.  T=  l  (x,  y) \y  —  2x  ^  5  and  x  tk  3 } 

(C) 

6.  M  =  { ( x ,  y)  |z2  +  y2  =  25  and  3x  —  4y  =  0 } 

7.  N  =  { (a:,  y)  \x 2  +  2/2  ^  25  and  3x  —  4?/  ^  0 } 

8.  Find  graphically  the  ordered  pair  which  has  the  greatest  value  of 
the  range  of  the  relation: 

C  =  { (x,  y)  \x  >  0  and  y  >  0  and  y  ^  5x  +  3  and  4a:  +  y  —  6  ^  0 } 

6*12  Linear  relations  in  Physics  (supplementary).  Many  laws  in  Physics 
express  a  relation  between  two  or  more  variables.  For  example,  the  relation 
between  potential  difference,  current  strength,  and  resistance  in  an  elec¬ 
trical  circuit  is  expressed  by  the  equation, 

V  =  IR 

where  V  represents  the  potential  difference  in  volts, 

I  represents  the  current  strength  in  amperes, 
and  R  represents  the  resistance  in  ohms. 

Example  1.  (i)  Draw  a  graph  relating  potential  difference  and  current 
strength  for  an  electrical  circuit  with  a  resistance  of  25  ohms  if  the  current 
strength  varies  from  0  to  6  amperes. 

(ii)  From  the  graph,  find  (a)  the  potential  difference  for  a  current  strength 
of  3.4  amperes  (b)  the  current  strength  for  a  potential  difference  of  130 
volts. 

Solution,  (i)  Since  the  resistance  is  25  ohms,  the  relation  involving  potential 
difference  and  current  strength  is 

A={(J,  V)\V  =  251,  0£/£6,/,76E). 

The  defining  sentence  of  the  relation  contains  a  first  degree  equation, 
V  =  25/,  in  the  variables  I  and  V,  and  therefore  the  graph  is  a  line  segment. 
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For  this  relation: 


I 

0 

2 

4 

V 

0 

50 

100 

The  graph,  shown  in  Fig.  6 -8 4, 
lies  in  the  first  quadrant  since  I 
and  V  are  always  positive  or  zero, 
(ii)  From  the  graph: 

(a)  the  potential  difference  for 
a  current  strength  of  3.4 
amperes  is  85  volts 
(ordinate  of  Pi),  and 

(b)  the  current  strength  for  a 
potential  difference  of  130 
volts  is  5.2  amperes 
(abscissa  of  P2). 


The  process  of  estimating  a  value  of  the  range  of  a  relation  for  a  given 
value  of  the  domain,  or  vice-versa,  by  a  procedure  other  than  using  the 
defining  sentence  (using  a  graph,  for  example)  is  called  interpolation.  The 
result  obtained  is  approximate. 


Example  2.  Two  cars  A  and  B  start  at  the  same  time,  on  the  same  road, 
in  the  same  direction.  Car  B  starts  30  miles  ahead  of  car  A.  Car  A  travels 
at  60  m.p.h.,  and  car  B  travels  at  50  m.p.h. 

With  reference  to  the  same  set  of  axes,  draw  a  graph  relating  time 
and  distance  for  each  car.  From  the  graph  find  (i)  the  time  taken  for 
car  A  to  overtake  car  B  (ii)  the  distance  between  the  cars  after  2  hours 
(iii)  the  distance  between  the  cars  after  5  hours. 

The  relation  between  time,  speed,  and  distance  for  a  moving  object  is 
expressed  by  the  equation 

d  =  vt, 

where  d  represents  the  distance  travelled, 
v  represents  the  speed, 
and  t  represents  the  time, 
where  d,  v,  t  are  expressed  in  related  units. 

Solution.  The  relation  involving  time  and  distance  for  car  A  is 

Pi=  { (£,  d)\d  =  60£,  t,  d  ^  0,  t,  d  <=  P)  . 

Since  car  B  starts  30  miles  ahead  of  car  A,  the  time-distance  relation 
for  car  B  is  112=  { (t,  d)\d  —  30  +  50 1,  t,  d  ^  0,  t,  d  e  P}  . 


Relations 
For  car  A : 


t 

0 

2 

4 

d 

0 

120 

240 

For  car  B : 


t 

0 

2 

4 

d 

30 

130 

230 

The  graph,  shown  in 
Fig.  6-35,  is  often  referred 
to  as  a  distance-time  graph. 


Fig.  6-35 


(i)  Since  the  coordinates  of  the  point  of  intersection  are  (3,  180),  there¬ 
fore  car  A  will  overtake  car  B  in  3  hours. 

(ii)  From  the  graph,  by  interpolation,  car  A  is  120  miles  from  its  starting 
point,  and  car  B  is  130  miles  from  the  same  point  after  2  hours.  Thus, 
the  distance  between  the  cars  at  the  end  of  two  hours  is  (130  —  120) 
miles,  or  10  miles. 

(iii)  From  the  graph,  car  A  is  300  miles  from  its  starting  point,  while 
car  B  is  280  miles  from  the  same  point  after  5  hours.  Thus,  the  distance 
between  the  cars  after  5  hours  is  (300  —  280)  miles  or  20  miles. 


In  this  case,  each  of  the  ordinates  obtained  (300  and  280)  is  greater 
than  those  used  in  obtaining  the  table  of  values.  However,  the  graph 
can  be  extended  indefinitely  in  the  first  quadrant  because  the  domain 
and  range  of  the  relation  have  no  upper  bound,  and  the  coordinates  of 
points  on  this  extended  part  can  be  obtained  by  extrapolation. 

Example  3.  The  following  graphs,  Fig.  6-36,  represent  the  time-distance 
relations  of  two  racing  cars.  Using  set-builder  notation,  write  a  sentence 
which  defines  the  relation  in  each  case. 

Solution,  (i)  Because  the  origin  lies  on  the  graph,  Fig.  6-36  (a),  and  the 
graph  is  a  line  segment,  the  defining  sentence  contains  an  equation  of  the 
form  d  =  vt,  where  v  represents  a  constant. 

Because  the  point  with  coordinates  (.20,  20)  lies  on  the  graph, 

20  =  y(.20) 

100  =  v 

the  defining  sentence  is 

d  =  100£,  t,  d  ^  0,  t,  d  e  R  . 
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Fig.  6-36 


Fig.  6-36{a )  is  the  graph  of  the  relation 

Pi  =  { (t,  d) \d  =  lOOi,  t,  d  ^  0,  t,  d  e  R\  . 

(ii)  Because  the  point  with  coordinates  (0,  10)  lies  on  the  graph,  Fig. 
6-36  (6),  and  the  graph  is  a  line  segment,  the  defining  sentence  contains 
an  equation  of  the  form  d  =  vt  +  10  ,  where  v  represents  a  constant. 

Because  the  point  with  coordinates  (.20,  35)  lies  on  the  graph, 

35  =  y(-20)  +  10 
25  =  .20y 
125  =  v 

.*.  the  defining  sentence  is 

d  =  125 1  +  10,  t,  d  ^  0,  t,  d  €  R  . 

Fig.  6-36(b )  is  the  graph  of  the  relation 

P2  =  { ( t ,  d)\d  =  12 5t  +  10,  t,  d  ^  0,  t,  d  e  R }  . 


Example  4.  From  a  standing  start,  a  car  can  attain  a  speed  of  60  m.p.h. 
in  20  seconds. 

(i)  Calculate  the  acceleration,  assuming  it  to  be  uniform. 

(ii)  Draw  a  speed-time  graph  and  define  the  relation  using  set-builder 
notation.  Consider  only  the  first  20  seconds. 


Solution,  (i)  Because  the  car  attains  a  speed  of  60  m.p.h.  in  20  seconds, 
then  the  car  would  attain  a  speed  of  3  m.p.h.  in  1  second.  Thus,  the 
acceleration  is  3  m.p.h.  each  second. 


(ii)  For  this  relation: 


t 

0 

1 

2 

3 

5 

10 

20 

d 

0 

3 

6  9 

15 

30  60 

Because  the  graph  is  a  line  segment  passing  through  the  origin 
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{Fig.  6-37),  the  defining  sentence 
contains  an  equation  of  the  form 

v  =—  at 

where 

a  represents  constant  acceleration, 
v  represents  the  speed,  and 
t  represents  the  time 
in  related  units. 

In  part  (i)  the  acceleration  was 
found  to  be  3  m.p.h.  each  second. 

Thus  the  relation  can  be  written 


<S  =  { (t,  v~) |y  =  3t,  0  g  t  g  20,  t,  v  s  fl}  . 


Exercise  6-11 

(B) 

1.  Using  the  equation  V  —  IR,  draw  a  graph  relating  potential  difference 
and  resistance  for  a  circuit  in  which  the  current  strength  is  always 
8.2  amperes,  and  the  resistance  varies  from  1  ohm  to  10  ohms. 

2.  (a)  Draw  a  graph  relating  the  variables  T  and  V,  where 

V  =  1089  +  2  T,  and 

V  represents  the  speed  of  sound  in  air  in  feet  per  second, 

T  represents  the  air  temperature  in  degrees  centigrade, 
and  the  air  temperature  varies  from  0°C.  to  60°C. 

(b)  From  the  graph,  find: 

(i)  the  speed  of  sound  in  air  for  an  air  temperature  of  26°C. ; 

(ii)  the  air  temperature  necessary  for  the  speed  of  sound  to  be 
1,100  feet  per  second. 

3.  (a)  Draw  a  graph  relating  temperature  readings  in  degrees  Fahren¬ 

heit  (F.),  with  the  corresponding  readings  in  degrees  centigrade 
(C.),  where  C.  =  f  (F.  —  32)  and  F.  varies  from  —  50  to  +  100. 

(b)  From  the  graph,  find : 

(i)  the  equivalent  temperature  in  degrees  Fahrenheit  to  4-  15UC.; 

(ii)  the  equivalent  temperature  in  degrees  centigrade  to  10°F.; 

(iii)  the  temperature  at  which  the  centigrade  and  Fahrenheit 
readings  are  the  same. 
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4.  For  a  sound  wave,  V  —  nX,  where  V  represents  the  velocity  of  the 
sound  wave  in  cm.  per  sec.,  n  represents  the  frequency  in  vibrations 
per  sec.,  and  X  represents  the  wave-length  in  cm.,  draw  a  graph 
relating  wave-length  and  velocity  for  a  sound  wave  of  frequency 
256  vibrations  per  sec.,  for  the  wave-length  varying  from  100  cm.  to 
150  cm. 

5.  The  following  graphs  represent  the  speed-time  relations  of  two  moving 
objects.  Using  set-builder  notation,  write  a  sentence  which  defines 
the  relation  in  each  case. 


6.  Two  cars,  A  and  B,  pass  the  same  point  at  the  same  time,  travelling 
in  the  same  direction.  Car  A  is  travelling  at  a  constant  rate  of 
40  m.p.h.;  car  B  is  travelling  at  10  m.p.h.  as  it  passes  the  point  and 
accelerates  5  m.p.h.  each  second  thereafter. 

(i)  From  a  speed-time  graph,  find  how  much  time  it  takes  for  car  B 
to  overtake  car  A. 

(ii)  Using  set-builder  notation,  write  sentences  defining  the  speed-time 
.  . .  relation  for  each  car. 
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SYSTEMS  OF  LINEAR  EQUATIONS 


In  Chapter  VI  we  discussed  sets  of  ordered  pairs  defined  by 

(i)  a  first  degree  equation  in  two  variables,  and 

(ii)  the  intersection  and  union  of  two  sets. 

The  solution  sets  were  determined  by  a  graphical  method  to  illustrate 
the  ideas  involved.  In  this  chapter  we  will  discover  algebraic  means  of 
determining  solution  sets  defined  by  a  system  of  two  linear  equations  or 
inequations  of  the  first  degree. 

7*1  Solving  a  system  of  linear  equations.  The  defining  equations  of  the 
relation 

A  =  { (x,  y)  \x  +  y  =  2  and  x  +  2y  =  6,  x,  y  e  R } 
are:  (  x  +  y  =  2  (1) 

t  *  +  2y  =  6  (2) 

Each  equation  defines  a  set  of  ordered  pairs,  the  graph  of  which  is  a 
straight  line  (Fig.  7-1),  and  the  relation  A  determines  the  one  ordered  pair 
( —  2,4)  which  is  common  to  the  two  sets  and  whose  graph  is  the  point  of 
intersection  of  the  two  lines  (Fig.  7-1). 

The  pair  of  equations 

f  x  +  y  =  2 
\  x  +  2y  =  6 

is  called  a  system  of  two  equations. 

{ (—  2,  4) }  is  called  the  solution  set  of  the  system; 
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The  solution  set  of  a  system  of  equations  in  two  variables,  x  and  y, 
is  the  set  of  all  ordered  pairs  (x,  y)  which  are  common  to  the  solution 
sets  defined  by  each  of  the  given  equations. 


It  may  be  seen  from  Fig.  7-2  that  the  systems 

(i)  (x  +  2y  =  6 
\  x  +  y  =  2 


(ii)  j 

(  x  —  —  2 

[x  +  2y  =  6 

OH)  j 

f  X  -  — 

{  X  +  y  =  2 

(iv)  j 

f  y  ^  4 

1*  +  2y  =  6 

I 

II  II 

V 

(v)  j 

f  y  =  4 

[  x  +  y  =  2 

have  the  same  solution  set 

{(-2,  4)}  . 

To  find  the  solution  set  of  the  given  system  algebraically,  it  is  necessary 
to  find  a  way  to  obtain  system  (vi)  from  system  (i)  . 


x - 

X 

X 

X 

X 

x — 

X 

X 

r 

Y - 

X 

\ 

o 

y- 

-4 

s 

► 

X 

 X 

1 

1 

\ 

\ 

X 

X 

• 

•  + 
X  ^ 

y.  •> 

CO 

X. 

H 

"  2 

x  + 

X 

O 

1  ~ 

x — 

X  J 

'  X 

X 

-A 

2 

-  ^ 

N 

A 

1 

6 

X 

X 

-2 

K - 

\ 

\ 

T 

S 

N 

"" 

V 

Fig.  7-2 


Systems  of  Linear  Equations  201 

The  relation  A  consists  of  the  intersection  set  of  the  two  relations 
A 1  =  {(*,3/)  I*  +  y  =  2,  x,  y  efi)  and  A3  =  {(x,y)\x  +  2y  =  6,  x,  y  eflj 
which  may  be  expressed  as: 

Ai=  {(x,  2  —  x)\x  aR)  and  A2  = 

G  —  x 

since  2  —  x,  — —  e  R  by  the  law  of  closure. 


Comparing  the  ordered  pairs  of  A  i  and  A  2,  it  is  seen  that  the  ordered 
pairs  which  belong  to  both  Ai  and  A2  must  be  such  that 


2  —  x  = 


6 


x 


,  x  e  R 


or  4  —  2x  =  6  —  x  (Multiplication  property) 

or  —  x  =  2  (Addition  property) 

or  x  =  —  2 .  (Division  property) 

Thus,  to  obtain  the  solution  set  we  solve  either  of  the  two  simpler 
systems : 


(ii) 


{ 


or 


OH)  | 


x  —  —  2 
x  -f  y  =  2 


x  —  —  2 
[x  +  2y  =  6 

This  may  be  done  simply  by  substitution,  whence 

—  2  +  2y  =  6  or  —  2  -\-  y  —  2 

2y  =  8  y  —  4 

y  =  4 

=  -  2 
4 


and  the  system 


jz  = 

ly  = 


is  obtained. 


It  is  readily  seen  that  the  steps  of  the  argument  are  reversible,  and, 
therefore,  the  systems  are  equivalent  and  the  solution  set  is  { (—  2,  4)}  . 

The  pattern  of  algebraic  solution  and  the  reason  for  each  step  is  shown 
in  the  following : 


( x  +  y  =  2 

CD 

\x  +  2y  =  6 

(2) 

From  (1)  y  —  2  —  x 

(3) 

(Addition  property) 

6  —  x 

From  (2)  y  = 

(4) 

(Subtraction  and  division) 

6  —  x 

From  (3)  and  (4)  2  —  x  = 

(5) 

(Transitive  property) 

4  —  2x  =  6  —  x 

(Multiplication  property) 

—  x  =  2 

(Addition  and  subtraction) 

;ti=  —  2 

(6) 

(Division  property) 

202 


Chapter  VII 

(4) 


(7) 

Verification. 

L.S.(l)  =  -  2  +  4  L.S.(2)  -  -  2  +  2(4) 

=  2  =6 
R.S.(l)  =  2  R.S.(2)  =  6 


y  =  2  -  x 

y  =  2  —  (—  2) 
?/  =  4 


(3) 


(7) 


or 


v  y 


y  = 


6  —  x 


6  -  (-2) 


y  =  4 


The  solution  set  is  { (—  2,  4) } 


The  algebraic  process  of  determining  the  solution  set  of  a  system  of 
equations  is  called  solving  the  system.  The  essential  feature  of  the  procedure 
in  the  previous  example  is  that  by  comparison  of  equations  (3)  and  (4), 
equation  (5),  which  does  not  contain  the  variable  y,  is  formed.  By  eliminat¬ 
ing  y  in  this  way,  an  equation  in  one  variable  is  obtained  and  this  can  be 
solved  easily.  This  method  of  solving  is  referred  to  as  the  method  of 
elimination  by  comparison. 


The  system  j 

x  -f  y  =  2 

a) 

1 

may  also  be  written 

x  -f  2?/  =  6 

(2) 

j 

ix  =  2  —  y 

(3) 

1 

whence  by  comparison 

x  =  6  —  2y 

(4) 

2  -  y  =  6  -  2y 


or  y  =  4  . 

Thus,  to  obtain  the  solution  set  we  must  solve  either  of  the  two  simpler 
systems : 

(iv)  (  y  =  4  or  (v)  (  y  =  4 

\z  +  2y  =  6  \x  +  y  =  2 

which  may  be  done  by  substitution,  as  before,  to  obtain 


jx  —  —  2 

\y  =  4. 


In  the  worked  examples  of  the  text,  the  authorities  which  are  most  significant 
in  the  development  are  given  in  brackets.  When  writing  a  solution  you  should 
think  the  authorities,  but  it  is  not  necessary  to  include  them  in  your  solution. 
U nless  otherwise  stated,  the  variables  are  real  numbers. 


Write  solutions  for  the  following  problems  and  compare  them  with  those  on 
page  47 9.  v 
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1. 

2. 


Find  the  solution  set  defined  hy  the  following  system  of  equations; 
verify:  (  x  +  y  =  3 

\2x  +  Sy  =  8 

Find  { (x,  y)\\x  +  \y  =  7  and  \x  +  \y  =  6}  . 


Exercise  7-1 

(A) 

Express  each  of  the  following  in  terms  of  x: 

1.  { (x,  y)\Sx  -f  y  =  8}  2.  { (x,  y) |4z  +  3?/  =  7} 

3.  { (x,  y)\5x  -  y  =  3}  4.  { (a;,  2/)|a;  +  5?/  =  -  2} 

5.  { (a;,  ?/)fx  +  iy  =  5}  6.  {  0,  2/)|2s  -  3?/  =  5} 

By  expressing  y  in  terms  of  x,  or  x  in  terms  of  y,  state  a  system  of  equations 
equivalent  to  the  given  systems  for  each  of  the  following: 

7.  (2y  —  x  =  0  8.  jx  +  y  =  3  9.  i  2x  +  y  =  3 

\  y  +  2  =  x  —  2  \x  —  y  =  1  \5x  +  2y  =  7 

Use  the  method  of  comparison  to  obtain  a  system  equivalent  to  the  given 
system  for  each  of  the  following: 

10.  (y  =  x  11.  jy  =  x  —  1  12.  /  y  —  2 

\y  =  3x  -  2  \y  =  2x  -  5  y  ~  “3 

)  2y-7 

V  o 

(B) 


C7se  the  method  of  comparison  to  determine  the  ordered  pairs  (x,  y)  defined 


by  the  following  systems  of  equations ;  verify: 

13.  (5x  +  2y  =11  14.  (Sx  +  2y  =  11 

|3a:  +  Ay  =  1  (4a:  —  3y  =  9 

16.  (Sy  =  -  2  -  5x  17.  —  \y  =  2 

[y  +  3a:  +  6  =  0  (fa;  +  fy  =  9 


15.  jy  =  2x  +  3 
\x  +  y  =  6 

18.  (\y  —  3a:  =  8 
3a;  +  y  =  —  2 


Find ,  using  the  method  of  comparison: 

19.  { (x,  y) 1 9a;  =  7y  and  x  —  y  =  —  2} 

20.  { (x,  y)\Sy  +  4a;  =  5  and  12a:  +  6 y  =  13} 

21.  { (a;,  y)  |4a;  +  3 y  =  24  and  3a:  +  4y  =  25} 
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Find ,  using  the  method  of  comparison : 

23.  { (x,  y)\5x  +  iy  =  -  4  and  5y  +  \x  =  4} 

24.  { (*,  y)|x  -f  i y  -  2/  and  y  +  $z  =  x  -f  3} 

(C) 

aSWi’c  each  of  the  following  systems: 

25.  3x  —  4y  =  5x  +  y  =  23  26.  (x  —  2  y  -f-  5 

1  3  —  2 

27.  /is  +  i?/  =  6  }  13  -  y  2x  -  7 

\  V  ~  i(*  -  y)  =  7  (“6  “  3 

7«2  Elimination  of  a  variable  by  substitution.  The  following  example 
illustrates  a  method  of  eliminating  a  variable  from  a  system  of  equations 
by  substitution. 

The  relation  B  =  { (re,  r/)|x  +  y  =  3  and  x  -f-  2y  =  4}  consists  of  the 
intersection  set  of 

Bi  =  { (x,  y)\x  +  y  =  3}  and  #2  =  {0,  y)\x  +  2y  =  4}  . 

The  graphical  solution  in  Fig.  7-3  indicates  that  the  solution  set  is 
{ (2,  1) }  and  that  the  following  systems  have  the  same  solution  set. 

(i)  (  x  +  y  =  3 
(x  +  2y  =  4 

(ii)f  x  —  2  (iii)f  x  =  2  (iv)  /  y  =  1  (v)  (  y  =  1 

V  +  y  =  3  V  +  2y  =  4  |x  +  y  =  3  \x  +  2y  =  4 

(vi)  (x  =  2 

\y  =  l 
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To  obtain  system  (vi)  from  system  (i)  algebraically,  we  note  that  B\ 
may  be  described  as 

B  i  =  { (x,  3  —  x)  \x  e  R }  . 

From  the  set  of  ordered  pairs  ( x ,  3  —  x),  we  are  required  to  select  those 
ordered  pairs  that  belong  to  B2:  that  is,  those  which  satisfy  the  equation 

x  +  2y  =  4  . 

These  may  be  found  by  substituting  ( x ,  3  —  x)  in  the  equation  and 
solving  to  find  the  replacements  for  x  which  permit  this. 

On  substitution  x  +  2(3  —  x)  —  4 

x  +  6  —  2x  =  4  ( D ) 

—  x  =  —  2  ( D ,  Subtraction  property) 

.*.  x  =  2  (Multiplication  property) 


Thus,  to  obtain  the  solution  set  we  must  solve  either  of  the  two  simpler 
systems : 


®  l 


or 


(hi)  | 


x  =  2 
x  -j~  2y  —  4 


x  =  2 
i  x  +  y  =  3 

This  may  be  done  simply  by  substitution,  whence 

2-f?/  =  3  or  2  -\~  2y  =  4 

y  —  1  2y  =  2 

/.  2/  =  1 


and  the  system 


(x  —  2 
(J/  =  1  1 


is  obtained. 


It  is  readily  seen  that  the  steps  of  the  argument  are  reversible,  and, 
therefore,  the  systems  are  equivalent  and  the  solution  set  is  {(1,2)}  . 

The  pattern  of  algebraic  solution  and  the  reason  for  each  step  is  shown 
as  follows : 


(  x  +  y  =  3 
\x  +  2y  =  4 

From  (1)  y  —  3  —  x 

Substitute  in  (2)  x  +  2(3  —  x)  =  4 

x  +  6  —  2x  =  4 

—  x  —  —  2 
/.  x  —  2 

Substitute  in  (3)  y  —  3  —  2 

y  =  1 


(1) 

(2) 

(3)  (Addition  property) 
(Substitution) 

0>) 

(D,  Subtraction  property) 

(4)  (Multiplication  property) 

(5) 


The  solution  set  is  { (2,  1) } 


Verification . 


L.S.(l) 

R.S.(l) 


=  2  +  1 
=  3 

=  3 


L.S.(2)  =2  +  2 
=  4 

R.S.(2)  =  4 
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It  should  be  noted  that  the  above  solution  could  have  been  obtained  by 
starting  in  several  ways.  For  example, 

from  (1)  x  =  3  —  y 

4  —  x 

from  (2)  x  =  4  —  2y  and  y  =  — - —  . 

2 

Substitution  in  the  other  equation  would  have  provided  one  or  other  of 
the  systems  illustrated  in  Fig.  7-3. 


Exercise  7-2 


(A) 

By  solving  one  of  the  equations  of  the  system  for  y  in  terms  of  x,  obtain  a 
system  equivalent  to  the  given  system  in  each  of  the  following: 

1.  )  3y  =  x  +  2  2.  \2x  +  y  =  3  3.  }  y  3  =  x  2 

\x  +  y  =  6  \3x  -  y  =  2  (2 y  +  1  =  2x  +  5 

Use  the  method  of  substitution  to  obtain  a  system  of  equations  equivalent  to 
the  given  system  for  each  of  the  following: 

4.  (  v  =  x  —  3  5.  {  x  =  2  —  y  6.  /  m  =  2  V 


\  y  =  x 
[x  +  y  =  7 


3x  +  2  =  y  +  5 


p  +  m  =  7 


(B) 

Solve  each  of  the  following  systems,  using  the  method  of  substitution ;  verify: 
7.  )  x  +  y  =  3  8.  j  5x  —  2y  =  18  9.  /  5x  —  y  =  8 


{2.x  +  3y  =  8 

10.  /2x  -f  3y  =  7 
t  x  +  2y  =  4 


\  2x  -  y  =  7 


•fi 

l 


-a:  +  y  =  3 
®  ^  =  7 


\3a;  +  2y  =  10 

12.  (3x  -  y  =:23.::i:'i 

x  y . 

-  +  -  =  4 
3  4 


each  of  the  following  systems  using  any  method : 


13. 


i  4  x  —  y 
^3x  —  2  y 


6 

7 

3 

—y 

2J 


=  4 


14.  |4rr  -j-  3y  =  15  15.  (3 y  +  9a: 

\Qx  —  5  y  =  —  6  \2y  —  4a: 


17. 


,2a:  +  .5  y 
3x  +  4  y 


10  18.  77(2/ -5) 

4a:  —  3 

(  2 


=  108 


=  42 
=  -  2 

=  x  —  2 

=  y  +  10 
6 


16. 
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Find ,  using  the  method  of  substitution: 


19. 

20. 
21. 
22. 


23. 


;■  ) 


{ (x,  y)\3y  —  2x  =  11  and  13x  —  5 y  =  1 } 

!  (x,  y)  |3*  =  2y  +  1  and  3 y  =  —  2a;  +  18} 
!  (xf  y)\iy  —  Sx  =  8  and  3a;  +  y  =  —  2} 

{ (x,  y)  \x  +  iy  =  y  and  y  +  \x  =  x  +  3 } 


Find  the  solution  set  defined  by  the  system 


.  fx  +  2y  -  5 
‘  \2x  +  y  =  l 


(b)  Show  that  the  elements  of  the  solution  set  for  (a)  satisfy  each  of 
the  following  equations: 

(i)  2 (a;  +  2y  -  5)  +  (2x  +  y  -  1)  =  0 

(ii)  3(s  +  2y  -  5)  +  5  (2a;  +  y  -  1)  =  0 

(iii)  x  +  2y  —  5  —  2(2a:  +  y  —  1)  =  0 


7»3  Elimination  of  a  variable  by  addition  or  subtraction.  The  following 
example  illustrates  a  third  method  of  solving  a  system  of  equations. 
The  fact  that  the  systems  developed  in  the  procedure  are  equivalent 
systems  is  illustrated  graphically. 

The  graph  of  A  =  { (x,  y)\x  +  y  =  3  and  x  —  y  =  1 }  is  shown  in 
Fig.  7-4.  The  solution  set  is  { (2,  1) }  . 
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Fig.  7-4 


From  the  graph  in  Fig.  7-4  it  can  be  seen  that  the  systems  of  equations 

(i)  Jx  +  y  =  3 . . 

1  x  —  y  =  1 


(ii)  /  x  =  2  (iii) 

[x  +  y  =  3 


x  =  2  (iv)  /  .  y  =  1  (v) 

x  —  y  =  1  \x  +  y  =  3 


y  =  l 

[x  —  y  =  1 


(vi)  (x  =  2 

•  '  •.  W  =  1 

have  the  same  solution  set  {(2,  1)}  . 
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The  equation  x  =  2  may  be 
obtained  by  eliminating  y  from  the 
given  equations  by  addition. 

[x  +  y  =  3  (1) 

\x  —  y  =  1  (2) 


t 


2x  =  4 
.  x  =  2 


(3) 


The  equation  y  =  1  may  be 
obtained  by  eliminating  x  from  the 
given  equations  by  subtraction. 

=  3  (1) 

(2) 


(x  +  y  =  3 
\x  -  y  =  1 


2 y 


2 

1 


(4) 


If  the  original  system  is  now  replaced  by  one  of  the  simpler  systems, 
for  example: 


l 


x  =  2 
[z  +  y  =  3 
Then  by  substitution, 
2  +  2/  =  3 
y  =  1 


(3)  or 

(1) 


(4) 


|  y  =  i 

-  ?/  =  1 


Then  by  substitution, 
x  —  1  =  1 
.*.  x  =  2 


(4) 

(2) 


(3) 


The  system  in  each  case  is  equivalent  to  the  system 

lx  =  2 


{ 


y  =  i 

from  which  the  solution  set  { (2,  1) }  is  obtained. 

The  solution  is  usually  arranged  as  follows : 

x  +  y  =  3  (1) 

y  =  i  (2) 


i 


(1)  +  (2) 

Substitute  in  (1) 


Verification.  L.S.(l)  =2  +  1 

=  3 

R.S.(l)  =  3 


x  - 

2x  =  4 

x  =  2  (3) 

2  +  2/  =  3 

/.  2/  =  1  (4) 

The  solution  set  is  { (2,  1) }  . 

L.S.(2)  =  2-1 
=  1 

R.S.(2)  =  1 


Write  a  solution  for  the  following  'problem  and  compare  it  with  that  on 
page  480. 

1.  Determine  the  solution  set  defined  by  the  system  of  equations;  verify: 

(Sx  +  2y  =  13 
(5x  —  2y  =  3 

Example.  Find  { (x,  y)\5x  +  2i/  =  11  and  3x  +  4y  =  l}  . 

Solution.  Since  addition  or  subtraction  of  equations  (1)  and  (2)  will 
not  eliminate  a  variable,  the  multiplication  property  of  equality  is  used 
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to  write  equivalent  equations  for  each  in  which  the  coefficients  of  x  or  y 
are  equal  in  absolute  value. 


(5x  +  2y  = 

li 

(i) 

(3a:  +  4  y  = 

l 

(2) 

2  X  (1) 

( lOx  +  4  y  — 

22 

(3) 

(  3a:  +  4y  = 

1 

(2) 

(3)  -  (2) 

7x  = 

21 

x  = 

3 

(4) 

Substitute  in  (2) 

9  +  4  y  = 
4  y  = 

1 

-  8 

(2) 

y  = 

-  2 

(5) 

The  solution  set  is  { (3,  —  2) }  . 


Write  solutions  for  the  following  'problems  and  compare  them  with  those  on 
page  480. 


2.  Solve  the  following  system  and  verify: 

(5x  +  2y  =  9 
\2x  +  3y  —  8 

3.  Find  }  ( x ,  y) \%x  —  \y  =  0  and  \x  —  f y  =  —  4}  ;  verify. 


Exercise  7-3 

(A) 

Eliminating  a  variable  by  addition  or  subtraction,  find  the  solution  set  of 
each  of  the  following  systems  of  equations: 


• 

'TT 

+ 

II 

5 

2.  (2x  +  y  =  14 

3. 

CO 

II 

?3S 

CO 

1 

<NI 

\x  -  y  = 

l 

(3a:  —  y  =  16 

r-H 

II 

CO 

1 

4.  (x  +  y  = 

5 

5.  (3x  +  2y  =  19 

6. 

fx  —  2y  —  5 

\x  -  y  *= 

l 

(3a:  —  5y  =  5 

(a:  +  6?/  =  —  5 

(B) 

Determine  the  solution  set  defined  by  the  following  systems  of  equations; 
verify: 


7.  j2x  +  y  —  8 

8.  (2x  +  3  y  =  13 

9. 

(  x  +  2/  =  2 

(  x  +  y  =  5 

(  2x  +  y  =  7 

(3a:  +  2y  =  5 

10.  (6a:  +  3y  =  -  9 

11.  (  5x  +  y  —  15 

12. 

(2a:  +  4y  =  32 

(2a:  +  3 y  -  —  1 

(2a:  —  3?/  =  6 

(2a:  -  5y  =  5 
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•  f  x  4-  y  = 

\hx  +  iy  = 


=  11 

5 


14.  / x 


(x-+»  = 
\x  2 

(2"F  = 


1 

=  3 


15. 


Find: 


16.  { (a;,  ?/)  |5x  —  Qy  —  31  and  6a;  —  3 y  =  33} 

17.  { ( x ,  y)\Sx  +  9 y  =  42  and  2x  —  4y  —  —  2} 

18.  { (x,  y) \2x  +  Sy  =  1  and  5a;  —  4 y  =  14} 

19.  { (x,  y) \7x  +  3?/  =  27  and  2a;  +  5 y  =  16} 

20.  }  (x,  y)  |  —  2a;  +  Sy  =  6  and  6a;  +  5y  =  30 } 


21.  <  (x,  y) 


22.  <  (x,  y) 


x  y  ,  x  y 

-  +  -  =  3  and  —  —  —  =  —  1 
5  6  10  3 


2a;  3 y  .  3a; 

—  -  —  =  -  4  and  — 
3  2  2 


23.  |  (a;, 


y ) 


l(x  +  y)  =  4\  and  X  y  =  4 


-I'4} 

} 


24.  <  (a;,  ?/) 


a;  y  ,  x  y 

-  -  -  =  2  and  -  -  - 

4  5  8  3 


Solve: 

25.  f  9x  —  7y 


ff- 

i?- 


% 

3 

6y  = 


-  9 

-  29 


u 


[x  -  1/  =  -  2 
27.  y  —  3x  =  2y  —  x  =  20 


5| 

21 


26.  (  2x  -  Sy  +  1  =  0 

(5x  -  2y  -  14  =  0 


(C) 


Find  the  solution  set  defined  by  each  of  the  following  systems: 


28.  6x  4"  3  =  2x  —  2y  —  Sy 


29. 


3  (y  +  7)  -  4(x  4-  6)  =  0 
7  (y  4-  5)  =  2(s  4-  10) 


7»4  Solving  systems  of  equations  in  more  than  two  variables  (supple¬ 
mentary).  We  learned  in  Chapter  VI  that  one  equation  in  two  variables 
has  an  unlimited  number  of  solutions  or  defines  an  unlimited  number  of 
ordered  pairs.  Two  equations  of  the  first  degree  in  two  variables  usually 
define  a  single  ordered  pair. 
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To  solve  systems  of  two  linear  equations  the  method  is: 

(i)  eliminate  variables  to  obtain  equations  with  fewer  variables; 

(ii)  obtain  at  each  step  a  system  of  equations  equivalent  to  the  previously 
obtained  system. 

This  method  is  a  general  one  and  may  be  applied  to  solving  a  system 
of  any  number  of  equations.  For  example,  consider  the  following  problem. 

Determine  three  integers  such  that : 

(i)  the  sum  of  the  first  two  is  10; 

(ii)  the  sum  of  the  second  two  is  8 ; 

(iii)  the  sum  of  the  first  and  third  is  12  . 

Since  there  are  three  integers  to  be  determined,  we  may  say  that  for 
any  three  integers  represented  by  x,  y,  and  z,  the  facts  of  the  problem  are 
represented  by  the  system  of  equations: 

x  +  y  =  10  (1) 

y  +  z  =  8  (2) 

x  +  z  =  12  (3) 

If  these  facts  are  sufficient  to  define  the  three  numbers,  then  these  three 
equations,  when  solved,  will  provide  whatever  sets  of  three  integers 
satisfy  the  problem. 

One  way  to  solve  the  system  is  as  follows : 


1 

\  x  +  y  = 

10 

(i) 

< 

y  +  ^  = 

8 

(2) 

1 

(  X  +  2  = 

12 

(3) 

x  +  y  = 

10 

(1) 

y  +  z  = 

8 

(2) 

(1)  -  (2) 

x  —  z  — 

2  . 

(4) 

X  +  z  = 

12 

(3) 

(4)  +  (3) 

2x  — 

14 

X  = 

7 

(5) 

(4)  -  (3) 

-  2z  = 

-  10 

.*.  z  = 

5 

(6) 

Substitute  in  (1) 

7  +  y  = 

10 

.*.  y  = 

3 

(3) 

T 


l 


It  may  be  verified  that  the  three  integers  are  3,  5,  and  7. 
The  equivalent  systems  of  equations  in  the  solution  are: 

(i)  (ii)  (iii) 


[x  +  y  =  10 
y  +  z  =8 
[x  +  z  =  12 


t 

\ 


z  =  2 
x  -\-  z  =  \  2 
x  +  y  —  10 


(x  =  7 
<2=5 
[y  =  3 
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We  see  that  this  system  of  three  first  degree  equations  in  three  variables 
(note  that  all  three  variables  did  not  appear  in  each  equation  in  this 
example)  defines  only  one  set  of  three  numbers. 

A  second  method  of  solving  the  system  of  equations  suggests  that  the 
particular  pattern  of  elimination  does  not  always  need  to  be  followed. 


Adding  the  three  equations : 

(1)  +  (2)  +  (3) 

2x  +  2y  +  2z  =  30 

(Addition  property) 

x  +  y  +  z  =  15 

(4) 

x  +  y  =10 

(1) 

(4)  -  (1) 

2  =  5 

x  +  y  +  z  —  15 

(4) 

y  +  z  =  8 

(2) 

(4)  -  (2) 

x  =  7 

(5) 

x  +  y  +  z  =  15 

(4) 

x  +  z  =  12 

(3) 

(4)  -  (3) 

y  =  3 

(6) 

The  three  integers  are  3,  5,  and  7. 

One  should  always  study  the  equations  carefully  before  proceding  to 
solve  them,  so  as  to  take  advantage  of  any  pattern  which  will  simplify 
the  amount  of  work  required. 


Write  solutions  for  the  following  examples  and  compare  them  with  those 
on  page  481. 


1.  Solve  the  following  system;  verify: 

(  x  4-  2y  +  3z  =  26  (1) 

hx  -  By  +  62  =  29  (2) 

Ijx  +  8y  -  9z  =  -  16  (3) 

2.  Solve  the  following  system : 

(5  +  4  2  =  y  +  3  (1) 

<  x  +  y  =  3-2  (2) 

(  7z  =  x  +  2  (3) 


3.  Solve  the  following  system: 

a  +  b  =  3 
6  +  c  =  5 
c  +  d  =  7 
a  +  3d  =  7 


f 

) 


(1) 

(2) 

(3) 

(4) 


The  graphical  interpretation  of  an  equation  in  three  variables  is  a  set  of 
points  in  three  dimensional  space.  Three  coordinates  are  required  to 
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determine  a  point  in  three  dimensional  space  with  reference  to  three 
axes.  The  equation 

2x  +  y  +  3z  =  6 

defines  the  set  of  points  of  the  plane  containing  A  ABC  in  Fig.  7-5. 
Such  graphs  are  hard  to  draw  and  do  not  provide  a  convenient  method 
for  determining  the  solution  of  three  equations  in  three  variables. 


Solve  and  verify: 

1.  { 2x  —  y  +  3z 
3x  +  y  —  4z 
fix  —  y  5  z 

3.  (  x  -f  y  -  2  = 
\x  +  2y  +  2  = 
x  —  y  -f  z  - 

Solve: 

6.  (x  +  y  +  ^  = 
x  —  z  = 
V  -  z  = 


=  9 
=  -  7 
=  19 

=  0 
=  11 
=  2 


21 

10 

8 


j3z  +  y  ~  2z  =  1 
3z  +  3  y  z  =  15 

fix  +  2y  +  2z  =  13 


Exercise  7-4 

(B) 

2. 


4. 


8. 


[x  +  2y  +  3z 
x  +  3y  +  4z 
[x  4-  42/  +  6z 


(x  +  y 

\y  +  2 

(z  +  x 


14 

9 

11 


20 

27 

38 


3x  +  2?/  +  z  —  72 
-  x  +  3y  -f  2z  =48 
3x  +  2z  =  60 

3x  —  y  +  z  =  17 
fix  +  3y  —  2z  =  10 
\lx  -f  \y  —  5z  =3 


7. 
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Solve: 

9.  fox  +  2 y+  10 2  =*  5 

<  3x  —  y  -{■  5z  —  —  6 
I  2x  -  3  y  -  7z  =  5 

11.  f  7x-Sy  =  30 

<  9y  —  5z  =  34 
lx  +  ?/  —  z  =7 


10. 

12. 


i  x  -  ?>y  +  z  =2 
2x  +  y  —  2z  =3 
Ux  -  2y  -  3z  =  4 

(5  +  42  =  y  +  3 
x  -f  ?/  =  32 
I  72  =  X  +  2 


Solve: 


(C) 


13. 


1 

I 


tt-(-2fo  —  c  d  —  4 
2 a  —  b  —  c  —  d  =  7 
3a  -j-  46  -f-  c  -j-  2d  —  1 
4a  —  2b  +  3c  —  3d  —  —  2 


) 

I 


m  +  n  +  p  +  q  =  2 

\m  +  p  =  —  | 
m  +  |n  +  2p  +  ig  =  5 
2  m  —  n  —  p  —  2q  —  — 3 


7»5  Solving  problems  by  means  of  a  system  of  equations.  In  Chapter  III 
we  studied  the  analysis  and  solution  of  problems  whose  facts  we  were 
able  to  express  in  terms  of  one  letter  symbol.  Problems  involving  two 
or  more  quantities  to  be  determined  may  be  expressed  in  terms  of  two 
or  more  letter  symbols.  To  solve  the  problem,  the  facts  of  the  problem 
may  be  expressed  by  a  system  of  equations  which  consists  of  as  many 
equations  as  there  are  representative  letter  symbols.  If  the  number  of 
letter  symbols  involved  is  two,  the  analysis  of  the  problem  requires  the 
development  of  two  equations.  The  following  examples  illustrate  this. 

Example  1.  Find  two  numbers  such  that  their  sum  is  18,  and  4  times  the 
first  number  exceeds  6  times  the  second  by  2. 

Solution.  Represent  the  first  number  by  x 
and  the  second  number  by  y. 

Their  sum  is  x  +  y. 

But  this  is  given  equal  to  18. 

.*.  x  +  y  =  18  (1) 

4  times  the  first  exceeds  6  times  the  second  by  Ax  —  6y. 

But  this  is  given  equal  to  2. 


.*.  Ax  —  Qy  =  2 

(2) 

00 

t-H 

II 

+ 

(1) 

(4a;  —  6y  =  2 

(2) 

4  X  (1) 

Ax  +  Ay  =  72 

(3) 

(3)  -  (2) 

o 

II 

■<! 

O 

/.  y  =  7 

(4) 
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Substitute  in  (1)  x  +  7  =  18 

x  =  11 

The  numbers  are  11  and  7. 

Verification.  11  4  X  11  =  44 

_7_  6  X  7  =  42 

Sum  18  Difference  2 

Example  2.  A  merchant  wishes  to  mix  tea  worth  75j£  per  pound  with  tea 
worth  95j£  per  pound  to  make  100  pounds  of  a  mixture  worth  86^  a  pound. 
How  many  pounds  of  each  should  he  use  ? 

Solution.  Represent  the  number  of  pounds  of  75^  tea  by  x 
and  the  number  of  pounds  of  95  ^  tea  by  y. 

The  value  of  x  pounds  at  75  per  pound  is  75a;  j£. 

The  value  of  y  pounds  at  95^  per  pound  is  9 5y<f  . 

Total  value  of  this  mixture  is  (75a;  +  95 y)  f 
But  this  is  given  equal  to  (100  X  86)  f  or  8,600  jzh 

.*.  75a;  +  9 5y  =  8,600 

or  15a;  +  19  y  =  1,720  (1) 

Total  amount  of  tea  in  the  mixture  is  (x  +  y)  pounds. 

But  this  is  given  equal  to  100  pounds. 


.'.  x  +  y  =  100 

(2) 

(15a;  +  19  y  =  1,720 

(1) 

(  x  +  y  =  100 

(2) 

From  (2) 

x  =  100  - 

V  (3) 

Substitute  in 

(1)  15(100  - 

-  y)  +  19 y  =  1,720 

/.  1500  - 

15  y  +  192/  =  1,720 

/.  4y  =  220 

y  =  55 

(4) 

Substitute  in 

(3) 

x  =  100  —  55 

x  =  45 

(5) 

The  required  mixture  is  45  pounds  of  75  ^  tea  and  55  pounds  of  95^  tea. 

Verification.  Number  of  pounds  in  mixture  =  45  +  55  =  100 
45  pounds  at  75  £  per  pound  cost  $33.75 
55  pounds  at  95^  per  pound  cost  $52.25 

Total  value  $86.00 

Example  3.  An  aircraft  travelled  1,500  miles  with  the  wind  in  3  hours, 
but  took  3f  hours  to  return  against  the  wind.  Find,  in  miles  per  hour, 
the  airspeed  of  the  plane  in  still  air  and  the  wind  velocity. 
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Solution.  The  relationship  between  distance  d,  speed  v,  and  time  t ,  is 
given  by  the  equation 

d  =  vt . 

Represent  the  airspeed  by  x  m.p.h.  and  the  windspeed  by  y  m.p.h. 


TRIP 

speed  in  m.p.h. 

TIME  IN  HOURS 

DISTANCE  IN  MILES 

Going 

x  +  y 

3 

3(s  +  y) 

15 

15, 

Returning 

x  -  y 

4 

~ix  -  y) 

But  it  is  given  that  the  distance  each  way  is  1,500  miles. 


(1)  *3 


(2)  X 


15 

(3)  +  (4) 
(3)  -  (4) 


3(s  +  y)  =  1,500 
15. 

-ix-y)  =  1,500 

x  +  y  =  500 
x  —  y  =  400 

2x  =  900 
.*.  x  =  450 
2 y  =  100 
y  =  50 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 


Airspeed  is  450  m.p.h.  and  windspeed  is  50  m.p.h. 

Verification.  Rate  going  is  500  m.p.h. 

,  1,500 , 

Time  taken  = - hrs.  =  3  hrs. 

500 

Rate  returning  is  400  m.p.h. 

Time  taken  =  hrs.  =  3|  hrs. 

400 


Example  4  which  follows  deals  with  the  digits  of  a  number.  Before 
attempting  the  problem  we  should  recall  that  in  our  decimal  place-value 
system  the  three-digit  numeral  745  means 

7  X  102  +  4  X  10  +  5 
not  7X4X5. 

In  a  problem  requiring  the  determination  of  the  digits  of  a  two-digit 
numeral,  if  the  tens  digit  is  represented  by  x  and  the  units  digit  by  y, 
the  numeral  is  represented  by 

x  X  10  -f  y  or  10.r  +  y 
but  not  by  xy  which,  in  algebra,  means  the  product  of  x  and  y  . 
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The  numeral  45  represents  4  X  10  -f-  5  .  If  the  digits  are  reversed, 
the  numeral  becomes  5  X  10  -f-  4  or  54  .  If  the  digits  are  reversed  in  the 
numeral  10a:  +  y,  it  becomes  lOy  +  x  . 

Example  4.  A  number  has  two  digits.  If  45  is  added  to  the  number,  the 
digits  are  reversed.  The  sum  of  the  number  and  the  number  formed  by 
reversing  the  digits  is  99.  Find  the  number. 

Solution.  Represent  the  tens  digit  by  x 
and  the  units  digit  by  y. 

Then  the  number  is  represented  by  10 x  y  . 

The  number  plus  45  is  10a;  +  y  +  45  . 

But  this  is  given  equal  to  1 0 y  -\-  x  . 

10a:  +  y  +  45  =  10  y  -f-  x 
or  9a:  —  9  y  =  —  45 
or  x  —  y  =  —  5  (1) 

The  sum  of  the  number  and  the  number  reversed  is 
lOx  +  y  +  lOy  +  x  =  llx  +  11  y  . 

But  this  is  given  equal  to  99. 

llx  +  11  y  =  99 


or 

x  +  y  =  9 

(2) 

(x-y  =  -5 

(1) 

\x  +  y  =  9 

(2) 

(1)  +  (2) 

II 

CM 

x  =  2 

(3) 

(2)  -  (1) 

2  y  =  14 

♦  •  y  =  7 

The  number  is  27  . 

(4) 

Verification. 

Number  plus  45  =  27  +  45  =  72 
Number  reversed  =72 

Number  plus  number  reversed  = 

27  +  72 

Exercise  7-5 

(B) 

1.  Find  two  numbers  whose  difference  is  21,  such  that  one-fifth  of  their 
sum  is  11. 

2.  Find  two  numbers  such  that  one-half  their  sum  is  1 1  and  one-third 
their  difference  is  2. 

3.  Find  two  numbers  such  that  3  times  the  first  added  to  4  times  the 
second  is  44,  and  4  times  the  first  less  3  times  the  second  is  17. 

4.  Add  the  smaller  of  two  numbers  to  one-half  the  greater  and  the  sum 
is  11.  Subtract  the  smaller  from  one-quarter  of  the  greater  and  the 
difference  is  —  1.  Find  the  numbers. 
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5.  Find  two  numbers  such  that  2  times  the  larger  added  to  3  times  the 
smaller  is  88,  and  one-half  the  larger  diminished  by  one-third  the 
smaller  is  9. 

6.  If  in  an  archery  contest  a  bull’s  eye  counts  5  and  an  inner  counts  4, 
find  how  many  of  each  of  these  a  marksman  makes  in  scoring  52  with 
12  shots. 

7.  If  4  boys  and  3  men  earn  a  total  of  $51  for  1  day’s  work,  and  7  boys 
and  2  men  earn  $60  for  1  day’s  work,  what  are  the  daily  wages  of  a 
boy  and  of  a  man  ? 

8.  If  5  lb.  of  coffee  and  10  lb.  of  tea  together  cost  $14.00,  and  4  lb.  of 
coffee  and  6  lb.  of  tea  together  cost  $9.50,  find  the  price  of  each  per 
lb. 

9.  Three  lb.  of  coffee  and  5  lb.  of  tea  cost  $8.10  .  If  the  coffee  were 
reduced  20%  in  price  and  the  tea  increased  10%,  the  cost  would  be 
$7.83  .  Find  the  original  price  of  each  per  lb. 

10.  A  grocer  bought  oranges,  some  at  54jzf  a  dozen  and  some  at  60cf  a 
dozen.  He  paid  $20.10  for  them  altogether.  He  sold  them  all  at  75^ 
a  dozen  and  cleared  $6.15  .  How  many  oranges  did  he  buy  at  each 
price  ? 

11.  The  perimeter  of  a  rectangular  field  is  54  rods.  If  the  length  is  de¬ 
creased  by  5  rods  and  the  width  increased  by  2  rods,  the  area  is 
decreased  by  40  square  rods.  Find  the  original  dimensions  of  the 
field. 

12.  A  right-angled  triangle  has  its  hypotenuse  8  inches  longer  than  its 
shortest  side.  If  the  sum  of  the  two  shorter  sides  is  17  inches  and  the 
perimeter  of  the  triangle  is  30  inches,  find  the  lengths  of  the  sides  of 
the  triangle. 

13.  A  ton  of  anthracite  coal  occupies  34  cubic  feet,  and  a  ton  of  bitumin¬ 
ous  coal,  42  cubic  feet.  If  a  man  has  3,200  cubic  feet  of  space  avail¬ 
able  for  storing  coal  and  he  needs  3  times  as  many  tons  of  bituminous 
as  of  anthracite,  find  the  number  of  tons  he  should  purchase  of  each. 

14.  A  man  invests  $6,000,  part  at  3%  per  annum  and  part  at  5%  per 
annum.  If  his  total  income  from  these  investments  is  $220,  find  the 
amount  invested  at  each  rate. 

15.  A  man  who  has  $30,000  invested,  part  at  4f  %  per  annum  and  the 
remainder  at  51%  per  annum,  receives  $65  per  annum  more  income 
from  the  former  than  from  the  latter.  How  much  is  invested  at  51%  ? 

16.  A  man  has  $12,000  to  invest.  He  invests  part  in  31%  bonds  and  part 
in  41%  bonds.  If  his  total  annual  income  is  $490,  how  much  does  he 
invest  in  each  bond  issue  ? 

17.  A  commercial  airliner  travelled  2,200  miles  with  the  wind  in  71  hours 
and  took  10  hours  to  return  the  same  distance  against  the  wind. 
Find  its  airspeed  in  still  air  and  the  wind  velocity. 
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18.  Two  persons,  A  and  B,  who  are  30  miles  apart  meet  after  5  hours  if 
they  walk  towards  each  other.  However,  if  they  walk  in  the  same 
direction  from  their  starting  points,  it  takes  A  15  hours  to  overtake 
B.  Find  their  rates  of  walking. 

19.  A  certain  two-digit  number  is  equal  to  four  times  the  sum  of  its 
digits.  If  18  be  added  to  the  number,  the  digits  are  reversed.  Find 
the  number. 

20.  The  difference  between  the  two  digits  of  a  number  is  3.  The  sum 
of  the  number  and  the  number  formed  by  reversing  the  digits  is  121. 
Find  the  number. 

21.  A  certain  number  between  10  and  100  is  7  times  the  sum  of  its  digits. 
If  27  is  subtracted  from  the  number,  the  digits  are  reversed.  Find  the 
number. 

22.  The  sum  of  the  digits  of  a  two-digit  number  is  10.  The  difference 
between  the  number  and  the  number  formed  by  reversing  the  digits 
is  54.  Find  the  number. 

23.  A  two-digit  number  has  its  tens  digit  5  more  than  its  units  digit. 
If  8  times  the  sum  of  the  digits  is  equal  to  the  number,  find  the 
number. 

(C) 

24.  In  an  informal  ballot  a  resolution  was  adopted  by  a  majority  of  10 
votes.  In  the  formal  ballot,  one-fourth  of  those  who  had  voted  for 
the  resolution  now  voted  against  it,  and  it  was  lost  by  6  votes.  Find 
the  number  of  voters. 

25.  Find  a  fraction  such  that,  if  4  is  added  to  the  numerator  it  becomes 

but  if  4  is  added  to  the  denominator,  it  becomes  f. 

26.  When  23  is  added  to  a  certain  number  expressed  by  two  digits,  the 
result  is  5  greater  than  the  number  expressed  by  the  digits  in  reverse 
order.  If  the  original  number  is  increased  by  -f-  of  itself,  the  result  is 
the  same  as  if  the  tens  digit  had  been  replaced  by  6.  Find  the  original 
number. 

7*6  Classification  of  systems  of  linear  equations  (supplementary).  Systems 

of  two  linear  equations  are  classified  as  follows. 

a.  Consistent  systems.  A  system  is  consistent  if  the  equations  have  a 

unique  common  solution. 

{ (x,  y) \2x  —  Sy  =  8  and  Sx  +  y  =  1 }  =  { (1,  -  2) } 

is  defined  by  the  system  of  equations 

(2x  -  3y  =  8  (1) 

l  3z  +  y  =  1  (2) 

which  have  the  ordered  pair  (1,  —  2)  as  a  unique  common  solution.  The 
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graphical  solution,  Fig.  7-6,  indicates  the  point  common  to  the  two  lines 
defined  by  the  individual  equations.  This  system  of  equations  is  said  to 
be  consistent.  It  is  also  referred  to  as  independent. 
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b.  Dependent  systems.  A  system  is  dependent  if  each  equation  has  the  same 
solution  set. 

{ ( x ,  y)\2x  —  Sy  =  8  and  fiz  —  9y  =  24  j 

is  defined  by  the  system  of  equations : 

j2x  —  3y  =  8  (1) 

[6x  -  9y  =  24  (2) 

It  is  seen  that  equation  (2)  is  equivalent  to  equation  (1):  that  is, 
(2)  is  obtained  from  (1)  by  multiplying  by  3  .  Thus,  any  ordered  pair 
which  satisfies  the  equation  (1)  will  satisfy  equation  (2)  . 


The  graph  of  the  solution  set  of  each  equation  is  the  same  straight  line. 
This  system  of  equations  has  an  unlimited  number  of  solutions.  Each 
equation  is  said  to  be  dependent  on  the  other,  and  the  system  is  referred  to 
as  a  dependent  system. 
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c.  Inconsistent  systems.  A  system  is  inconsistent  if  the  two  equations  have 
no  solution  in  common. 

{ (x,  y)\2x  —  2>y  =  8  and  4rc  —  6t/  =  12 }  =  0 


is  defined  by  the  system  of  equations: 

(2x  —  3y  =  8  (1) 

(4a;  -  6y  =  12  (2) 

2  X  (1)  4x  —  6y  =  16  (3) 

(2)  -  (3)  Ox  +  Oy  =  -  4  (4) 


There  are  no  ordered  pairs  (x,  y)  which  satisfy  this  equation.  Thus,  the 
solution  set  is  0  .  The  graph  of  the  solution  set  of  each  equation  indicates 
that  the  lines  are  parallel  and  have  no  point  in  common.  This  system  is 
said  to  be  inconsistent. 
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Exercise  7-6 


(B) 

Draw  the  graph  of  each  of  the  following  systems  of  equations  and  then 
classify  each  as  consistent ,  inconsistent,  or  dependent: 

1.  i  x  +  y  =  3  2.  j  2x  -f  3y  =  6  3.  j  x  —  y  =  3 

(2a:  +  y  =  4  (4a:  +  Oy  =  7  (3a;  —  Sy  =  9 


7*7  Solution  of  systems  of  linear  equations  with  literal  coefficients  (sup¬ 
plementary). 

Example  1.  If  x,  y  e  R,  and  h,  c  represent  real  constants,  find  the  solution 
set  of  the  following  system  of  equations: 

(bx  +  y  =  b2  +  c 
\x  +  cy  =  b  +  c2 
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While  any  one  of  the  three  methods  of  eliminating  a  variable  may  be 
used,  it  is  often  simplest  to  use  the  method  of  elimination  by  addition  or 
subtraction. 


Solution. 

f  bx  -\-  y  =  b2  c 

(1) 

(  x  +  cy  =  b  +  c2 

(2) 

(2)  X  b 

bx  +  bey  =  b2  +  be2 

(3) 

bx  +  y  —  b2  -f-  c 

(i) 

(1)  -  0) 

y  —  bey  =  c  —  be2 

• 

•  • 

2/(1  —  be)  =  c(l  —  be) 

y  —  c  ,  1  —  be  X  0 

(4) 

Substitute  in  (2) 

x  -f  c2  =  b  +  c2 

x  —  b 

(5) 

The  solution  set  is  { (b,  c) }  . 


If  1  —  be  —  0,  then  y  is  undefined. 


Example  2.  If  x,  y  6  R,  and  a,  b,  c,  d  represent  real  number  constants, 
solve  the  following  system  for  x  and  y: 


j  ax  +  by 

=  cd 

(  ex  —  dy 

=  ab 

Solution. 

/  ax  ■+■  by 

—  cd 

(i) 

\  ex  —  dy 

=  ab 

(2) 

C  X  (1) 

acx  +  bey 

=  c2d 

(3) 

o  X  (2) 

acx  —  ady 

=  a2b 

(4) 

(3)  -  (4) 

bey  +  ady 

=  c2d  —  a2b 

y{bc  -\-  ad) 

=  c2d  —  a2b 

c2d  —  a2b 

V 

be  +  ad 

(5) 

Since  the  substitution  of  — - —  for  y  in  either  equation  (1)  or  (2)  is 

be  +  ad 

cumbersome,  x  may  best  be  determined  by  eliminating  y  from  the  two 
given  equations. 


d  X  (1) 
b  X  (2) 
(5)  +  (6) 


ad. v  +  bdy  =  cd2  (6) 

bex  —  bdy  —  ab2  (7) 


adx  +  bex  =  cd2  +  ab2 
x{ad  +  be)  =  cd2  - b  ab2 
cd2  +  ab2 
ad  +  be 
cd2  +  ab2 
ad  +  be 


(8) 


c2d  —  a2b\ 
be  +  ad  )  ' 


The  solution  is 
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Solve  for  x  and  y: 

1.  j  rx  —  sy  =  r2  —  s2 
\  x  +  y  =  r  +  s 

3.  fmx  +  ny  =  4 mn 
\mx  —  ny  =  0 

5.  /  hx  =  ky 

(3  hx  —  2  ky  =  hk 

7.  /  x  +  y  =  1 

Via;  +  biy  =  Ci 

9.  /ox  +  by  =  2 ab 
bx  —  ay  =  b2  —  a' 


(B) 


2x  —  ay  —  c 
x  -{-by  —  c 

ax  —  by  =  a2  +  b2 
x  +  y  =  2a 

ax  +  by  =  c 
—  bx  ay  —  c 

ax  +  by  =  2 
a2x  —  b2y  =  a  —  b 


x  y 

~+7=  2 
a  b 


ax 


by  =  a2  —  b2 


Practice  Exercise  7-8 


(B) 


So/fe  each  of  the  following  systems  using  the  method  of  comparison;  verify : 

3.  /2xi  4“  x2  =  23 


1.  (  x  +  2y  =  4 
\2x  +  3y  =  7 

4.  |2x  +  3?/  =  12 
|3x  +  2y  =  13 


2.  j  4x  —  y  =  5 
\3x  +  2y  =  12 

5.  (x  —  y  =  2 

x  y 
|-  +  -  =  2 
[5  3 


'4xi  —  x2  =  19 


6» 


\x~l 


x  =  y 
3  ~  2 

y  =  4 


using  the  method  of  comparison : 

7.  { (x,  2/)|x  —  Sy  =  —  5  and  2x  +  y  —  —  3 } 

8.  {(x,  y)  |2x  =  9 y  and  7x  +  27  =  18?/ } 

9.  {  ( x ,  y) |12x  +  6?/  =  13  and  4x  +  3?/  =  5} 

10.  { (xi,  x2)|2xi  +  1  =  5x2  and  4x2  —  Xi  —  4  =  5x2  —  2xi} 

11.  j(x,  y) 


x  y  .  x  3  1 

3“6"land  5-^=7 


3x  —  2 

12.  <J(x,  y)\3y  —  7x  =  x  +  1  and  — - —  =  1 
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Practice  Exercise  7-9 


(B) 

Solve  each  of  the  following  systems  using  the  method  of  substitution;  verify: 

1.  lx  +  3y  =  38  2.  (2a;  —  3y  =  —  5  3.  /  2xi  —  a;2  -{-  5  =  0 

!3a;  —  y  =  24  (  4a;  —  ?/  =  5  (3a;  i  -f-  2a;2  —  3  =  0 

4.  ( 13  -f*  2a 2  =  9a  i  5. 


13  -f*  2a 2  —  9a  i 
3a2  =  7ai 


If®  +  V  =  8 
[x  +  iy  =  7 


6. 


If® 


Find,  ustngr  the  method  of  substitution: 

7.  { (®,  2/)]a;  =  3i/  —  2  and  Qy  =  4x  —  7} 

8-  { (2/1,  2/2) |3?/2  -  4yi  =  10  and  2y2  +  6?/i  =  11} 
9*  { (®>  y)  |3a;  +  2y  =  118  and  x  +  by  —  191 } 

10.  { (x,  y) \7x  +  6t/  =  71  and  5x  —  8y  =  —  23} 


•  j(®,  y)  I 

•  j(®,  2/)lf® 


x 


x  =  3 y  and—  +  2y  =  9 


+  ^  =  0  and  x 
o 


-%v  =  11} 


iy  =  7 

.1®  +  iy  =  12 


Practice  Exercise  7-10 


(B) 


eac/i  0/  the  following  systems  using  the  method  of  elimination  by 
addition  or  subtraction;  verify: 


1.  (3x  +  2  y  =  13 
(3a;  —  2y  =  5 


2.  I  7x  +  3?/  =  10 
(35a;  —  Qy  =  1 


3.  j2bi  —  352+5  =  0 
146H-3&2+1-0 


4. 


7x  —  by  =  45 
2a;  +  3?/  =  4 


5. 


f ®  -  y  =  -  4 
X  —  iy  =  —  9 


7.  2x  +  by  =  y  —  3x  =  34:  8.  3y  —  8x  =  3x  —  ?/  —  1  =  0 


Find,  ttsingr  elimination  either  by  addition  or  subtraction: 
9.  {(a;,  2/)|ll?/  —  6x  =  36  and  7?/  -f  24a;  =  9} 

10.  { (rr,  ?/)  |5a/  —  3a;  =  85  and  5a;  -f  12 y  =  21 } 

11.  {(a;,  y) \7x  +  by  =  1  and  5a;  +  7y  =  11 } 


Systems  of  Linear  Equations 

12.  { ( x ,  y)\9x  +  8y  =  7  and  21a;  +  10 y  =  12} 


13.  j(x, 


V ) 


14.  { (x,  y) 


x  y  o  ^  *  ,  V  1K. 
i-5  =  2aGd2  +  5=15j 

^  ~  =  26  and  2a;  —  3 y  —  36  > 

3  O  7 


Solve  each  of  the  following  systems  using  any  method : 


15-  %  +  y-  =  o 

%)  =  11 
3J 


\x 


16*  1  jl  _  i  =  0 

13  7 

^6x  —  10  y  =  8 


17  £_»  =  £.+  M  =  4 

'  5  3  10 +  6 

19.  75(x  +  ?/)  —7  (x  —  y)  =  26 
3a;  +  7 y  _  6x  -  y  _  Q 


18.  ^2x  — 


2y  +  7 


=  7 


)2y  +1  10  ~ 

V  3  2 


a; 


=  y  -  5 


Practice  Exercise  7-11 


&oZye  and  verify: 

1.  A/  +  2  =  7 
2  +  a;  =9 
'x  +  y  =  12 

3.  (  2x  —  ?/  +  2  =  1 
5x  +  +  32  =  2 

'2x  —  3?/  4~  42  =  —  2 

Solve: 


5. 


|2x  +  4?/  +  32  =  11 
<2x  —  2y  —  2*  =  — 
{  x  -  3  y 


32  =  -  2 
32  =  -  1 


7. 


9. 


5x  —  9?/  +  2  =  —  22 
x  —  2y  +  2  =  0 
'3a;  —  ly  +  42  =  1 

(x  +  2y  +  z=-l 
<  3x  +  ?/  +  62  =  13 
(  x  +  y  +  z  =  1 


(B) 


2.  f  x  y  z  =  Q 
*2x  +  3y  +  2  =  13 
Ux  4-  $y  +  2  =  31 

4.  ^  x  —  3y  2z  =  —  1 
2x  —  7y  4~  42  =  —  4 
3x  —  5 y  —  z  =  —  9 


6.  i  2xi  4“  3x2  4-  5x3  =  21 
-  3x  1  4-  2x2  4"  4x3  =  11 
3xi  4-  x 2  4~  7x3  =  20 

8.  ^4x  —  3  y  —  —  1 
7x  -  3y  =  5 
'82  —  9z/  =5 

10.  (2x  -  3?/  4-  42  -  11  =  0 
3x4~2?/  —  2  —  3  =  0 
4x  —  2/  —  32  —  6  =  0 


226 


Chapter  VII 


Practice  Exercise  7-12 

(B) 

1.  Find  two  numbers  such  that  7  times  the  first  is  greater  than  3  times 
the  second  by  21,  and  3  times  the  first  together  with  twice  the  second 
is  55. 

2.  If  5  lb.  of  coffee  and  3  lb.  of  sugar  cost  $6.30,  and  4  lb.  of  coffee  and 
6  lb.  of  sugar  cost  $5.40,  find  the  cost  of  each  per  lb. 

3.  Find  two  numbers  such  that  £  of  the  greater  is  equal  to  \  of  the 
smaller,  while  §  of  the  greater  exceeds  f  of  the  smaller  by  22. 

4.  A  man  bought  two  pieces  of  land  paying  a  total  of  $2,500.  He  sold  one 
property  at  a  loss  of  8%  and  the  other  at  a  gain  of  10%,  receiving 
in  all  $2,480  .  Find  the  cost  of  each  piece  of  land. 

5.  A  grocer  buys  50  lb.  of  tea  and  120  lb.  of  coffee  for  $126  .  By  selling 
the  tea  at  a  profit  of  33|%  and  the  coffee  at  a  profit  of  25%  he  gains 
$34  .  Find  the  grocer’s  cost  price  for  each  per  lb. 

6.  A  grocer  bought  tea  at  70^  a  lb.  and  coffee  at  80^  a  lb.  at  a  total 
cost  of  $166  .  He  sold  the  tea  at  90^  per  lb.  and  the  coffee  at  $1.10 
per  lb.  and  gained  $56.  How  many  pounds  of  each  did  he  buy? 

7.  A  bill  of  $19.50  was  paid  in  half-dollars  and  quarters.  Four  times  the 
number  of  quarters  exceeded  twice  the  number  of  half-dollars  by  12. 
How  many  were  there  of  each  ? 

8.  If  6  men  and  8  women  earn  $384  in  4  days,  and  2  men  and  5  women 
earn  $138  in  3  days,  find  the  daily  wages  of  a  man  and  of  a  woman. 

9.  Find  two  numbers  such  that  if  the  first  is  increased  by  9  it  will  be 
twice  the  second,  and  if  the  second  is  increased  by  18  it  will  be  twice 
the  first. 

10.  When  the  sum  of  two  numbers  is  divided  by  3  the  quotient  is  26,  and 
when  the  difference  is  multiplied  by  4  the  product  is  24.  Find  the 
numbers. 

11.  Two  persons,  18  miles  apart,  setting  out  at  the  same  tune  are  together 
in  4|  hours  if  they  walk  in  the  same  direction,  but  in  2  hours  if  they 
walk  towards  each  other.  Find  their  rates  of  walking. 

12.  A  two-digit  number  is  six  times  the  sum  of  its  digits.  If  9  is  subtracted 
from  the  number,  the  result  obtained  is  the  number  formed  by 
reversing  the  digits.  Find  the  original  number. 


INTRODUCTION  TO  GEOMETRY 


/•2  The  mathematical  method.  The  popular  idea  of  mathematics  as  a 
precise  but  static  body  of  knowledge  to  which  modern  man  may  add  little 
ended  abruptly  with  the  almost  unbelievable  achievements  of  the  atomic 
age.  The  creation  of  new  mathematics  has  been  a  necessary  contribution 
made  by  mathematicians  to  the  achievements  of  our  era. 

Creating  new  mathematics  means  first  discovering  new  mathematical 
relationships  and  then  proving  them.  To  discover  new  mathematics,  the 
mathematician  uses  his  knowledge,  his  curiosity,  his  imagination,  and 
his  ingenuity.  He  experiments,  he  guesses,  he  uses  analogies,  he  builds 
theoretical  and  physical  models.  When  he  has  formulated  a  new  relation¬ 
ship  which  satisfies  his  intuition  or  which  seems  reasonable  in  the  real 
world,  he  calls  the  relationship  a  conjecture.  He  tries  to  prove  the  conjecture 
by  showing  that  it  follows  logically  from  accepted  mathematical  state¬ 
ments  and  ideas.  If  he  succeeds  in  proving  the  conjecture  and  then 
succeeds  in  having  his  proof  accepted  generally,  the  new  relationship 
becomes  a  theorem  which  is  added  to  the  body  of  mathematical  knowledge. 

Mathematical  knowledge  grows  in  a  logical,  orderly  way.  The  mathe¬ 
matical  method  involves  discovery ,  proof,  and  the  organization  of  knowledge 
into  a  logical  system.  Of  course,  mathematicians  must  agree  on  the  mean¬ 
ing  of  the  words  “follow  logically”  and  on  what  constitutes  a  “proof”. 

In  the  study  of  geometry,  a  fundamental  aim  is  to  learn  the  mathe¬ 
matical  method :  that  is,  to  learn  how  to  discover  relationships,  to  make 
conjectures,  to  reason  logically,  and  to  organize  knowledge  into  a  logical 
system. 
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1*2  Why  study  geometry?  Logical  reasoning  plays  so  vital  a  part  in  our 
thinking  that  it  is  essential  for  us  to  understand  the  nature  of  logical 
reasoning.  It  is  equally  important  that  we  are  able  to  apply  this  under¬ 
standing  to  everyday,  critical  thinking.  Our  study  of  geometry  will  help 
us  improve  our  thinking  habits  generally. 

Knowledge  of  geometry  and  the  mathematical  method  are  of  great 
importance  in  the  study  of  physics,  chemistry,  engineering,  pure  mathe¬ 
matics,  astronomy,  statistics,  architecture,  many  of  the  biological  sciences, 
and  even  in  some  branches  of  economics  and  psychology.  In  fact,  geometry 
is  essential  to  almost  all  the  physical  and  social  sciences. 

Geometric  design  is  found  in  nature,  art,  and  industry.  The  knowledge 
of  geometry  enhances  our  insight  into  the  worlds  of  nature,  science,  and 
industry. 

In  the  present  age  of  science,  it  is  necessary  for  every  educated  person 
to  have  some  understanding  of  how  scientists  think  and  of  how  science  is 
developing.  The  study  of  the  mathematical  method  as  it  applies  to  geom¬ 
etry  is  a  step  towards  this  understanding. 

b3  The  story  of  geometry. 

a.  Origin.  The  word  “geometry”  is  derived  from  the  Greek  ge,  meaning 
earth,  and  metria,  meaning  measure.  Hence,  the  original  meaning  of  the 
word  was  “land  measurement”. 

It  is  believed  that  skill  in  land  measurement  was  first  developed  in 
Egypt  about  5,000  years  ago  when  the  Nile  River  flooded  periodically, 

obliterating  existing  landmarks.  The  land- 
surveyors  who  had  to  re-measure  the  land 
were  called  Harpedonaplae,  or  rope  stretch¬ 
ers,  because  they  used  a  rope  with  twelve 
equally  spaced  knots,  stretched  as  shown  in 
Fig.  1-1,  for  making  a  right  angle. 

Archaeologists  have  discovered  that  an¬ 
cient  buildings  and  monuments — the  pyra¬ 
mids,  for  example — reveal  the  remarkable 
knowledge  of  practical  geometry  possessed 
by  their  builders.  Without  the  aid  of  a  magnetic  compass,  the  ancient 
builders  laid  foundations  due  north  and  south;  corners  were  square,  and 
errors  of  measurement  of  lengths  and  angles  were  extremely  small. 

b.  Great  geometers  of  antiquity.  Thales,  wrho  was  a  statesman,  an  engineer, 
as  well  as  a  man  of  commerce,  lived  in  Asia  Minor  during  the  sixth 
century  b.c.  He  is  credited  with  the  introduction  of  theoretical  geometry 
and  with  making  astronomy  a  more  exact  science.  One  of  his  chief  interests 
was  the  measurement  of  inaccessable  heights  and  distances. 


Fig.  1-1 
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Pythagoras  (582-507  b.c.)  was  a  pupil  of  Thales.  He  developed  still 
further  the  ideas  of  theoretical  geometry  based  on  axioms,  postulates, 
definitions,  and  proofs.  He  is  best  known  for  the  theorem  concerning 
right  triangles  which  bears  his  name.  He  influenced  Greek  thought 
profoundly,  and  his  influence  is  still  felt  in  the  fields  of  mathematics, 
science,  music,  religion,  and  philosophy. 

Plato  (427-347  b.c.)  was  one  of  the  greatest  philosophers  of  antiquity. 
After  studying  under  Socrates  for  eight  years,  he  became  associated  with 
a  sect  of  the  Pythagoreans  in  Athens  and  formed  his  own  school  of  philo¬ 
sophy.  The  inscription  over  the  gateway  to  the  olive  grove  where  his 
school  was  held,  read,  “Let  no  one  destitute  of  geometry  enter  my  doors”. 

c.  The  Alexandrian  era.  In  the  fourth  century  b.c.,  Alexander  the  Great 
founded  the  city  of  Alexandria  on  the  Nile  delta.  When  he  died  in  323 
b.c.,  his  successor,  Ptolmey  (the  statesman),  made  Alexandria-a  centre  of 
literary  and  scientific  study.  As  a  result,  the  greatest  of  the  ancient 
world’s  universities  developed  there.  It  had  a  library  of  600,000  scrolls 
before  it  had  been  in  existence  forty  years.  The  university  flourished  for 
nearly  1,000  years,  until  it  was  destroyed  in  642  a.d.  during  an  Arab  inva¬ 
sion  of  North  Africa.  During  its  long  history,  the  university  had  many 
famous  professors  of  geometry  who  helped  lay  the  foundations  on  which 
modern  geometries  are  built. 

Of  these  men,  Euclid  (ca.  365  b.c.)  is,  perhaps,  the  best  known  because 
his  name  was,  for  centuries,  almost  synonymous  with  the  word  “geometry”. 
In  his  Elements ,  a  treatise  on  geometry  consisting  of  thirteen  books,  he 
organized  the  existing  knowledge  of  geometry  into  a  logical  system  which 
set  the  pattern  of  the  study  of  geometry  for  the  next  two  thousand  years. 
Of  Euclid  himself  little  is  known,  not  even  his  date  of  birth,  his  date  of 
death,  or  his  nationality. 

Archimedes  (287-212  b.c.)  came  to  Alexandria  from  Sicily.  He  was 
a  practical  man  who  invented  irrigation  systems  and  war  machines.  His 
work  on  levers  and  buoyancy  is  well  known  in  elementary  science.  He 
claimed  that  if  he  had  another  world  to  stand  on  and  a  place  to  put  a 
fulcrum,  he  could  move  the  earth  with  a  lever.  He  is  remembered  for 
his  studies  of  circles,  spheres,  cylinders,  parabolas,  and  spirals. 

Appolonius  (ca.  225  b.c.)  was  known  by  his  contemporaries  as  the 
“Great  Geometer”.  He  wrote  eight  books  on  geometry,  concentrating  on 
the  parabola,  the  ellipse,  and  the  hyperbola.  He  wrote  for  pure  intellec¬ 
tual  interest,  and  it  was  not  until  eighteen  hundred  years  later  that 
Kepler  saw  the  amazing  practical  applications  of  his  knowledge  in  the 
laws  relating  to  the  orbits  of  planets  as  they  revolve  around  the  sun. 

Important  contributions  to  the  development  of  geometry  were  made,  as 
well,  by  Eratosthenes  (276-194  b.c.)  who  was  chief  librarian  at  the  Uni- 
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versity  of  Alexandria;  Ptolmey,  the  astronomer  (85-165  a.d.);  Heron 
(■ ca .  150  a.d.);  Menelaus  (1st  century  a.d.);  and  Diophantus  (250-275  a.d.). 

d.  Medieval  and  modern  developments.  With  the  rise  of  the  Roman  Empire, 
unfortunately  interest  in  mathematical  discovery  waned.  Rome’s  contri¬ 
butions  were  more  in  the  realms  of  government,  warfare,  and  architecture. 

After  Rome  fell  to  the  barbarians  from  the  north  in  the  fifth  century 
a.d.,  learning  was  at  a  very  low  ebb  for  almost  one  thousand  years.  During 
this  time,  the  Arabs  are  credited  with  most  of  the  mathematical  discoveries. 
With  the  coming  of  the  Renaissance  in  the  fourteenth  century,  interest  in 
mathematics  was  revived  in  Europe. 

In  1637  Rene  Descartes,  a  French  mathematician,  showed  that  the 
methods  of  algebra  could  be  applied  to  geometry.  Points  were  located  in 
relation  to  a  pair  of  axes,  usually  at  right  angles.  Number  pairs  were 
associated  with  the  points,  and  equations  with  lines  and  curves.  The 
work  of  Descartes  led  to  the  invention  of  calculus  bv  Newton  and  Leibnitz 
in  the  seventeenth  century. 

In  the  nineteenth  century,  Gauss,  Lobachevski,  Bolyai,  Klein,  and 
others,  showed  that  geometries  other  than  Euclid’s  were  possible.  They 
showed  that,  by  beginning  with  different  sets  of  postulates,  completely 
new  geometries  (non-Euclidian  geometries)  could  be  developed  logically. 
In  1899  the  German  mathematician,  Hilbert,  published  the  first  really 
complete  treatment  of  these  geometries.  Klein,  in  1872,  showed  that 
many  of  Euclid’s  own  propositions  could  be  applied,  not  only  to  ordinary 
space,  but  also  to  space-time.  This  idea  was  eventually  used  by  Einstein 
in  the  Theory  of  Relativity. 

In  recent  times,  geometry  has  had  its  applications  extended  to  kine¬ 
matics  (study  of  motion),  crystallography  (study  of  properties  of  crystals, 
grouping,  etc.),  statistics,  botany,  topology,  and  many  other  fields. 

From  this  brief  account  of  the  development  of  geometric  knowledge, 
it  is  apparent  that  we  have  been  left  a  valuable  heritage.  It  is  because  of 
the  labours  of  devoted  mathematicians  through  the  ages  that  we  have 
access  to  that  branch  of  human  knowledge  known  as  geometry. 
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Review 


GENERAL  PRINCIPLES 


C»1  Basic  ideas  of  geometry.  The  basic  element  of  geometry  is  a  point. 
A  point  is  an  idea  associated  with  the  notion  of  position  in  space.  It 
is  not  a  physical  thing,  like  the  point  of  a  pin  or  the  dot  made  by  a  pencil 
on  a  page.  Each  of  these  physical  representations  of  a  point  has  dimen¬ 
sions:  length,  width,  and  depth.  A  point  has  no  dimensions;  it  exists  only 
in  our  minds.  Space  is  thought  of  as  the  set  of  all  points  or  positions.  A 
plane  is  a  special  subset  of  the  points  in  space.  It  is  thought  of  as  having 
the  property  of  flatness,  like  a  table  top,  but  extending  on  and  on  in  an 
unlimited  fashion.  A  line  is  a  special  subset  of  the  points  in  a  plane.  There 
are  many  kinds  of  lines:  straight  lines,  curved  lines,  broken  lines,  and 
others.  When  the  word  “line”  is  used,  it  means  straight  line,  an  idea 
with  which  we  are  all  familiar.  Thus,  geometry  is  the  study  of  relations 
between  points  and  sets  of  points,  a  study  of  ideas  which  exist  only  in  the 
mind.  In  the  study  of  numbers,  symbols,  called  numerals ,  have  been 
used  to  represent  the  number  ideas.  Similarly,  representations  of  geometric 
figures,  called  models  or  diagrams,  are  drawn  to  represent  the  geometric 
ideas  we  have  in  mind,  but  they  must  not  be  confused  with  the  idea  itself. 

C»2  Definitions  and  undefined  terms.  In  any  study  or  sensible  discussion, 
it  is  necessary  to  begin  by  agreeing  on  precise  meanings  for  the  terms 
used.  The  meaning  of  each  term  is  given  in  a  sentence  (statement)  called 
a  definition.  The  definitions  provide  the  beginning  statements  from  which 
deductions  are  made  by  logical  reasoning.  In  defining  a  term,  we  attempt 
to  express  its  meaning  by  using  other  terms  or  words  which  have  already 
been  defined.  However,  there  are  some  ideas  which  are  so  fundamental 
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that  they  defy  description  in  simpler  terms.  Thus,  a  beginning  must  be 
made  with  some  concepts  which  are  accepted  as  undefined. 

In  geometry  some  of  the  basic  concepts  or  undefined  terms  are  set,  point, 
line,  plane ,  belongs  to,  lies  on,  is  equal  to. 

The  following  are  the  characteristics  of  a  correct  definition. 

1.  A  definition  is  a  sentence. 

2.  The  subject  of  the  sentence  is  the  name  of  the  thing  being  defined. 

3.  The  predicate  of  the  sentence: 

(i)  places  the  thing  in  a  known  set  to  which  it  belongs; 

(ii)  states  the  property  which  distinguishes  the  thing  from  the  other 
members  of  the  set  in  which  it  has  been  placed. 

4.  The  sentence  uses  onfy  terms  which  have  already  been  defined  or 
accepted  as  undefined. 

5.  The  sentence  is  reversible:  that  is,  the  meaning  of  the  sentence  is  the 
same  if  the  subject  and  predicate  are  interchanged. 

In  section  C-  3,  the  definitions  of  some  geometric  figures  are  discussed. 
They  should  be  tested  to  see  that  each  of  the  above  requirements  applies. 
In  some  cases  you  are  asked  to  make  definitions  after  considering  the 
ideas  involved. 

C»3  Definitions  of  basic  geometric  figures.  Geometric  figures  are  sets 
of  points  related  in  some  particular  way.  The  definition  of  a  particular 
geometric  figure  tells  how  these  points  are  selected  from  the  set  of  all 
points.  If  the  geometric  figures  are  plane  figures,  then  the  points  are 
selected  from  the  points  in  a  plane. 

a.  Line.  Straight  line  is  an  undefined  term.  We  think  of  it  as  a  special 
set  of  points  in  a  plane.  It  extends  on  and  on  without  limit  and  has  no  end 
points.  These  properties  are  indicated  by  the  arrows  in  Fig.  C-l. 

_ _ . _  l 

A  B 


Fig.  C-l 

It  is  customary  to  name  a  line: 

(i)  by  associating  a  letter  ( l )  with  it  and  calling  it  line  l  {Fig.  C-l),  or 

(ii)  by  selecting  two  points  on  it,  naming  them  with  capital  letters,  such 
as  A  and  B,  and  calling  it  line  AB  or  line  BA  {Fig.  C-l). 

b.  Line  segment.  A  line  segment  {Fig.  C-2)  is  a  subset  of  the  points  on  a 
line.  The  subset  must  be  clearly  defined. 
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definition:  A  line  segment  is  the  point  set  consisting  of  two  distinct 
points  on  a  line  and  all  the  points  between  them. 


Fig.  C-2 

c.  Half -line  and  ray.  If  a  point  ^4  is  taken  on  a  line  (Fig.  C-3 ),  three 
disjoint  point  sets  are  determined: 

(i)  {4}; 

(ii)  the  set  of  all  points  on  one  side  of  A  ; 

(iii)  the  set  of  all  points  on  the  other  side  of  A. 


Fig.  C-3 

The  sets  in  (ii)  and  (iii)  do  not  include  the  point  A  and  are  called  half¬ 
lines. 

definition:  A  half-line  is  the  point  set  consisting  of  all  points  on 
a  line  which  are  on  one  side  of  a  given  point  on  the  line. 

The  point  A  is  referred  to  as  the  boundary  point  of  the  half-line. 

The  half-line  with  boundary  point  A  is  said  to  be  the  half-line  from  A. 

The  union  of  sets  (i)  and  (ii),  or  (i)  and  (iii),  is  called  a  ray. 

definition:  A  ray  is  the  point  set  consisting 
of  a  given  point  on  a  line  and  all  the  points 
on  the  line  on  one  side  of  the  given  point. 

or 

A  ray  is  the  point  set  consisting  of  the 
union  of  a  point  on  a  line  and  one  of  the  half¬ 
lines  determined  by  the  point. 

Fig.  C-4  is  a  diagram  of  a  ray  from  point  .4.  If  a  second  point  B  is 
selected  on  the  ray,  then  the  ray  is  named  ray  AB. 


A  B 


Fig.  C-5 


In  Fig.  C-5,  the  ray  AB  on  a  line  is  illustrated.  The  ray  BA  is  also  shown. 
In  naming  a  ray,  the  first  letter  designates  the  end  point, 
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d.  Angle.  If  two  distinct  rays  are  drawn  from  a  common  point,  the 
figure  is  called  an  angle  (Fig.  C-6). 


Fig.  C-6 


definition:  An  angle  is  the  set  of  all  points 
on  two  distinct  rays  with  a  common  end  point. 

or 

An  angle  is  the  point  set  consisting  of  the 
union  of  two  distinct  rays  having  a  common 
end  point. 


In  Fig.  C-6,  the  two  rays  AB  and  AC  compose  the  angle.  It  is  customary 
to  name  the  angle  ABAC  or  /.CAB,  or  simply,  /  A.  Each  ray  is  called 
a  side  or  arm  of  the  angle.  The  common  end  point  of  the  two  rays  is  called 
the  vertex  of  the  angle. 

e.  Triangle. 

definition:  A  triangle  is  the  set  of  all 
pomts  on  the  line  segments  determined  by 
three  points  which  are  not  all  on  one  line. 

or 

A  triangle  is  a  point  set  which  consists  of 
the  union  of  the  three  line  segments  deter * 
mined  by  three  points  not  in  the  same  line. 

In  Fig.  C-7,  line  segments  AB,  BC,  and  CA  are  called  the  sides  of  the 
triangle,  and  the  points  A,  B,  and  C  are  called  the  vertices  of  the  triangle. 


A 


Discovery  Exercise  C-l  x 

(B) 

1.  For  each  of  the  following  terms: 

(a)  plane  geometry  (b)  dime  (c)  lead  pencil 

(d)  equation  (e)  inequation  (f)  monomial 

(i)  name  a  set  to  which  the  term  belongs; 

(ii)  state  the  characteristics  which  distinguish  the  term  from  other 
members  of  the  set. 

2.  Consider  the  definition  for: 

(a)  line  segment  (b)  ray  (c)  half-line 

(d)  angle  (e)  triangle 

(i)  name  the  set  to  which  each  defined  term  belongs; 

(ii)  write  each  definition  with  subject  and  predicate  interchanged, 
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3.  Examine  the  diagram  which  represents  each  of  the  following  geometric 
figures: 


Isosceles  triangle 


0 b ) 


Scalene  triangle 


Equilateral  triangle 


(i)  State  a  set  to  which  the  figure  indicated  belongs. 

(ii)  State  the  characteristic  which  distinguishes  the  figure  from  other 
members  of  the  set. 

(iii)  Formulate  a  definition  for  each  figure. 

(iv)  Write  each  definition  with  subject  and  predicate  interchanged. 

4.  A  is  a  point  on  line  l. 

(i)  What  is  the  intersection  set  of  the  two  rays  from  A  on  l  ? 

(ii)  What  is  the  intersection  set  of  the  two  half-lines  from  A  on  l? 


5.  1 1  and  Z2  are  two  lines  intersecting  at  A. 

(i)  Name  the  four  rays  determined  by 
the  two  lines  and  point  A. 

(ii)  Name  the  four  half-lines  determined 
by  A  and  the  lines  h  and  Z2. 

(iii)  Name  the  six  angles. 

(iv)  Name  the  intersection  set  of  (a)  the  four  rays  (b)  the  four  half¬ 
lines. 

(v)  Name  the  union  set  of  the  four  rays. 

(vi)  Name  the  intersection  set  of  (a)  /.CAB  and  /BAE 
(b)  /DAE  and  Z CAB. 

(vii)  What  is  the  union  set  of  (a)  /CAD  and  /DAE 
(b)  /  CAD  and  /BAE? 

(viii)  What  is  the  union  set  of  the  half-lines  from  A  ? 


236  Review  C 

6.  What  are  the  intersection  sets  in  the  following  figures  ? 


7.  The  figure  represents  a  plane  E  and  a  line  l  on  it. 

(i)  Describe  the  three  disjoint 
point  sets  determined  by  the 
line  l  on  the  plane  E. 

(ii)  The  two  sets  in  (i)  (excluding 
the  line  l)  are  called  half¬ 
planes.  Write  a  definition  of 

a  half-plane.  The  line  l  is  called  the  boundary  or  edge  of  the  half-plane. 

8.  The  figure  at  top  of  page  237  represents  two  intersecting  planes  Pi 
and  P  2. 

(i)  What  is  the  intersection  set  of  Pi  and  P 2? 

(ii)  What  is  the  intersection  set  of  the  four  half-planes  Pi,  P2,  P3,  P4? 
The  angle  consisting  of  the  line  l  and  the  two  distinct  half-planes 
Hi  and  P3  is  called  a  dihedral  angle.  I,  the  common  edge  of  the 
two  half-planes,  is  called  the  edge  of  the  dihedral  angle.  The  union 
of  the  edge  and  either  half-plane  is  called  a  face  or  side  of  the 
angle. 
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(iii)  Write  a  definition  for  dihedral  angle. 

(iv)  How  many  dihedral  angles  are  determined  by  the  two  intersecting 
planes  and  the  line  l  ? 

(v)  Name  the  intersection  set  of  these  angles. 

(vi)  Name  the  union  set  of  these  angles. 

(vii)  Name  the  intersection  set  of  (a)  Z  77 4 1  Hi  and  Z  Hi  l  Hz 
(b)  Z i74 1  Hi  and  ZH2IH3. 

(viii)  Name  the  union  set  of  (a)  AHxl  H2  and  AH2IH3 
(b)  ZH4IH2  and  Zi/iZtfa. 

(ix)  Name  the  intersection  set  of  the  half-planes  Hi,  H2}  H3,  Hi . 

C»4  Postulates.  Just  as  the  development  of  definitions  depends  on  the 
acceptance  of  certain  undefined  terms  or  ideas,  the  development  and  proof 
of  geometric  conclusions  depend  on  basic  accepted  properties  called  assump¬ 
tions  or  postulates.  Postulates  make  precise  the  starting  point  of  discus¬ 
sion  and  describe  the  basic  properties  of  points,  lines,  and  planes. 

The  exercises  which  follow  lead  to  the  formulation  of  postulates,  new 
definitions,  and  the  clarification  of  basic  ideas.  The  postulates  are  num¬ 
bered,  and  the  numbers  correspond  to  those  in  the  list  of  postulates  on 
page  452.  In  geometry,  it  is  essential  to  be  aware  of  the  ideas  involved  in 
the  postulates,  but  it  is  not  necessary  to  memorize  statements  of  them. 

Discovery  Exercise  C-2 

( Formulation  of  basic  postulates ) 

Compare  your  statements  of  postulates  with  those  on  page  452;  compare 
your  definitions  with  those  on  page  449;  compare  other  answers  with  those 
on  page  538. 

(B) 

1.  Mark  a  point  on  a  page  (plane)  and  name  it  A. 

(i)  Draw  a  line  on  A. 

(ii)  Draw  five  other  lines  on  A. 

(iii)  How  many  lines  can  be  drawn  on  A  ? 
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(iv)  In  your  diagram  how  did  you  indicate  that  the  lines  are  endless 
in  both  directions? 

(v)  The  set  of  all  lines  on  A  is  sometimes  referred  to  as  a  family 
of  lines.  What  is  the  common  characteristic  or  property  of  the 
members  of  this  family?  These  lines  are  said  to  be  concurrent. 

(vi)  Mark  and  name  one  other  point  on  each  of  the  six  lines  drawn. 
Is  it  possible  to  draw  a  second  member  of  the  family  on  point  A 
and  any  one  of  the  other  points  named  ? 

(vii)  How  many  lines  lie  on  any  two  given  points?  How  many  points 
are  required  to  determine  a  line? 

(viii)  Formulate  a  postulate  (1)  which  expresses  the  basic  idea  con¬ 
cerning  the  number  of  lines  on  any  point. 

(ix)  Formulate  a  postulate  (2)  which  expresses  the  idea  concerning 
the  number  of  lines  on  any  two  points. 

2.  If  two  distinct  lines  l\  and  Z2  intersect  at  a  point  A,  state  the  number 
of  other  points  of  intersection  of  l i  and  I2.  Formulate  a  postulate  (3) 
to  express  this  basic  property  of  two  intersecting  lines. 

3.  Draw  a  diagram  of  two  distinct  lines  which  do  not  have  any  point  in 
common. 

(i)  What  term  is  used  to  describe  these  lines  ? 

(ii)  Write  a  definition  of  this  term. 

4.  Draw  a  line  l  and  name  five  points  A,  B,  C,  D,  E  on  it. 

(i)  Name  five  pairs  of  points  which 
determine  the  line  l. 

(ii)  Name  five  points  which  lie  on 
the  line  l. 

(iii)  The  points  A,  B,  C ,  D,  and  E  are 
collinear  points.  Write  a  defini¬ 
tion  for  collinear  points. 

(iv)  List  the  sets  of  collinear  points 
named  in  the  accompanying  figure. 

(v)  List  the  line  segments  in  the  figure  which  are  concurrent. 

5.  A  three-legged  stool  will  always  sit  firmly  on  any  floor,  while  a  four¬ 
legged  stool  or  table  may  wobble. 

(i)  What  does  this  suggest  concerning  the  number  of  planes  contain¬ 
ing  three  distinct  points? 

(ii)  How  many  points  are  required  to  determine  a  plane? 

(iii)  Name  a  set  of  three  points  which  will  not  determine  a  plane. 

(iv)  Formulate  a  postulate  (4)  concerning  the  minimum  number 
of  points  necessary  to  determine  a  plane,  and  a  postulate  (5) 
concerning  any  three  non-collinear  points. 
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6.  Draw  a  line  on  a  page  and  mark  a  point  not  on  the  line. 

(i)  How  many  planes  can  contain  this  line? 

(ii)  What  does  this  family  of  planes  have  in  common  ? 

(iii)  Formulate  a  postulate  (6)  concerning  two  intersecting  planes. 

(iv)  How  many  planes  contain  the  line  and  the  given  point  ? 

(v)  If  a  plane  contains  two  given  points,  does  it  contain  all  the  points 
of  the  line  through  the  two  points?  Formulate  a  postulate  (7) 
expressing  this  idea.  This  postulate  really  implies  that  a  plane 
is  flat;  if  it  contains  part  of  a  line,  it  contains  all  of  the  line  and 
hence  contains  many  more  than  three  points. 

7.  Two  straight  lines,  li  and  1 2,  intersect  on  a  point  A.  How  many 
planes  contain  both  straight  lines?  Formulate  a  postulate  (8)  which 
expresses  this  basic  idea. 

8.  In  how  many  points  does  a  line  intersect  a  plane  not  containing  it  ? 
Formulate  a  postulate  (9)  which  expresses  this  basic  idea. 

9.  On  the  line  l,  pictured  below,  are  the  two  points  A  and  B. 


B 


(ii)  a  line  segment 
(iv)  a  ray  opposite  to  ray  BA 


In  the  diagram,  name: 

(i)  a  line 

(iii)  a  ray 

10.  With  reference  to  AABC: 


(i)  Name  all  of  the  rays  determined  by  the  line  segments  AB,  BC, 
and  AC. 

(ii)  From  the  rays  listed  in  (i),  name  pairs  of  rays  which  have  a 
common  end  point. 

(iii)  Explain  why  the  rays  on  BA  and  AC  do  not  form  an  angle. 

(iv)  Name  the  angles  formed  by  the  pairs  of  rays  listed  in  (ii). 

(v)  The  angles  named  in  (iv)  are  called  the  angles  of  A  ABC.  AABC 
does  not  contain  these  angles,  but  it  does  determine  the  angles. 
Name  the  angles  of  A  DBF  in  the  diagram  at  the  right  above. 
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C»5  Measuring  a  line  segment. 

a.  Measuring  a  physical  model  of  a  line  segment.  This  is  done  by  first 
associating  the  number  one,  1,  with  a  line  segment  which  is  taken  as  the 
unit  of  length;  then  the  length  of  any  given  line  segment  is  obtained  by 
counting  the  number  of  times  the  unit  length  is  contained  in  it. 


>4  B 
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C  D 

Fig.  C-8 

In  Fig.  C-8,  if  the  line  segment  AB  is  the  unit  of  length,  then  the  length 
of  CD  is  obtained  by  determining  the  number  of  times  AB  is  contained  in 
CD.  The  symbol  CD  represents: 

(i)  the  line  segment  CD  (the  set  of  points),  or 

(ii)  the  length  of  the  line  segment  CD  (a  number  of  units) . 

A  length  involves  two  things,  a  number  and  a  unit.  If  the  length  of  line 
segment  CD  is  7  inches,  we  say,  CD  =  7  inches, 
or  the  length  of  CD  is  7  inches, 
or  the  measure  of  CD  in  inches  is  7, 
or  the  distance  between  C  and  D  is  7  inches. 

Since  the  choice  of  unit  determines  the  number  of  units  which  is  the 
length  of  the  segment,  it  is  essential  in  practical  applications  to  have 
standard  units  of  length.  Those  in  common  usage  are  the  yard  and  the 
metre.  In  order  to  determine  the  length  of  a  line  segment  more  precisely, 
the  yard  is  divided  into  sub-units:  the  foot  (ft.),  the  inch  (in.),  TV  inch,  etc; 
the  metre  is  divided  into  sub-units:  centimetres  (cm.)  and  millimetres 
(mm.),  etc. 

Regardless  of  the  unit  selected,  it  is  impossible  to  measure  a  line  segment 
exactly;  every  physical  measurement  is  only  an  approximation. 

b.  The  length  of  a  line  segment.  In  theoretical  geometry,  line  segments 
are  sets  of  points  which  cannot  be  physically  measured  but  with  which 
we  associate  the  idea  of  length. 

A  B  i 
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Fig.  C-9 

Any  line  segment,  AB,  Fig.  C-9,  determines  a  line  l.  If  a  unit  length  is 
chosen  and  the  number  zero  associated  with  the  point  A,  then  the  points 
on  the  ray  AB  may  be  placed  in  one-to-one  correspondence  with  the  positive 
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real  numbers.  Since  B  is  a  point  on  ray  AB ,  then  a  real  number  corresponds 
to  point  B.  This  number  is  the  coordinate  of  point  B  and  is  defined  to  be 
the  length  of  the  line  segment  AB  in  terms  of  the  unit  used. 

Thus,  because  there  is  a  one-to-one  correspondence  between  the  points 
on  a  line  and  the  real  numbers  (postulate  13),  there  is  a  unique  positive 
real  number  associated  with  a  unit  which  corresponds  to  any  line  segment. 
This  is  important  because  it  means  that  line  segments  may  be  added 
and  subtracted  according  to  the  properties  of  the  real  numbers:  for 
example,  if  AB  =  6  in.,  BC  =  10  in. 

/.  AB  +  BC  =  (6  +  10)  in.  =  16  in. 

These  properties  are  reviewed  in  section  8*9.  This  suggests: 

LENGTH  OF  LINE  SEGMENT  POSTULATE  (14) 

To  every  line  segment  there  corresponds  a  unique  positive  real  number 
of  units  called  the  length  of  the  line  segment,  or  the  distance  between 
its  end  points. 

On  some  diagrams ,  for  convenience ,  we  express  a  length  simply  as  a  positive 
real  number,  and  it  is  understood  to  be  a  number  of  linear  units. 

C* 6  Betweeness.  In  Fig.  C-10,  point  B  is  between  A  and  C. 


A  B  C 

Fig.  C-10 

To  say  that  a  point  B  is  between  any  two  other  points  A  and  C  means : 

(i)  all  three  points  lie  on  the  same  line; 

(ii)  they  are  arranged  as  in  Fig.  C-10. 

Item  (ii)  may  be  stated  mathematically  as  follows : 

B  is  between  A  and  C  if  AB  -f  BC  =  AC  . 

definition:  B  is  between  A  and  C  if  ii)  A,  B,  C  are  distinct  points 
on  a  line  and  (ii)  AB  +  BC  =  AC. 

The  following  completion  postulate  (19)  for  line  segments  results  from 
this  idea  of  betweeness  and  the  properties  of  real  numbers. 

If  B  is  a  point  between  A  and  C  on  a  line  segment,  then 

AC  =  AB  -f  BC . 

It  follows  that,  (i)  AB  =  AC  —  BC 

(ii)  BC  =  AC  —  AB 

(iii)  AC  >  AB 

(iv)  AC>  CB  . 
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Discovery  Exercise  C-3 

(B) 

1.  A  real  number  coordinate  system  is  set  up  on  a  line.  What  is  the 
distance  between  the  pairs  of  points  with  coordinates  as  listed  below  ? 

(i)  3,  6  (ii)  21,31  (hi)  -2, -7 

(iv)  2.5,  -  3.6  (v)  -  1.253,  1.472  (vi)  3.54,  -  4.627 

(vii)  xi,x2  (viii)  5a,  —  3a  (ix)  —6,0 

2.  Two  distinct  points  on  a  line  have  coordinates  3  and  9  with  respect  to 

the  coordinate  system. 

(i)  If  the  coordinate  system  were  shifted  four  units  to  the  right, 
what  would  be  the  coordinates  of  the  two  points  ? 

(ii)  Would  the  distance  between  the  two  points  with  respect  to  this 
coordinate  system  have  changed  ? 

(iii)  Suppose  a  new  coordinate  system  with  a  different  unit  were  used. 
Would  the  distance  between  the  two  points  with  respect  to  this 
new  coordinate  system  be  different  from  the  previous  distance  ? 

(iv)  How  many  coordinate  systems  can  be  used  at  one  time  if  a 
discussion  involving  length  is  to  make  sense  ? 

3.  It  is  known  that  the  coordinate  of  a  point  A  is  less  than  that  of  a 
point  B,  and  that  of  B  is  less  than  that  of  a  point  C.  State  which 
point  is  between  the  other  two,  if  all  three  are  on  the  same  line. 
Give  the  reasons  for  your  answer. 

4.  If  M,  N,  and  P  are  three  points  on  a  line  with  coordinates  a,  b,  c, 
respectively,  and  a  >  b  >  c,  argue  that  N  is  between  M  and  P. 

5.  The  following  sets  of  coordinates  refer  to  three  points  on  a  line. 

State  the  distance  between  each  pair  of  points,  and  state  which  point 
is  between  the  other  two. 

(i)  3,  5,  7  (ii)  10,  5,-3 

6.  M,  N,  and  P  are  three  points  on  a  line.  What  must  be  true  of  the 
lengths  of  the  segments  MN ,  NP,  and  MP  if: 

(i)  N  is  between  M  and  P  ?  (ii)  M  is  between  N  and  P  ? 

(iii)  P  is  between  M  and  N  ? 

7.  M,  N,  and  P  are  three  points  on  a  line. 

(i)  What  does  it  mean  to  say  N  is  between  M  and  P? 

(ii)  What  does  it  mean  to  say  M  is  between  N  and  P  ? 

(iii)  By  comparing  these  statements  show  that  statements  (i)  and  (ii) 
are  not  consistent  (cannot  both  be  true  at  the  same  time). 

(iv)  Formulate  a  betweeness  postulate  (16). 
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8.  (i)  Using  compasses  draw  a  circle. 

(ii)  Define  a  circle  as  a  point  set. 

In  speaking  of  a  circle  with  centre  at  point  0  and  radius  r,  it  is  cus¬ 
tomary  to  think  of  r  as  representing  either  the  set  of  points  on  a  line 
segment  or  the  length  of  the  given  segment.  The  context  determines 
the  meaning  that  is  applicable. 


9.  M ,  N,  and  P  are  three  points  on  a  circle. 

(i)  Which  point  appears  to  be  between  the 
other  two  points  on  the  circle  ? 

(ii)  Think  of  the  points  as  beads  on  a 
circular  ring.  Shift  their  positions  about 
the  circle  so  that  it  appears  that  (a)  M  is 
between  N  and  P  (b)  P  is  between  M 
and  N. 

(iii)  Why  is  betweeness  on  a  circle  not  so 
simple  a  problem  as  betweeness  on  a  line  ? 

10.  PQ  and  QR  on  the  line  l  each  have  length  5  units.  If  the  coordinate 
of  Q  is  6: 

, _ _ _ _ _ _ _ L_ 

P  Q  R 


(i)  What  are  the  coordinates  of  P  and  R  ? 

(ii)  How  is  Q  situated  with  respect  to  P  and  R  ? 

(iii)  Is  it  possible  to  have  more  than  one  midpoint  on  a  given  line 
segment  ? 

(iv)  State  a  postulate  (17)  to  this  effect. 

(v)  Define:  midpoint  of  a  line  segment. 

(vi)  Define:  bisect. 

11.  In  the  accompanying  diagram,  *  ^  ~g  * 

A  and  B  are  two  points  on  a  line. 

(i)  How  many  points  are  there  on  the  line  between  A  and  B  ? 

(ii)  What  is  the  least  number  of  points  that  could  lie  between  two 
points  A  and  B  on  a  line  ?  (Recall  that  a  point  has  no  dimensions.) 

(iii)  Formulate  a  postulate  (18)  that  states  the  assumption  in  (ii). 

12.  A  straight  line  may  be  drawn  through  the  locations  of  three  towns 
A,  B,  and  C.  If  B  is  10  miles  from  A,  and  C  is  17  miles  from  B: 

(i)  draw  a  diagram  to  illustrate  the  possible  positions  of  the  towns 
with  respect  to  each  other ; 

(ii)  what  additional  information  would  ensure  that  A  is  between  B 
and  C? 
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C* 7  The  measurement  of  an  angle.  An  angle  was  defined  in  section  03 
to  be  the  point  set  consisting  of  the  union  of  two  distinct  rays  having  a 
common  end  point. 


Fig.  C-ll 

In  theoretical  geometry,  angles  are  sets  of  points  which  cannot  be  physi¬ 
cally  measured,  but  with  which  wre  do  associate  the  idea  of  size.  The 
measurement  of  an  angle  describes,  in  a  sense,  the  relative  position  of 
its  rays. 

The  measurement  of  an  angle  is  obtained  in  a  manner  similar  to  that  of 
obtaining  the  length  of  a  line.  A  unit  angle  is  selected  and,  on  the  basis  of 
this  unit,  a  positive  real  number  may  be  associated  with  each  angle. 

In  measuring  models  of  angles,  the  protractor  is  used.  The  unit  is  based 
on  the  straight  angle  (Fig.  C-12 )  in  which  the  two  arms  of  the  angle  are 
opposite  rays. 


A  B  C 

Fig.  C-12 

The  unit  angle  is  called  a  degree  and  is  defined  to  be  riu  of  a  straight 
angle. 

Thus,  if  A  ABC  =  60°,  we  say  that  the  measurement  of  Z ABC  is  60 
degrees  or  the  degree  measure  of  Z  ABC  is  60  . 

The  symbol  Z  ABC  (Fig.  C-13)  is  used  (i)  to  name  the  angle  ABC  (the 
set  of  points)  or  (ii)  to  indicate  the  measurement  of  the  angle  (a  number 
of  degrees),  according  to  the  context. 

It  is  accepted  intuitively  (postulate  15)  that  to  each  geometric  angle 
there  corresponds  a  unique  positive  real  number  of  degrees;  the  degree 
measure  of  an  angle  is  greater  than  zero  and  equal  to  or  less  than  180. 

Since  the  definition  of  an  angle  in  geometry  involves  two  distinct  rays, 
there  can  be  no  zero  angle. 

The  straight  angle  ABC,  Fig.  C-12,  and  the 
straight  line  AC  are  the  same  set.  A  straight 
angle  does  differ  from  a  straight  line  in  that  a 
specific  point  has  been  selected  as  its  vertex. 

In  Fig.  C-13,  A  ABC  has  a  measurement  be¬ 
tween  zero  and  180°.  We  may  associate  with 
the  angle  ABC  the  measurement  (360°  —  Z  ABC)  Fig.  C-13 
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indicated  by  the  double-headed  arrow.  When  we  are  concerned  with  this 
latter  measurement,  we  speak  of  the  reflex  angle  ABC. 

The  idea  of  an  angle  as  a  point  set  consisting  of  the  union  of  two  distinct 
rays  having  a  common  end  point  is  sufficient  for  the  purposes  of  this  study 
of  geometry.  Later  you  will  think  of  an  angle  in  other  ways.  For  example, 
an  angle  may  be  thought  of  in  terms  of  the  rotation  of  a  ray  from  an  initial 
position  to  a  terminal  position.  In  this  context,  angles  may  have  measure¬ 
ments  greater  than  180°. 

Since  the  measurement  of  an  angle  in  degrees  is  a  positive  real  number, 
angles  may  be  added  and  subtracted  according  to  the  properties  of  the 
real  numbers:  for  example, 

if  A  ABC  =  70°,  A  DBF  =  50°,  then 

A  ABC  4-  ADEF  =  (70  +  50)°  =  120°. 

Also,  120°  is  said  to  be  the  angle  sum  of  A  ABC  and  ADEF. 

In  Fig.  C-l 4,  since  D  is  on  the  same  side  of 
line  AB  as  C,  and  D  is  on  the  same  side  of  line 
BC  as  A,  then  ray  BD  is  between  ray  AB  and 
ray  AC.  D  is  said  to  be  in  the  interior  of 
A  ABC. 

The  following  completion  postulate  (20)  for 
angles  results  from  this  idea  of  betweeness  and 
the  properties  of  real  numbers. 

If  D  is  a  point  in  the  interior  of  A  ABC,  then 

A  ABC  =  AABD  A-  A  DBC  . 

It  follows  that,  (i)  AABD  =  A  ABC  —  ADBC 

(ii)  ADBC  =  A  ABC  -  AABD 

(iii)  A  ABC  >  AABD 

(iv)  A  ABC  >  ADBC 


Fig.  C-l 4 


Discovery  Exercise  C-4 

(B) 

X.  P  is  a  point  in  the  interior  of  A  ABC  and  BP  is  a  ray. 

(i)  Name  the  postulate  which  states 
Z  ABC  =  Z  ABP  -f  /  PPG. 

(ii)  What  do  the  symbols  A  ABC, 

A  ABP,  and  Z  PBC  represent  in  (i)  ? 

(iii)  In  what  other  ways  may  the  state¬ 
ment  of  (i)  be  written  ? 

(iv)  How  many  angles  exist  which  are  equal  to  A  ABC? 

(v)  Formulate  a  postulate  (10)  which  clearly  expresses  the  answer 
to  (i'v). 
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2.  In  the  diagram  at  the  left  below,  ABC  is  an  angle. 

(i)  How  many  rays  can  be  drawn  from  B  which  bisect  /.ABC ? 

(ii)  Formulate  a  postulate  (11)  which  states  this  assumption. 


3.  /ABC  is  a  straight  angle  (at  the  right  above).  BD  is  any  other  ray 
drawn  from  B. 

(i)  What  is  the  angle  sum  of  /  ABD  and  Z  DBC  ? 

Two  angles  whose  angle  sum  is  180°  are  called  supplementary 
angles. 

(ii)  Which  of  the  following  pairs  are  measurements  of  supplementary 
angles  ? 

(a)  60°,  30°  (b)  72°,  30°  (c)  90°,  90° 

(d)  120°,  50°  (e)  35°,  145°  (f)  110°,  60° 

(iii)  State  the  measurement  of  the  angle  supplementary  to  each  of  the 
following: 

35°,  72°,  105°,  84°,  92°,  115°,  130° 

4.  (i)  How  many  rays  bisect  a  straight  angle  ? 

(ii)  What  is  the  measurement  of  each  of  the  angles  ABD  and  DBC , 
if  BD  is  a  ray  bisecting  the  straight  angle  ABC  ?  Each  angle  is 
called  a  right  angle. 

(iii)  Define  a  right  angle. 

The  ray  BD  is  said  to  be  perpendicular  to  line  AC  (left  below). 
This  is  written,  ray  DB  _L  line  AC. 


5.  Z  ABC  is  a  right  angle,  and  BD  is  a  ray  such  that  D  is  in  the  interior 
of  /ABC  in  the  diagram  at  the  right  above. 

(i)  What  is  the  angle  sum  of  /ABD  and  /DBC? 

Two  angles  whose  angle  sum  is  90°  are  complementary  angles. 
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(ii)  Which  of  the  following  pairs  are  measurements  of  complementary 
angles  ? 

(a)  45°,  45°  (b)  30°,  60°  (c)  40°,  60° 

(d)  72°,  38°  (e)  25°,  65°  (f)  80°,  9° 

(hi)  State  the  measurement  of  the  angle  complementary  to  each  of 
the  following: 

70°,  62°,  54°,  42°,  72°,  36°,  18° 

6.  CD  is  a  line  segment,  and  the  line  AB  passes  through  the  midpoint  of 
CD,  and  Z  AED  =  90°.  A B  is  called  the  right  bisector  of  CD. 


(i)  Write  a  definition  of  the  right  bisector  of  a  line  segment. 

(ii)  How  many  right  bisectors  does  a  line  segment  have  ? 

(iii)  Formulate  a  postulate  (12)  to  this  effect. 

7.  An  acute  angle  is  an  angle  with  measurement  less  than  90°. 

An  obtuse  angle  is  an  angle  with  measurement  greater  than  90°  and 
less  than  180°. 

By  examining  the  diagram  which  represents  the  indicated  classification 
of  triangles  according  to  angles: 


(i)  State  a  set  to  which  each  of  the  figures  indicated  belongs. 

(ii)  State  the  characteristic  which  distinguishes  the  figure  from  other 
members  of  the  set. 

(iii)  Formulate  a  definition  of  each  figure. 

(iv)  Write  the  definition  with  subject  and  predicate  interchanged. 
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FUNDAMENTAL  CONSTRUCTIONS 
INDUCTIVE  REASONING 


D»1  Geometric  constructions.  The  ideas  of  geometry  have  many  practical 
applications.  The  engineer,  the  architect,  the  artist  all  make  use  of 
geometric  ideas  and  the  properties  of  geometric  figures  in  modern  design. 

In  the  study  of  geometry,  we  use  physical  drawings,  or  models,  of 
particular  geometric  figures  to  help  us  discover  geometric  principles  and 
understand  geometric  ideas. 

D»2  Fundamental  ruler-compasses  constructions  1,  2,  3. 

CONSTRUCTION  1 

Angle  Construction 

At  a  given  point  in  a  given  straight  line  to  construct  an  angle  equal  to 
a  given  angle. 


Fig.  D-l 

Given:  P  is  a  point  in  a  line  XY  and  ABC  is  any  angle  (Fig.  D-l). 
Required:  To  construct  at  P  on  XY  an  angle  equal  to  A  ABC. 
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Construction:  With  centre  B  and  any  radius  draw  an  arc  cutting  AB,  BC 
on  D  and  E,  respectively. 

With  centre  P  and  the  same  radius,  draw  an  arc  cutting  XY  on  Q. 

With  centre  Q  and  radius  DE,  draw  an  arc  cutting  the  former  arc  on  R . 
Draw  ray  PT  on  R. 

Then  Z  TP  Y  is  the  required  angle. 

Examine  fundamental  constructions  2  and  3  which  follow.  Describe  the 
method  of  construction  and  compare  your  description  with  that  on 
page  483 

CONSTRUCTION  2 

To  construct  the  bisector  of  a  given  angle. 


Given:  An  angle  ABC  (Fig.  D-2 ). 

Required:  To  construct  the  bisector  of  A  ABC. 

CONSTRUCTION  3 

To  construct  a  line  segment  perpendicular  to  a  given  line  segment  at  a 
given  point  on  it. 


Given:  A  line  segment  AB  and  a  point  C  on  it  (Fig.  D-3). 

Required:  To  construct  a  perpendicular  line  segment  at  C. 

The  ray  determined  by  CG  bisects  the  straight  angle  ACB  formed  by 
the  rays  determined  by  CA  and  CB. 
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Example  1.  Construct  an  angle  equal  to  the  angle  sum  of  two  given  angles. 


Fig.  D-4 


Given:  Two  angles,  Zx  and  Zy  (Fig.  D-4). 

Required :  To  construct  an  angle  equal  to  the  angle  sum  of  Zx  and  Z  y. 

Construction:  Draw  any  ray  BC. 

On  BC  construct  at  B,  ZPBC  =  Zx. 

On  BP  at  B  construct  Z  ABP  =  Zy. 

Then  ZABC  is  the  required  angle. 

Example  2.  Construct  A  ABC  having  ZA  =  45°,  ZB  =  90°,  and  AB  =  2". 

PRELIMINARY  SKETCH  RULER-COMPASSES  CONSTRUCTION 


£ 


Fig.  D-5 


Construction:  On  a  line  MN  (Fig.  D-5 )  mark  a  point  A. 

With  centre  A  and  radius  2  inches,  draw  an  arc  intersecting  MN  in  B. 

At  B,  construct  BE  _L  MN. 

At  A,  construct  DA  _L  MN. 

Construct  AF,  the  bisector  of  ZDAB. 

Extend  AF  to  intersect  BE  on  C. 

ABC  is  the  required  triangle. 

Example  3.  Construct  a  right  triangle  having  the  hypotenuse  and  one 
of  the  sides  equal  to  two  given  line  segments,  one  of  which  is  twice  the 
length  of  the  other. 
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PRELIMINARY  SKETCH  RULER-COMPASSES  CONSTRUCTION 


Given:  Two  line  segments  having  lengths  x  units  and  2x  units  (Fig.  D-6 ). 
Required:  To  construct  a  right  triangle  in  which  the  hypotenuse  is  2x 
units  and  one  of  the  sides  is  x  units. 

Construction:  Draw  a  line  IF. 

At  any  point  C  on  IF,  construct  a  right  angle. 

With  centre  C  and  radius  x  units,  draw  an  arc  to  cut  the  perpendicular 
on  A. 

With  centre  A  and  radius  2x  units,  draw  an  arc  to  cut  XY  on  B. 

Join  AB. 

Then  ABC  is  the  required  triangle. 

Example  4.  Construct  A  ABC  having  AB  =  AC  =  1|  inches  and 
BC  =  1  inch. 

Construct  the  bisector  of  Zi  to  intersect  BC  on  D.  Measure  Z.ADB. 

PRELIMINARY  SKETCH  RULER-COMPASSES  CONSTRUCTION 


Construction:  On  a  line  PQ  (Fig.  D-7 ),  mark  a  point  B. 

With  centre  B  and  radius  1  inch,  draw  an  arc  intersecting  PQ  on  C. 
With  centres  B  and  C  and  radius  lj  inches,  draw  arcs  intersecting  on  A. 
Join  BA  and  AC. 

Bisect  ABAC. 

By  measuring,  AADB  =  90°. 
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Exercise  D-l 

(B) 

Use  ruler  and  compasses  only  to  make  the  following  constructions;  show  all 
construction  lines,  but  do  not  give  a  description  of  constructions: 

1.  At  a  given  point  on  a  given  line  construct  rays  which  make  angles 
writh  the  given  line  having  measurements  of  90°,  45°,  22^°,  135°,  1 12^°. 

2.  Construct  an  angle  whose  measurement  is  the  difference  of  the 
measurements  of  two  given  angles. 

3.  Construct  A  ABC  in  which  the  base  is  3  inches  in  length  and  the  two 
angles  adjacent  to  the  base  are  equal  to  two  given  acute  angles. 

4.  Construct  an  angle  equal  to  the  angle  sum  of  the  angles  of  a  given 
triangle ;  measure  the  constructed  angle  using  a  protractor. 

5.  Construct  an  isosceles  triangle 
ABC  in  which  AB  =  AC  =  2 
inches  and  ABAC  =  45°. 

6.  Examine  the  equilateral  octagon 
ABCDEFGH  in  the  diagram  at 
the  right.  Using  a  circle  as  a  begin¬ 
ning,  devise  a  method  of  construct¬ 
ing  an  equilateral  octagon. 

7.  AB  and  CD  are  two  lines  that 
intersect  on  0.  Bisect  AAOD  and 
AAOC.  Measure  the  angle  at  0 
formed  by  the  bisectors. 

D'3  Fundamental  ruler-compasses  constructions  4,  5,  6.  In  each  of  the 
following  fundamental  constructions,  examine  the  construction  carefully 
and  then  describe  it.  Compare  your  description  with  that  on  page  483. 

CONSTRUCTION  4 

To  construct  a  line  segment  per¬ 
pendicular  to  a  given  line  from  a  point 
not  on  the  line. 

Given:  A  line  AB  and  a  point  C  not 
on  it  (Fig.  D-8 ). 

Required :  To  construct  a  line  segment 
from  C  perpendicular  to  AB. 

The  statement,  “CG  is  perpendicular 
to  AB",  is  abbreviated,  CG  ±  AB. 

The  distance  from  a  point  to  a  line 
means  the  perpendicular  distance. 


Z. 


D 


A 

I 

'kF 


Fig.  D-8 
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CONSTRUCTION  6 

To  construct  the  right  bisector  of  a  given  line  segment. 


Given:  A  line  segment  AB  {Fig.  D-9). 

Required:  To  construct  the  right  bisector  of  AB. 


CONSTRUCTION  6 

To  construct  a  line  parallel  to  a  given  line  on  a  given  point  not  on  the 
line. 


*A  C  D  ~~B* 

Fig.  D-10 

Given:  A  line  AB  and  a  point  P  not  on  the  line  {Fig.  D-10). 

Required:  To  construct  on  P  a  line  parallel  to  AB. 

definition:  An  altitude  of  a  triangle  is  the  line  segment  drawn  from 
a  vertex  perpendicular  to  the  opposite  side  and  terminating  on  the 
opposite  side. 

Example  1.  Construct  the  altitudes  from  B  and  C  to  the  opposite  sides 
of  A  ABC  {Fig.  D-ll ): 

(i)  if  A  ABC  is  an  acute  triangle; 

(ii)  if  Z  B  is  an  obtuse  angle. 

Construction:  Draw  BD  _L  AC,  CE  J_  AB.  Then  1 3D  and  CE  are  the 
required  altitudes. 


254 


Review  D 


Example  2.  Construct  an  isosceles  A  A  BC  in  which  A  B  —  AC  =  1|  inches 
and  BC  =  1  inch.  Construct  the  altitude  from  A  to  BC. 


PRELIMINARY  SKETCH  RULER-COMPASSES  CONSTRUCTION 


Fig.  D-12 


Given:  AB  —  AC  —  lj  inches  and  BC  =  1  inch  {Fig.  D-12). 

Required:  To  construct  an  isosceles  triangle  ABC  with  AB  =  AC  =  1| 
inches  and  BC  =  1  inch;  then  construct  the  perpendicular  from  A  to  BC. 

Construction:  Draw  a  ray  BY  and  mark  off  BC  =  1  inch. 

With  centres  B  and  C,  and  radius  1|  inches,  draw  arcs  to  intersect  on  A. 
Join  AB  and  AC. 

ABC  is  the  required  triangle. 

From  A  draw  a  line  segment  perpendicular  to  BC. 

AD  is  the  required  altitude. 

definition  :  The  median  of  a  triangle  is  the  line  segment  joining 
any  vertex  to  the  midpoint  of  the  opposite  side. 
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Example  3.  Construct  A  ABC  in  which  AB  =  1  inch,  AC  =  2  inches, 
BC  =  2J  inches.  Construct  the  median  AD  from  A  to  BC.  Only  the 
diagram  is  required. 

PRELIMINARY  SKETCH  RULER-COMPASSES  CONSTRUCTION 


A 


Exercise  D-2 

(B) 

Use  ruler  and  compasses  only  to  make  the  following  constructions;  show 

all  construction  lines ,  but  do  not  give  a  description  of  constructions; 

1.  Divide  a  given  line  segment  into  four  equal  parts. 

2.  Construct  AB  =  2  inches,  CD  =  3  inches,  bisecting  each  other  at 
right  angles. 

3.  Construct  any  triangle  ABC.  Through  D,  the  midpoint  of  AB, 
construct  a  line  parallel  to  BC  to  intersect  AC  on  E.  Measure  AE, 
EC,  DE,  and  BC. 

4.  Construct  AABC  in  which  the  base  BC  is  3  inches,  A  ABC  is  a  given 
obtuse  angle,  and  side  AB  is  2  inches  long.  Construct  a  line  through 
A  parallel  to  BC. 

5.  Draw  an  equilateral  triangle  whose  sides  are  each  1J  inches  long. 
Through  each  vertex  draw  a  line  parallel  to  the  opposite  side  of  the 
triangle.  Measure  the  lengths  of  the  sides  of  the  triangle  formed. 

6.  Construct  AABC  having  AB  =  2.5  inches,  BC  =  3.9  inches,  and 
CA  =  4  inches.  Construct  the  right  bisectors  of  AB  and  AC, 
intersecting  on  D.  Measure  AD,  BD,  and  CD,  to  the  nearest  tenth 
of  an  inch.  With  centre  D  and  radius  BD,  draw  a  circle.  This  circle 
is  called  the  circumscribed  circle  of  A  ABC.  Write  a  definition  of  the 
circumscribed  circle  of  a  triangle, 
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D»4  Inductive  reasoning.  In  earlier  grades,  many  geometrical  conjectures 
were  made  in  the  study  of  experimental  geometry.  For  example,  after 
finding  by  measurement  and  calculation  the  angle  sum  of  different  tri¬ 
angles,  the  conjecture  or  probable  inference  was  made  that  the  angle  sum  of 
a  triangle  is  180°. 

The  process  of  arriving  at  a  conjecture  by  observing  close  agreement 
of  evidence  obtained  from  a  relatively  large  number  of  particular  cases 
is  called  inductive  reasoning. 

Inductive  reasoning  is  important  in  all  scientific  research  because 
it  forms  the  basis  of  the  scientific  method.  Many  valuable  scientific 
discoveries  are  the  direct  result  of  inductive  reasoning.  However,  even 
though  inductive  reasoning  often  leads  to  important  conjectures  or 
probable  inferences,  it  does  not  prove  that  any  conjecture  is  true.  In 
mathematics,  any  conclusion  based  on  inductive  reasoning  is  accepted 
only  as  a  conjecture.  The  mathematician  then  tries  to  prove  or  disprove 
the  conjecture  by  logical  reasoning,  not  by  observation  or  measurement. 
In  many  of  the  sciences,  conjectures  arrived  at  by  inductive  reasoning 
often  form  the  basis  for  theories  which  are  accepted  until  a  contradiction 
is  found.  It  should  be  noted  that  inductive  reasoning  proceeds  from 
particular  cases  to  a  conjecture  which  is  a  generalization. 

A  statement  is  false  if  just  one  case  exists  for  which  the  statement  is 
false.  This  special  case  is  called  a  counterexample  of  the  statement.  Since 
a  single  counterexample  is  sufficient,  it  is  often  easier  to  prove  a  statement 
false  than  to  prove  a  statement  true. 

The  following  exercise  provides  practice  in  applying  inductive  reasoning  to 
make  conjectures . 


Exercise  D-3 

( Best  results  will  be  obtained  from  large  diagrams .) 

1.  Draw  any  acute  triangle  and  any  obtuse  triangle.  Using  a  set-square, 
draw  the  three  altitudes  of  each  of  these  triangles.  Note  any  relation 
among  the  altitudes  suggested  by  these  diagrams.  Test  this  suggested 
relation  by  drawing  a  second  acute  triangle  and  a  second  obtuse 
triangle  and  making  ruler-compasses  constructions  of  the  three 
altitudes  of  each  of  these  triangles.  Does  the  suggested  relation  apply 
to  a  right  triangle?  Make  a  conjecture  about  the  relation  among  the 
altitudes  of  any  triangle. 

2.  Draw  any  right  triangle,  any  acute  triangle,  and  any  obtuse  triangle. 
Using  a  ruler,  estimate  the  position  of  the  midpoints  of  the  sides 
of  each  of  these  triangles,  and  draw  the  three  medians  of  each  triangle. 
Note  any  relation  among  the  medians  suggested  by  these  diagrams. 
Test  this  suggested  relation  by  drawing  a  second  set  of  three  tri  * 
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angles  and  making  ruler-compasses  constructions  of  the  three  medians 
of  each  triangle.  Make  a  conjecture  about  the  relation  among  the 
medians  of  any  triangle. 

3.  Draw  any  right  triangle,  any  acute  triangle,  and  any  obtuse  triangle. 
Using  a  protractor,  draw  the  bisectors  of  the  three  angles  of  each 
of  these  triangles.  Note  any  relation  among  the  bisectors  of  the 
angles  suggested  by  these  diagrams.  Test  this  suggested  relation 
by  drawing  the  bisectors  of  the  angles  of  a  second  set  of  three  such 
triangles  using  ruler  and  compasses.  Make  a  conjecture  about  the 
relation  among  the  bisectors  of  the  angles  of  any  triangle. 

4.  Draw  any  right  triangle,  any  acute  triangle,  and  any  obtuse  triangle. 
Using  ruler-compasses  constructions,  draw  the  right  bisectors  of  the 
sides  of  each  of  the  triangles.  Note  any  relation  among  the  right 
bisectors  suggested  by  these  diagrams.  Test  this  suggested  relation 
by  drawing  the  right  bisectors  of  the  sides  of  a  second  set  of  three 
such  triangles.  Make  a  conjecture  about  the  relation  among  the 
right  bisectors  of  the  sides  of  any  triangle. 

5.  Draw  any  circle.  Choose  three  points  A,  B,  and  C  on  it;  join  AB, 
BC,  CA  to  form  triangle  ABC.  It  is  said  that  A  ABC  is  inscribed  in 
the  circle,  or  that  the  circle  circumscribes  //ABC.  An  obvious  con¬ 
jecture  is  that,  given  any  triangle,  there  exists  a  circumscribing 
circle.  Make  a  conjecture  about  the  method  of  determining  the  centre 
and  radius  of  such  a  circle,  so  that  it  can  be  drawn  in  a  physical 
model.  Test  your  conjecture  for  two  acute  triangles  and  two  obtuse 
triangles. 

6.  Draw  any  acute  triangle,  any  obtuse  triangle,  and  any  right  triangle. 
Using  ruler-compasses  constructions,  determine  the  orthocentre,  the 
centroid,  and  the  circumcentre  of  each  triangle,  where  the  orthocentre 
is  the  point  of  intersection  of  the  altitudes,  the  centroid  is  the  point 
of  intersection  of  the  medians,  and  the  circumcentre  is  the  point  of  inter¬ 
section  of  the  right  bisectors  of  the  sides  of  a  triangle.  Note  any  relation 
among  the  orthocentre,  the  centroid,  and  the  circumcentre  suggested  by 
these  diagrams.  Test  the  suggested  relation  for  an  isosceles  triangle 
and  also  for  an  equilateral  triangle.  Make  a  conjecture  about  the 
relation  among  the  orthocentre,  the  centroid,  and  the  circumcentre  of 
any  triangle. 

7.  Draw  any  acute  triangle  ABC ;  extend  BC  to  D.  Measure  /ACD , 
/.CAB,  /ABC.  Angle  ACD  is  an  exterior  angle  of  A  ABC,  and 
/CAB  and  /ABC  are  the  interior  remote  angles  of  /ACD.  Note 
any  relation  between  the  exterior  angle  and  the  two  interior  remote 
angles  suggested  by  this  diagram.  Test  this  suggested  relation  for  an 
obtuse  triangle,  a  right  triangle,  and  another  acute  triangle.  Make  a 
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conjecture  about  the  relation  between  the  exterior  angle  and  the  two 
interior  remote  angles  of  any  triangle. 

8.  Draw  two  parallel  line  segments  with  a  ruler.  Draw  a  line  segment 
(transversal)  intersecting  the  two  lines. 


Measure : 

(i)  pairs  of  alternate  angles  (4,  6),  (3,  5) ; 

(ii)  pairs  of  corresponding  angles  (2,  6),  (3,  8),  (1,  5),  (4,  7); 

(iii)  pairs  of  interior  angles  on  the  same  side  of  the  transversal  (4,  5), 
(3,  6). 

Note  any  relation  between: 

(i)  pairs  of  alternate  angles;  /  / 

(ii)  pairs  of  corresponding  angles ;  // 

(iii)  pairs  of  interior  angles  on  the  sancie  side  of  the  transversal 
suggested  by  the  measurements. 

Test  this  suggested  relation  by  drawing  a  second  pair  of  parallel 
line  segments  using  ruler-compasses  construction.  Make  a  conjecture 
about  pairs  of  alternate  angles,  pairs  of  corresponding  angles,  and 
pairs  of  interior  angles  on  the  same  side  of  a  transversal  intersecting 
two  parallel  line  segments. 


Chapter  VIII 


INTRODUCTION  TO 
DEDUCTIVE  REASONING 


8»1  Sentences,  sentential  connectives.  In  the  study  of  inductive  reason¬ 
ing,  we  learned  how  to  make  a  probable  inference  or  conjecture  from  the 
examination  of  particular  cases.  We  also  learned  that  inductive  reasoning 
does  not  provide  proof  that  a  conjecture  is  true.  Mathematical  proof 
demands  a  type  of  reasoning  known  as  deductive  reasoning  or  logical 
deduction.  To  begin  with,  we  must  become  acquainted  with  the  language 
of  logic. 

In  logic,  each  English  sentence  has  a  form  which  is  given  an  identifying 
name.  For  example,  the  sentence: 

It  is  raining. 

is  a  basic  type  of  sentence.  In  logic  such  a  sentence  is  called  a  simple 
sentence  or  an  atomic  sentence. 

definition:  A  sentence,  in  logic ,  is  a  statement  which  is  either  true 
or  false,  hut  not  both. 

If  we  combine  two  simple  sentences  by  means  of  a  connecting  word,  the 
resulting  sentence  is  no  longer  a  simple  sentence.  It  is  called  a  compound 
sentence  or  a  molecular  sentence.  For  example,  the  sentence: 

It  is  raining  and  it  is  cold. 

is  a  compound  sentence.  The  word  and  combines  the  two  simple  sentences : 

1.  It  is  raining. 

2.  It  is  cold. 

It  should  be  noted  that  the  connecting  word  and  is  not  part  of  either 
simple  sentence.  It  merely  connects  the  two  simple  sentences  to  produce 
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a  compound  sentence.  Thus,  the  word  and  in  logic  is  called  a  sentential 
connective. 

The  basic  sentential  connectives  are  and ,  or,  if  .  .  .  then  .  .  .,  not. 
The  use  of  each  of  these  connectives  together  with  the  simple  sentences : 

1.  It  is  raining. 

2.  It  is  cold. 

to  produce  compound  sentences  is  illustrated  in  the  following. 

(i)  Connective:  and 

It  is  raining  and  it  is  cold. 

This  sentence  is  called  the  conjunction  of  the  two  simple  sentences. 

(ii)  Connective:  or 

It  is  raining  or  it  is  cold. 

This  sentence  is  called  the  disjunction  of  the  two  simple  sentences. 

(iii)  Connective:  if ..  .  then  .  .  . 

If  it  is  raining,  then  it  is  cold. 

This  sentence  is  called  a  conditional  sentence  or  an  implication. 

It  should  be  noted  that  the  connectives  and ,  or,  if  ..  .  then  .  .  . 
control  or  modify  two  sentences. 

(iv)  Connective:  not 

It  is  not  raining. 

This  sentence  is  called  the  negation  of  the  sentence,  “It  is  raining”. 
It  should  be  noted  that  the  connective  not  controls  or  modifies  only 
one  sentence. 

The  basic  forms  of  compound  sentences  are: 

(i)  (  )  and  (  ). 

(ii)  (  )  or  (  ). 

(iii)  If  (  )  then  (  ). 

(iv)  not  (  ). 

where  the  parenthesis  may  be  filled  by  simple  or  compound  sentences. 

In  logic,  capital  letters,  such  as  P,  Q,  R,  S,T,  A,  B,  are  used  to  represent 
sentences.  Thus,  if  P  represents  the  sentence,  It  is  raining,  and  Q  repre¬ 
sents  the  sentence,  It  is  cold,  the  compound  sentence, 

(It  is  raining)  and  (it  is  cold). 
may  be  represented  symbolically  as: 

(P)  and  (Q) 

P  and  Q. 


or  simply, 
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In  general ,  if  A  and  B  represent  any  two  sentences,  the  basic 
compound  sentences  may  be  represented  symbolically  as: 

(i)  A  and  B  . 

(ii)  A  or  B  . 

(iii)  If  A  then  B;  (or)  A  implies  B;  (or)  A  — >  B  . 

(iv)  Not  A;  (or)  ^  A  . 

Exercise  8-1 

(A) 

Classify  each  of  the  following  sentences  as  simple  or  compound : 

1.  Today  is  Monday. 

2.  Mathematics  is  the  Queen  of  the  Sciences. 

3.  Camping  is  fun. 

4.  Governments  fold  at  the  polls. 

6.  Time  does  not  stand  still. 

6.  John  enjoys  music,  and  he  has  a  large  record  collection. 

7.  4.x  —  Sy  . 

8.  The  talk  on  how  to  make  an  interesting  speech  was  uninteresting. 

9.  The  better  team  does  not  always  win. 

10.  x  —  y  and  y  ^  z  . 

11.  If  x  —  y  =  0,  then  x  —  y  . 

12.  If  two  lines  are  parallel,  then  they  do  not  have  a  common  point. 

13.  2  is  rational  and  y/2  is  irrational. 

14.  He  is  intelligent. 

16.  Scientists  are  not  eccentric. 

16.  Nero  fiddled. 

17.  I  drove  to  the  cottage  and  hitch-hiked  back. 

(B) 

In  each  of  the  following  sentences  make  a  list  of  connectives,  if  there  are  any: 

18.  Today  is  Monday,  and  tomorrow  is  Tuesday. 

19.  2x  +  3  =  9  or  5x  +  7  =  22  . 

20.  If  a,  b  €  N,  then  7  i  N  . 

0 

21.  { 0 }  is  not  a  null  set. 
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In  each  of  the  following  sentences  make  a  list  of  connectives,  if  there  are  any: 

22.  The  set  of  all  even  numbers  greater  than  1  and  less  than  10  is 
{2,4,  6,8}  . 

23.  If  x  -f  3  =  5,  then  x  =  2  . 

24.  If  a  >  h  and  h  >  c,  then  a  >  c  . 

26.  Animal  cells  do  not  have  real  cell  walls. 

26.  If  he  is  uncertain,  then  he  will  not  answer. 

27.  If  x2  =  4  and  x  represents  a  natural  number,  then  x  =  2  . 

Form  a  compound  sentence  by  combining  the  simple  sentences  in  each  of 
the  following  using  the  connective  indicated;  symbolize  the  sentence: 

28.  2x  +  4  =  8  .  x  =  2  .  (connective ://...  then  .  .  .) 

29.  The  rooms  are  warm.  The  food  is  excellent,  (connective:  and) 

30.  It  is  easy  to  bowl  a  perfect  game,  (connective:  not) 

31.  a  >  b.  a  =  b.  a  <  b.  (connective:  or) 

32.  x  +  3  =  6  .  (connective:  not) 

33.  He  turned  around.  He  looked  at  us.  (connective :  and) 

Classify  each  of  the  following  compound  sentences  in  terms  of  conjunction, 
disjunction,  implication,  or  negation: 


34. 

P  or  Q 

35. 

M  and  N 

36. 

A)  or  (~  D) 

37. 

(~  B )  and  (~  C) 

38. 

M  - 

->X 

39. 

X  or  (P  and  Q) 

40. 

Q  or  (~ 

Q) 

41. 

~  ( X  and  Y) 

42. 

P- 

->  (~ 

Q ) 

43. 

(M  and  N)  — >  A 

Rewrite  the  following  conditional  statements  in  “if  .  .  .  then  .  .  .”  form: 
44.  A  win  today  will  put  the  team  in  the  finals. 

46.  *.*  £  +  3  =  7  .*.  x  =  4  .  46.  a  —  b  =  x  since  x  b  =  a  . 

47.  a  -4-  b  =  x  since  x  X  b  =  a  . 

48.  A  cloudy  day  is  not  a  warm  day. 

49.  When  it  rains  the  crops  grow. 

60.  When  x  =  5  the  expression  2x  +  4  represents  14  . 

61.  A  good  argument  is  logical.  52.  A  logical  argument  is  good. 

63.  A  person  who  understands  logic  will  understand  geometry. 

8*2  Deductive  reasoning.  The  process  of  making  necessary  conclusions 
from  accepted  statements  by  applying  accepted  rules  of  logical  inference 
is  called  deductive  reasoning. 
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If  we  are  given  the  following  statements : 

1.  If  it  is  raining,  then  it  is  cold. 

2.  It  is  raining. 

then  the  inescapable  consequent  of  these  two  statements  is  the  conclusion : 

It  is  cold. 

The  two  given  statements  are  the  'premises  of  the  argument,  and  the 
conclusion  is  the  logical  consequent  of  the  premises. 

The  rule  of  logical  inference  which  permits  us  to  make  this  conclusion 
from  these  statements  is  called  the  Law  of  Detachment.  Thus,  by  this  law, 
if  we  are  given  any  implication  and  precisely  the  “if  clause”  of  this  implica¬ 
tion,  we  can  detach  the  “then  clause”  and  state  it  as  a  logical  consequent. 

In  the  above  example,  we  say  we  have  proved  or  deduced  the  statement : 
It  is  cold.  That  is,  we  have  proved  that  the  derived  sentence  follows 
logically  from  the  given  sentences. 

The  complete  argument  may  be  arranged  as  follows : 

Premises:  1.  If  it  is  raining,  then  it  is  cold. 

2.  It  is  raining. 

Logical  consequent:  It  is  cold.  (Law  of  Detachment) 

In  symbols  the  argument  may  be  represented  as  follows: 

Premises:  1.  P— >Q 
2.  P 

Logical  consequent:  Q  (Law  of  Detachment) 

It  should  be  noted  that  the  Law  of  Detachment  ensures  that  if  P  and 
P  — >  Q  are  true  (assumed  or  previously  proved  statements),  then  Q  is  a 
true  statement. 

The  implication  in  the  above  is  sometimes  referred  to  as  the  major 
premise  of  the  argument;  the  second  statement  is  referred  to  as  the  minor 
premise;  together  the  two  premises  form  the  hypothesis  of  the  argument. 

Example.  State  the  logical  consequent,  if  there  is  one,  for  each  of  the 
following  sets  of  premises: 


(i) 

1. 

If  logic  is  easy,  then 

he  will 

master  it. 

2. 

Logic  is  easy. 

(ii) 

1. 

If  logic  is  easy,  then 

he  will 

master  it. 

2. 

He  will  master  it. 

(iii) 

1. 

If  z  —  3  =  0  or  z  + 

2  =  0, 

then  x  = 

2. 

x  —  3  =  0  or  z  + 

2  =  0, 

» 

(iv) 

1. 

If  x  =  —  2,  then  x2 

=  4. 

2. 

x2  =  4. 

2. 
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Solution,  (i)  Logical  consequent:  He  will  master  it.  (Law  of  Detach¬ 
ment) 

(ii)  No  logical  consequent,  since  we  are  not  given  precisely  the 
“if  clause”  of  the  implication. 

(iii)  Logical  consequent:  x  —  3  or  z  =  — 2  (Law  of  Detach¬ 
ment) 

(iv)  No  logical  consequent,  since  we  are  not  given  precisely  the 
“if  clause”  of  the  implication. 


Exercise  8-2 

(A) 

In  each  of  the  following  you  are  given  a  set  of  'premises ;  deduce  a  logical 
consequent  where  possiile: 

1.  (i)  If  we  win  the  game,  then  we  are  happy. 

(ii)  We  win  the  game. 

2.  (i)  If  he  likes  football,  then  he  goes  to  the  games. 

(ii)  He  goes  to  the  games. 

3.  (i)  When  it  rains,  the  river  rises. 

(ii)  It  rains. 

4.  (i)  If  P,  Q  represent  simple  sentences,  then  P  or  Q  is  a  compound 

sentence. 


(ii) 

P,  Q  represent  simple  sentences. 

6. 

(i) 

If  x,  y  €  Q,  then  x  +  y  —  6 

m 

(ii) 

x  +  y  =  6. 

6. 

(i) 

If  I  pass  my  examinations, 

I  am 

very  happy. 

(ii) 

I  am  very  happy. 

7. 

(i) 

v  3x  -f  7  =  28  x  =  7. 

8. 

(i) 

If  x  e  N,  then  (:r  +  9)  e  iV  . 

(ii) 

3x  +  7  =  28. 

(ii) 

x  e  N  . 

9. 

(i) 

M->N 

10, 

0) 

M  — >  N 

(ii) 

M 

(ii) 

N 

11. 

(i) 

A 

12. 

(i) 

^  A  — >  B 

(ii) 

A-+B 

(ii) 

A 

13. 

(i) 

(A  and  B)  — »  C 

14. 

(i) 

S  (R  or 

T) 

(ii) 

A  and  B 

(ii) 

R  or  T 

15. 

(i) 

(M  or  N)  ->  0 

16. 

(i) 

(x  7^  4)  — > 

(x  -h  y  =  7). 

(ii) 

M  or  N 

(ii) 

X  9^  4. 
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17.  (i)  ( 2x  -f*  4  =  8)  >  (x  =  2).  18.  (i)  (x-\~y  =  3) — >  ((x  2/) 2  **  9). 

(ii)  2a:  +  4  =  8.  (ii)  (x  +  y)'  =  9. 

19.  (i)  (A  ADB  =  ZZDC  =  90°)  ->  (AD  _L  BC ). 

(ii)  Z4Z)5  =  A  ADC  =  90°. 

20.  (i)  (x  >  y  and  ?/  >  z)  — >  (a;  >  2). 

(ii)  (x  >  y  and  y  >  2). 

21.  (i)  ABCD  is  a  parallelogram. 

(ii)  (ABCD  is  a  |p)  ->  (AB  ||  DC  and  AD  ||  BC). 

22.  (i)  P  is  on  the  right  bisector  of  AB. 

(ii)  P  is  on  the  right  bisector  of  AB  — >  PA  =  PB. 

23.  (i)  If  —  A,  then  —  B  .  24.  (i)  If  (A  and  B),  then  Q  . 

(ii)  ^  A  (ii)  A  and  B 

26.  (i)  If  ~  A,  then  (A  and  B) .  26.  (i)  B  — >  ^  A 

(ii)  A  and  B  (ii)  B 

27.  Hypothesis :  (A  ADB  —  A  ADC)  — >  (AB  =  AC) 

AB  =  AC 


Write  the  logical  consequent,  if  there  is  one ,  in  each  of  the  following  by 
applying  the  Law  of  Detachment: 


28.  Hypothesis :  S  — »  R 

R 


29.  Hypothesis:  ~  A  ~  B 


30.  Hypothesis:  (M  and  N)  — *  T  31.  Hypothesis:  X 

M  and  N  Y  ->  X 

32.  Hypothesis:  (AD  JL  BC)  — >  (A ADC  —  90°) 

AD  ±  BC 


33.  Hypothesis:  (a  -f  b  =  c  4-  d  and  a  =  e)  — >  (b  —  d) 

b  —  d 

34.  Hypothesis:  (ABCD  is  a  parallelogram)  — >  (AB  ||  DC  and  AD  ||  BC)  . 

ABCD  is  a  parallelogram. 

36.  Hypothesis:  (h  intersects  If)  (A  1  =  Z2) 

1 1  intersects  1 2 . 

36.  Hypothesis:  (AD  =  DB  and  DE  ||  BC)  — >  (AE  =  EC) 

AE  =  EC 

37.  Hypothesis:  (AD  =  BC  and  AD  ||  BC)  ->  (AB  =  DC) 

AD  =  BC  and  AD\\BC 

38.  Hypothesis:  (A  ADB  =  A  ADC  =  90°)  ->  (ABCD  =  180°) 

A ADB =  A  ADC 
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39.  Hypothesis:  ( Z  1  =  Z2  and  h  is  a  line)  — >  (Z2  is  a  line). 

1 2  is  a  line. 

40.  Hypothesis:  (Zi  ||  Z2  and  Z2 1|  Z3)  — >  (li  ||  Z3) 

h  ||  Z2  and  Z2 1|  Z3 

41.  Hypothesis:  (Z  1  =  Z2)  — *  (Zi  ||  Z2) 

Zl  =  Z2 

42.  Hypothesis:  ( ABCD  is  a  quadrilateral  inscribed  in  a  circle) 

->  (ZA  +  AC  =  180°)  . 

ZA  +  ZB  =  180° 

43.  Hypothesis:  (AB  =  r i  +  r2)  — >  (two  circles  touch  externally). 

A#  =  r\  +  r2 

(AD  AE\ 

DB  =  Ec)~*(DE^BG^ 

AE  AD 
EC  ~  DB 

8*3  Deductive  proofs  involving  several  steps.  Most  deductive  arguments 
consist  of  more  than  one  application  of  the  Law  of  Detachment.  This  is 
illustrated  in  the  following  example. 

Premises:  1.  If  it  is  snowing,  then  it  is  cold. 

2.  It  is  snowing. 

3.  If  it  is  cold,  then  I  will  stay  at  home. 

Conclusion:  I  will  stay  at  home. 

This  conclusion  may  be  shown  to  be  a  logical  consequent  of  the  premises 
by  applying  the  Law  of  Detachment  twice.  Thus,  from  statements  1  and  2 
we  obtain  the  conclusion,  It  is  cold,  by  a  first  application  of  the  law.  Then 
by  combining  this  conclusion  with  statement  3,  the  Law  of  Detachment 
brings  us  to  the  logical  consequent,  I  will  stay  at  home. 

A  formal  deductive  proof  involving  more  than  one  application  of  the 
Law  of  Detachment  follows: 

Hypothesis:  1.  P  Q 
2.  P 

3.  Q  — *  R 
Conclusion :  R 
Proof: 


STATEMENTS  AUTHORITIES 


1.  P-^Q 

1.  H}^pothesis 

2.  P 

2.  Hypothesis 

3.  Q 

3.  Law  of  Detachment  1,  2 

4.  Q  ^  R 

4.  Hypothesis 

5.  R 

5.  Law  of  Detachment  3,  4 
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A  formal  deductive  proof  is  a  succession  of  statements  which  lead  to 
the  desired  conclusion.  Each  statement  is  either  a  premise  or  a  statement 
derived  directly  by  a  rule  of  inference.  The  proof  is  arranged  in  two 
columns:  statements  in  the  first  column  and  authorities  for  these  statements 
in  the  second  column.  The  process  of  building  a  formal  deductive  proof 
is  called  synthesis. 

Example  1.  Complete  the  following  formal  deductive  proof;  compare 
your  proof  with  the  complete  proof  on  page  483. 

Hypothesis :  A  — >  Z?,  B  — >  C,  C  — >  D,  A 

Conclusion :  D 

Proof : 


STATEMENTS  AUTHORITIES 


1.  A->£ 

1. 

2.  A 

2. 

3.  B 

3. 

4.  B  — >  C 

4. 

5.  C 

5. 

6.  C->D 

6. 

7.  D 

7. 

Exercise  8-3 

(A) 

Complete  the  authorities  column  of  each  of  the  following  formal  deductive 
proofs: 

1.  Hypothesis:  A,  A  — >  B),  B)  — >  C 

Conclusion:  C 
Proof: 


STATEMENTS 

AUTHORITIES 

1.  A 

1. 

2.  A  B) 

2. 

3.  (~B) 

3. 

4. 

4. 

5.  C 

5. 
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2.  Hypothesis :  AB  =  AC ->  ZB  -  ZC,  (ZB  =  ZC)  — >  (ZB  =  72°) 
(ZB  =  72°)  ->  (ZA  =  36°),  AB  =  .4C 

Conclusion:  ZA  —  36° 

Proof: 


STATEMENTS  AUTHORITIES 


1.  AB  =  AC 

1. 

2.  (AB  =  AC)  ->  (ZB  =  ZC) 

2. 

3.  ZB  =  ZC 

3. 

4.  (ZB  =  ZC)  — >  (ZB  =  72°) 

4. 

5.  ZB  =  72° 

5. 

6.  ZB  =  72°— »  ZA  =  36° 

6. 

7.  ZA  —  36° 

7. 

(B) 

Write  a  formal  proof  for  each  of  the  following: 

3.  Hypothesis:  A—>B,B—>C,A,C—>D,  D  — >  E 
Conclusion:  E 

4.  Hypothesis:  P  — »  (Q  and  R),  (Q  and  R)  — >  S,  P 
Conclusion:  S 

6.  Hypothesis:  (A  and  B),  ( A  and  B)  — >  C,  C  — >  ^  D 
Conclusion:  r D 

6.  Hypothesis:  S  ~  T,  ~  T  —>  R,  S 
Conclusion:  R 

7.  Hypothesis:  (~  P)  —>  Q,  Q  R),  (~  P) 

Conclusion:  ~  R 

8.  Hypothesis:  ~  A  ~  B,  C  — >  ~  A,  C 
Conclusion:  ~  B 

9.  Hypothesis:  (a  *  b  and  b  =  c)  — >  (a  =  c) 

(a  =  c)  — >  (c  -  a),  (a  —  b  and  b  =  c) 

Conclusion:  c  =  a 

10.  Symbolize  the  following  sentences  and  write  a  proof  to  justify  the 
conclusion. 

Hypothesis:  1.  If  humid  air  rises,  it  cools. 

2.  When  it  cools,  clouds  form. 

3.  Humid  air  rises. 

Conclusion:  Clouds  form. 


8*4  Analysis  of  a  deduction.  Analysis  is  the  method  used  to  discover  the 
plan  for  a  formal  proof.  It  works  in  reverse  order  to  synthesis.  We  begin 
with  what  we  are  trying  to  prove  and  work  back  to  the  given  conditions, 
as  illustrated  in  the  following  example. 
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Hypothesis :  P  — >  Q,  Q  — >  R,  P 

Conclusion :  R 

Analysis : 

I  CAN  PROVE 
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IF  I  CAN  PROVE 

1.  R 

1.  Q  (v  Q-*R). 

2.  Q 

2.  P  (v  P  — »  Q)  . 

3.  P  by  hypothesis. 

The  statements  contained  in  the  analysis  taken  in  reverse  order  are  the 

statements  of  the  formal  proof ;  thus, 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  P 

1.  Hypothesis 

2.  P-+Q 

2.  Hypothesis 

3.  Q 

3.  Law  of  Detachment  1,  2 

4 .  Q->R 

4.  Hypothesis 

5.  R 

5.  Law  of  Detachment  3,  4 

The  process  of  analysis  becomes  increasingly  valuable  as  the  number 
of  the  steps  in  the  proof  and  the  number  of  premises  increase.  When  a 
given  hypothesis  contains  many  statements,  analysis  enables  us  to  recog¬ 
nize  those  which  are  relevant  to  the  proof. 

Example  1.  Read  the  analysis  of  the  following  deduction ;  write  a  complete 
formal  proof  and  compare  it  with  the  proof  on  page  484. 

Hypothesis :  (A  and  B)  ->  C,  C  ->  D,  C  -»  (D  or  E) 

C  — >  E,  A,  B,  (A  and  B ) 

Conclusion:  D  or  E 

Analysis : 


I  CAN  PROVE  IF  I  CAN  PROVE 


1.  D  or  E 

1.  C  (v  (7  — >  (D  or  E)  )  . 

„  2.  C 

2.  A  and  B  (v  (A  and  B)  — >  C)  . 

3.  (A  and  B )  by  hypothesis  . 

Example  2.  Write  a  complete  analysis  and  proof  of  the  following  deduc¬ 
tion;  compare  your  solution  with  that  on  page  484. 

Hypothesis :  ~  C  — >  D,  C  ~  D,  ~  E  ~  C, 

D->B,E->Cy~E 

Conclusion:  B 
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Exercise  8-4 

(B) 

Write  a  complete  analysis  and  proof  of  each  of  the  following  deductions: 

1.  Hypothesis:  C  ~  D,  ~  D  B,  B  —>  A,  C 
Conclusion:  A 

2.  Hypothesis:  B—^~C,B,~C—>D,D—>^'A 
Conclusion:  ~  A 

3.  Hypothesis:  (A  or  B ),  (A  or  B)  —>  ~  D, 

(E  and  ~  F)  ->  (G  or  H),~D->  (. E  and  ~  F) 
Conclusion:  G  or  II 

4.  Hypothesis:  ~  Q 1  — »  R,  R  — >  S,  ~  Q,  S  — >  ^  T,  U  — »  P,  ~  T  —*■  U 
Conclusion:  P 


8*5  The  syllogism.  Examination  of  the  following  statements: 

1.  All  persons  who  live  in  Toronto  live  in  Ontario. 

2.  John  lives  in  Toronto. 

leads  to  the  conclusion :  John  lives  in  Ontario. 

This  conclusion  appears  to  be  a  necessary  consequent  of  statements  1 
and  2.  However,  the  Law  of  Detachment  cannot  be  used  to  justify  a 
conclusion  unless  we  are  given  an  implication  and  precisely  its  “if  clause”. 

In  logic,  the  statement,  All  persons  who  live  in  Toronto  live  in  Ontario , 
has  the  meaning,  For  all  persons,  if  a  person  lives  in  Toronto,  then  the 
person  lives  in  Ontario,  which  is  an  implication.  The  statement,  John  lives 
in  Toronto,  is  not  precisely  the  “if  clause”  of  the  implication;  it  is  a  par¬ 
ticular  case  of  the  “if  clause”.  Thus,  it  is  not  possible  to  go  directly  to 
the  conclusion,  John  lives  in  Ontario,  by  simply  applying  the  Law  of 
Detachment.  To  reach  the  conclusion  logically,  we  must  first  agree  that 
if  an  implication  applies  to  all  members  of  a  set,  it  applies  to  any  specified 
member. 

An  argument  of  this  form,  called  a  syllogism,  involves  three  steps: 

(a)  Major  premise:  a  general  implication 

(b)  * Minor  premise:  a  particular  case  of  (a) 

(c)  Conclusion:  the  logical  consequent  of  the  general  and  particular  state¬ 
ments. 

It  should  be  noted  that  if  the  major  and  minor  premises  are  true 
(accepted)  statements,  the  logical  consequent  is  a  true  statement. 

Example.  State  the  logical  consequent,  if  there  is  one,  in  each  of  the 
following;  compare  your  solutions  with  those  on  page  484. 
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(i)  Hypothesis:  1. 

2. 

(ii)  Hypothesis:  1. 

2. 

(hi)  Hypothesis:  1. 

2. 

(iv)  Hypothesis:  1. 

2. 

(v)  Hypothesis:  1. 


All  birds  fly. 

Polly  is  a  bird. 

All  right  angles  are  equal  angles. 

A  and  B  are  right  angles. 

All  right  angles  are  equal  angles. 

A  and  B  are  equal  angles. 

Any  acute  angle  is  less  than  90°. 

Z  P  is  an  acute  angle. 

If  a  line  joins  the  midpoints  of  two  sides  of  a 
triangle,  then  it  is  parallel  to  the  third  side  and 
equal  to  one-half  its  length. 


2. 


A 


(vi)  Hypothesis:  1.  If  two  angles  have  an  angle  sum  of  90°,  then  the 

two  angles  are  complementary  angles. 

2. 


(vii)  Hypothesis :  1. 

2. 


If  two  angles  have  an  angle  sum  of  180°,  then  the 
two  angles  are  supplementary  angles. 


in 
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Exercise  8-6 


(A) 

State  each  of  the  following  conditional  sentences  in  “if  .  .  .  then.  .  .  ”  form: 

1.  A  statement  which  is  accepted  as  true  without  proof  is  an  assumption. 

2.  The  logical  consequent  of  two  accepted  premises  is  called  a  deduction. 

3.  When  we  say  a  statement  is  true,  we  mean  it  is  an  assumption  or  it  has 
been  proved. 

4.  A  statement  is  proved  when  it  is  the  logical  consequent  of  two  accepted 
premises. 

5.  A  statement  is  a  logical  consequent  of  two  statements  if  it  is  obtained 
from  the  two  statements  by  applying  a  rule  of  inference. 

6.  Deductive  reasoning  is  the  process  of  applying  a  rule  of  inference. 

7.  A  logical  consequent  is  deduced  from  two  accepted  premises. 


State  the  logical  consequent,  if  there  is  one,  in  each  of  the  following: 


8. 


9. 


10. 


11. 


12. 


Hypothesis:  1. 

2. 

Hypothesis:  1. 

2. 

Hypothesis:  1. 

2. 

Hypothesis:  1. 

2. 

Hypothesis:  1. 

2. 


If  John  lives  in  Toronto,  then  he  lives  in  Ontario. 
John  lives  in  Toronto. 

If  John  lives  in  Toronto,  then  he  lives  in  Ontario. 
John  lives  in  Ontario. 

If  a,  b,  c  e  N,  then  (a+6)  +  c  =  a  4-  (6  +  c) . 
a,  b,  c  €  N 

If  2x  +  3  =  7,  then  x  —  2  . 
z  =  2 


a  c  _  .  a  c 

U-b,-deQ,then-  +  1 

a  3  c  4 
b  =  5’  d  =  3 


ad  -b  be 
bd 


Assess  the  conclusion  in  each  of  the  following  as  valid  if  it  follows  as  a 
logical  consequent  of  the  given  statements,  or  not  valid  if  it  does  not  necessarily 
follow: 


13. 


14. 


Hypothesis: 

Conclusion: 

Hypothesis: 

Conclusion: 


(i)  If  a  church  is  white,  then  it  is  painted. 

(ii)  St.  Paul’s  Church  is  white. 

St.  Paul’s  Church  is  painted. 

(i)  If  a  church  is  white,  then  it  is  painted, 
(ii)  St.  Andrew’s  Church  is  painted. 

St.  Andrew’s  Church  is  white. 
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15. 


16. 


17. 


Hypothesis: 

Conclusion: 

Hypothesis: 

Conclusion: 

Hypothesis: 

Conclusion: 


(i)  If  a  church  is  white,  then  it  is  painted. 

(ii)  St.  Mark’s  is  a  church. 

St.  Mark’s  is  painted  white. 

(i)  All  good  singers  give  a  recital. 

(ii)  Mary  is  giving  a  recital. 

Mary  is  a  good  singer. 

(i)  All  children  are  admitted  free  to  the  circus. 

(ii)  John  was  admitted  free  to  the  circus. 

John  is  a  child. 


(B) 


Rate  the  argument  in  each  of  the  following  as  valid  if  the  conclusion  is  a 
logical  consequent ,  or  not  valid  if  it  is  not  a  logical  consequent  of  the  given 
premises  (i)  and  (ii): 

18.  Hypothesis:  (i)  All  real  numbers  x,  y  satisfy  the  equation  x  -f  y  =  y  -f-  x. 

(ii)  —  H,  \/2  are  real  numbers. 

—  y/2  satisfy  the  equation. 

19.  Hypothesis:  (i)  All  irrational  numbers  are  real  numbers. 

(ii)  v  2  is  a  real  number. 

\/2  is  an  irrational  number. 

(i)  All  policemen  must  be  at  least  5  ft.  10  in.  tall. 

(ii)  John  Law  is  a  policeman. 

John  Law  is  5  ft.  10  in.  tall. 

(i)  All  dogs  disturb  their  owners  at  night. 

(ii)  Rex  disturbs  his  owner  at  night. 

Rex  is  a  dog. 

22.  Hypothesis:  (i)  All  angles  can  be  trisected. 

(ii)  ABC  is  an  angle. 

A  ABC  can  be  trisected. 


20. 


21. 


Conclusion: 

Hypothesis: 

Conclusion: 

Hypothesis: 

Conclusion: 

Hypothesis: 

Conclusion: 

Hypothesis: 


Conclusion : 


In  each  of  the  following ,  state  the  logical  consequent,  if  there  is  one: 

23.  Hypothesis:  (i)  All  animals  have  four  legs. 

Conclusion:  (ii)  A  monkey  is  an  animal. 

24.  Hypothesis:  (i)  If  an  angle  has  a  measurement  of  180  then  it  is  a 

straight  angle. 

Conclusion:  (ii)  A  ABC  has  a  measurement  of  180°. 

25.  Hypothesis:  (i)  All  acute  angles  have  measurements  less  than  90°. 
Conclusion:  (ii)  A  DEF  is  an  acute  angle. 
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26.  Hypothesis:  (i)  All  vertical  angles  are  equal. 


27. 


28. 


29. 


30. 


Conclusion:  (ii)  Z ABC  =  /.DEF 


Hypothesis: 

Conclusion: 

Hypothesis: 


(i)  All  vertical  angles  are  equal. 

(ii) 


Z  ABC  and  Z  DEF  are  vertical  angles. 

(i)  All  sets  of  points  are  geometric  figures. 

Conclusion:  (ii)  A  single  point  is  a  set  of  points. 

Hypothesis:  (i)  If  a  figure  has  four  equal  sides,  then  it  is  a  rhombus. 

(ii)  A  square  has  four  equal  sides. 

ad  +  be 


Conclusion 

Hypothesis 


a  c  „  a  c 

(i)  If  -,  -  €  Q,  then  -  +  - 
b  d  b  d 


bd 


Conclusion:  (ii) 


-2-4 


3’  +  5 


eQ 


8*6  Logical,  consequents  deduced  from  geometric  definitions,  postulates, 
and  number  axioms.  In  geometry,  the  definitions,  postulates,  and  number 
axioms  are  the  basic  implications  from  which  geometric  relationships  are 
deduced  by  logical  reasoning. 

The  following  is  a  list  of  postulates  and  number  axioms  used  frequently 
as  premises  for  geometric  deductions. 

a.  Existence  Postulates. 

(i)  There  exists  one  and  only  one  midpoint  of  a  line  segment. 

(ii)  There  exists  one  and  only  one  bisector  of  an  angle. 

(iii)  There  exists  an  unlimited  number  of  line  segments  equal  to  a 
given  line  segment. 

(iv)  There  exists  an  unlimited  number  of  angles  equal  to  a  given  angle. 

(v)  There  exists  a  real  number  for  each  line  segment  wThich  represents, 
in  some  unit,  the  length  of  the  line  segment. 

(vi)  There  exists  a  unique  real  number  x  for  each  angle  which  re¬ 
presents  the  number  of  degrees  in  the  angle  where  0  <  x  ^  180  . 

b.  Completion  Postulates. 

(i)  If  B  is  between  A  and  C,  then 
AB  +  BC  =  AC 

AC  -  BC  =  AB  5  2 

AC  -  AB  =  BC 

AC  >  AB  fig.  8-4 

AC  >  BC. 
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(ii)  If  ray  AC  is  between  rays  AB  and  AD,  then 
/.BAD  =  /BAC  +  /CAD 
/BAD  -  /CAD  =  /BAG 
{/BAD  -  /BAC  =  /CAD 
/BAD >  /BAC 
/BAD  >  /CAD. 
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c.  Number  Axioms. 

(i)  Properties  of  the  real  number  system. 

If  a,  b,  c  €  R ,  then 


ADDITION 

/  Closure  Law  a  +  b  represents  one  and  only 

(CIA) 


one  real  number 


Commutative  Law  a  +  b  =  b  -f  a  ( CA ) 

Associative  Law  (a+  b)  +  c  =  a-f  (h-f-  c)  (AA) 


MULTIPLICATION 

ab  represents  one  and 
only  one  real  number 
( CIM ) 

ab  =  ba  (CM) 
(ab)c  =  a(bc)  ( AM) 


Distributive  Law 
Identity  Elements 
Inverse  Elements 


a(b  +  c)  =  ab  +  ac 


Zero 
—  a 


1  (ii)  Properties  of  the  equality  relation. 
a  =  a. 

If  a  =  b,  then  b  =  a . 

If  a  =  b  and  b  =  c,  then  a  =  c . 

(iii)  Properties  resulting  from  the  Closure 
c-  If  a  =  b,  then  a  +  c  =  b  +  c  . 

c.  If  a  =  b,  then  a  —  c  =  b  —  c. 
o  If  a  =  b,  then  ac  =  be . 

a  b 

If  a  —  b,  then  -  =  c  ^  0. 
c  c 

If  a  =  b,  then  a  may  be 
replaced  by  b . 

(iv)  Order  properties. 

Either  a  =  b  or  a  ^  b . 

Either  a  <  b  or  a  =  b  or  a  >  b . 

If  a  >  b  and  b  >  c,  then  a  >  c. 


(D) 

Unity 

1 

fl  ^  0 

a 


(Reflexive  property) 
(Symmetric  property) 
(Transitive  property) 

Law. 

(Addition  property) 
(Subtraction  property) 
(Multiplication  property) 

(Division  property) 

(Replacement  property) 


(Dichotomy  property) 
(Trichotomy  property) 
(Transitive  property) 


Example  1.  Examine  the  proof  of  the  following  geometric  deduction; 
complete  the  second  column;  compare  it  with  that  on  page  484. 
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If  in  A  ABC  (Fig.  8-6),  D  is  in  AB,  and  E  A 

is  in  AC  such  that  AD  «=  AE  and  DB  =  EC,  /\ 

then  AB  —  AC  . 

Hypothesis:  A  ABC  in  which  AD  =  AE, 

DB  =  EC 


Conclusion:  AB  =  AC 
Proof : 


STATEMENTS  AUTHORITIES 


1.  AD  =  AE 

i. 

2.  DB  =  EC 

2.  bi  ifP 

3.  AD  +  DB  =  AE  +  EC 

3.  Addition 

4.  AB  =  AC 

4.  Completion 

Fig.  8-6 


It  should  be  noted  that  in  line  3  of  the  proof,  the  conclusion,  AD  -f  DB 
=  AE  +  EC,  is  obtained  by  recognizing  that  statements  1  and  2  provide 
a  particular  case  to  which  the  addition  property  may  be  applied. 

The  process  of  building  a  proof  of  a  deduction  is  ca  led  synthesis. 

Examine  the  proof  of  the  geometric  deductions  in  each  of  the  following 
examples;  complete  the  second  column  in  each  case  and  compare  your 
solutions  with  those  on  page  484. 


Example  2.  In  Fig.  8-7,  if  AD  =  BC  and  BC  =  EF,  then  AD  =  EF . 


Hypothesis:  AD  =  BC  and  BC  =  EF 
Conclusion:  AD  =  EF 


Fig.  8-7 

Proof: 

STATEMENTS 

AUTHORITIES 

1.  AD  =  BC 

1. 

2.  BC  =  EF 

2. 

3.  AD  «*  EF 

3.  T  t-  1 
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Example  3.  In  Fig.  8-8 ,  if  AB  -  AC  and  DB  —  EC ,  then  AD  *=  AE  . 
Hypothesis:  In  Fig.  8-8 ,  AB  —  AC  and  DB  «  EC  . 

Conclusion:  AD  =  AE 


Fig.  8-8 

Proof : 


STATEMENTS 

AUTHORITIES 

1.  AB  =  AC 

L  ' 

2.  DB  =  DC 

2. 

3.  AB  -  DB  =  AC  -  EC 

3. 

4.  AD  =  AD 

4.  7' 

Example  4.  In  Fig.  8-9,  if  A  1  =  Z2  =  Z3  =  30°,  then  A  ABC  =  90' 
Hypothesis:  AV7.  £-0,  in  which  Zl=  Z2  =  Z3  =  30° 

Conclusion:  A  ABC  =  90° 


Proof : 


STATEMENTS 


AUTHORITIES 


1.  A  ABC  =  Z1  +  Z2  +  Z3 

2.  Zl=  Z2  =  Z3  =  30° 

3.  AABC  =  (30  +  30  +  30)° 

4.  AABC  =  90° 


1. 

2. 

3. 

4. 


7  ia// 


AA  F  t  tZ  "7  a-*  7  c  4 
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Example  5.  In  Fig.  8-10,  if  Z  1  +  Z3  =  180°  and  Z1  =  Z 2,  then 
Z2  +  Z3  =  180°. 


Hypothesis : 
Conclusion : 


In  Fig.  8-10,  Z  1  -f  Z3  =  180 
and  Z  1  =  Z  2  . 

Z2  +  Z3  =  180° 


Proof : 


STATEMENTS  AUTHORITIES 


1.  Z1  +  Z3  =  180° 

1.  /•  ' . 

2.  Z  1  =  Z  2 

2.  /) 

3.  Z2  +  Z3  =  180° 

3  /  A 9 -c. 

Exercise  8-6 

(A) 

In  each  of  the  following  proofs,  state  the  authority  required  to  justify  each 
statement: 

1.  Hypothesis:  A  ABC  in  which  AB  =  AC, 

BD  =  CE 

Conclusion:  AD  =  AE 

Proof: 


STATEMENTS 


1.  AB  =  AC 

2.  BD  =  CE 

3.  AB  —  BD  =  AC  —  CE 

4.  AD  =  AE 


1. 
2. 

3. 

4. 


'  // 


A  f 


2.  Hypothesis:  A ABC  in  which  BC  is  extended 
to  E,  CB  is  extended  to  D, 
ZABD  =  A  ACE  =  x°, 

A  ABC  —  y°,  and 
A  ACE  =  z° 


Conclusion:  y  =  z 
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Proof: 

STATEMENTS  AUTHORITIES 


1.  ADBC  =  180° 

2.  x  +  y  =  180 

3.  A  BCE  =  180° 

4.  z  +  x  =  180 

5.  x  +  y  =  z  +  x 

6.  y  =  z 

1. 

2.  $ <x  r' 

3. 

4 

5. 

6. 

r 

In  each  of  the  folloiving,  give  the  statements  which  should  appear  in  the 
statement  column  opposite  each  of  the  given  authorities: 

3.  Hypothesis:  AABC  in  which  A  ABC  =  AACB 
and  Z  DBG  =  A  DCB 

A 

Conclusion:  A.ABD  =  AACD 

/  D  \ 

r  x  x 

Proof: 

B 

C 

STATEMENTS 

AUTHORITIES 

1.  i  ac  -  ific& 

2.  Lot, 

3.  Aft  :  l  Oc  / 

1.  Hypothesis 

2.  Hypothesis 

3.  Subtraction 

4.  Hypothesis:  Line  AB  intersecting  lines  CD  ^ 

.A 

1/2 

and  tit  so  tnat 

Z4  +  Z  6  =  180° 

yf  *■ 

Conclusion:  A3  =  A  6 

Et 

5/6  .F 

- 91 

B 

Proof: 

STATEMENTS 

AUTHORITIES 

1. 

2.  L  H  4 

3-  th  *  l  l 

I  $  ?  A  (, 

1.  Definition  (straight  angle) 

2.  Hypothesis 

3.  Replacement 

4.  Subtraction 
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(B) 

Write  a  complete  proof  of  the  following  deductions : 

5.  Hypothesis:  A  ABC  having  Z1  =  Z2,  BC  extended  to  E  forming 
straight  angle  BCE,  CB  extended  to  D  forming  straight 
angle  CBD  (left  below) 

Conclusion :  Z3  =  Z4 


¥ 


y 


D 


6.  Hypothesis:  A  ABC,  at  the  right  above,  in  which  BC 

is  extended  to  E  so  that  AC  =  CE,  CB 
is  extended  to  D  so  that  BD  —  BA 

Conclusion:  The  perimeter  of  A  ABC  is  equal  to  DE . 

7.  Hypothesis:  Right  triangle  ABC,  at  the  right,  in  which 

AC  is  extended  to  D  so  that  CD  =  CB 

Conclusion:  (i)  A  BCD  =  90° 

(ii)  AC  +  CB  =  AD 


8*7  Analysis  of  geometric  deductions.  In  section  8-4  we  discussed 
analysis  as  the  method  used  to  discover  the  plan  for  a  formal  proof. 
Analysis  works  in  reverse  order  to  synthesis.  We  begin  with  what  we  are 
trying  to  prove  and  work  back  to  the  given  conditions,  as  illustrated  in 
the  following  examples. 

Examine  the  analysis  of  each  of  the  following  deductions;  write  com¬ 
plete  two-column  proofs  and  compare  them  with  those  on  page  485. 

Example  1.  From  point  B  in  straight 
angle  ABC  {Fig.  8-11),  rays  BE,  BD, 
and  BF  are  drawn  so  that  A  ABE 
—  AEBD  =  x°,  A  DBF  =  AFBC  =  y°, 
then  AEBF  =  90°  . 

Hypothesis:  A  ABC  =  ISO0 

A  ABE  =  AEBD  =  x° 

ADBF  =  AFBC  =  y° 


Conclusion:  AEBF  =  90° 


Fig.  8-11 
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Analysis : 

I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  AEBF  =  90° 

1.  x  -f  y  =  90  . 

2.  x  -f  y  =  90 

2.  2x  +  2y  =  180  . 

3.  2x  +  2y  =  180 

3.  A  ABC  =  180°. 

4.  A  ABC  =  180°  by  hypothesis. 

Example  2. 

Hypothesis:  A  ABC,  Fig.  8-12,  with 
Z  1  =  Z2.  A B  is  extended 
to  D,  forming  straight  angle 
ABD;  AC  is  extended  to  E, 
forming  straight  angle  ACE . 

Conclusion:  Z4  =  Z3 

Analysis : 


A 


E 


I  CAN  PROVE 

1.  Z  4  =  Z  3 

2.  Z 4  +  Z1  =  Z3  +  Z2 

3.  Z  ABD  =  Z  A CE  by  hypothesis. 


IF  I  CAN  PROVE 

1.  Z4  +  Z  1  =  Z3  +  Z2  . 

2.  A  ABD  =  A  ACE  . 


Write  a  two-column  analysis  and  a  two-column  proof  of  the  following  de¬ 
duction;  compare  your  solution  with  that  on  page  485. 


Example  3.  If  0  is  the  centre  of  two  con¬ 
centric  circles  (circles  with  the  same  centre 
and  different  radii),  and  OAB  and  OCD 
are  line  segments  with  A,  C,  B,  D  on  the 
circles,  as  shown  in  Fig.  8-13,  then 
AB  =  CD . 


Exercise  8-7 

(A) 

Give  an  oral  analysis  for  each  of  the  following  deductions: 

1.  Hypothesis:  OA  =  OB 

OC  =  OD 

Conclusion:  AD  =  BC 
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2.  Hypothesis :  ZCBE  +  ZBEF  =  180°  A _ 

ZCBG  =  ZGBE  =  z° 

/.BEG  =  ZGEF  =  y° 

ZBGE  -  (*  +  y)° 

Conclusion:  ZBGE  =  90°  _ 

D 


3.  Hypothesis:  A  ABC  in  which 

ZA  =  Z5  =  ZC  —  x°  and 
ZA  +  ZB  +  ZC  =  180° 

Conclusion:  ZA  =  60° 


4.  Hypothesis:  Rays  forming  angles 

with  the  measurements 
indicated 

Conclusion:  ZFOC  —  180° 


(B) 


Write  a  proof  for  each  of  the  following  deductions: 


5.  Hypothesis:  ZABC  =90° 

ZABD  =  ZCBE  =  rc° 


Conclusion:  ZD  BE  =  90° 


B 


6.  Hypothesis:  ZABC  is  a  straight 
angle. 

ZABD  =  ZDBE 
=  ZEBF  =  ZFBC  =  z°. 

Conclusion:  x  =  45 


7.  Hypothesis:  Rays  from  R  forming 

angles  with  the  measure¬ 
ments  indicated 

Conclusion:  x  =  z 
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8.  Hypothesis:  Rays  forming  angles 

with  the  measurements 
indicated 

Conclusion:  x  =  z 


Hypothesis: 


Conclusion: 


Rays  from  0  such  that 
AAOB  =  ZCOD 

y  =  z 


10.  Hypothesis:  A  — >  B,  B  — »  ^  C,  A,  ~  C  — >  D 
Conclusion:  D 


Determine  by  analysis  if  the  conclusion  in  each  of  the  following  is  a  logical 
consequent  of  the  premises: 

11.  Hypothesis:  P,  Q—>~P,S-*~R,~R—:>Q 
Conclusion:  S 

12.  Hypothesis:  ^  A,  B  ~  D,  ~  C  — >  B,  ~  D  — » ^  A 

Conclusion:  B 
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9*1  A  logical  system  of  geometry.  Now  that  the  basic  principles  of 
deductive  reasoning  have  been  studied,  it  is  possible  to  begin  to  organize 
our  geometric  knowledge  into  a  logical  system  in  which  each  statement  is 
derived  from  preceding  statements  by  deductive  reasoning.  The  beginning 
ideas  and  statements  in  our  system  are  undefined  terms,  definitions, 
postulates,  and  number  axioms.  Conclusions  deduced  by  deductive 
reasoning  from  these  beginning  statements  are  called  deductions.  The 
generalizations  expressed  in  these  deductions  may  be  used  in  turn 
as  the  major  premise  for  further  logical  deductions.  However,  the  con¬ 
clusions  of  some  deductions  are  used  to  deduce  further  conclusions  more 
frequently  than  others;  such  deductions  are  called  theorems.  The  following 
diagram  illustrates  the  structure  of  a  logical  system. 

Undefined  Existence  Completion  Number 

Terms  Definitions  Postulates  Postulates  Axioms 

(page  449)  (page  452)  (page  453)  (page  275) 


Deductive  Reasoning 


Theorems  Deductions 

(General  conclusions 
which  are  particularly 
useful  in  deducing  further 
conclusions) 
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Fundamental  Angle  Pair  Theorems 
9*2  Complementary  Angle  Theorem. 

THEOREM  1 

Complementary  Angle  Theorem 

If  angles  are  complements  of  equal  angles,  then  they  are  equal. 


Hypothesis:  /.ABC  =  /EFG  =  90°,  Z2  =  Z4,  Z1  is  the  complement 
of  Z2,  Z3  is  the  complement  of  Z4  (Fig.  9-1). 

Conclusion :  Z  1  =  Z  3 
Proof : 


STATEMENTS  AUTHORITIES 


1.  /.ABC  =  /EFG 

1.  Hypothesis 

2.  Z  2  =  Z4 

2.  Hypothesis 

3.  /ABC—  Z2=  /EFG—  Z4 

3.  Subtraction 

4.  Z1  =  Z3 

4.  Completion 

Sf 


definition:  A  corollary  of  a  theorem  is  an  implication  which 
follows  as  a  direct  consequent  of  the  theorem. 

Corollary:  If  angles  are  complements  of  > 

the  same  angle,  then  they 
are  equal. 


Hypothesis:  Fig.  9-2 ,  in  which  Z2  is  the 
complement  of  Z  1,  Z3  is  the 
complement  of  Z  1 

Conclusion:  Z2  =  Z3 
Analysis : 

T  CAN  PROVE 


*D 


'  1 


-*C 


* E 

Fig.  9-2 


IF  I  CAN  PROVE 


1.  Z2  =  Z3 

1.  Z2and  Z  3  are  complements 

2.  Z  2  and  Z  3  are  complements 
of  Z  1  by  hypothesis. 

of  equal  angles. 

Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  486. 
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9*3  The  parts  of  a  demonstration  of  proof  of  a  theorem  or  deduction. 

A  geometric  demonstration  of  proof  of  a  theorem  or  deduction  consists 

of  the  following  five  parts : 

1.  The  conditional  statement  of  the  theorem  or  deduction.  This  statement 
is  sometimes  referred  to  as  the  general  enunciation  of  the  theorem. 

2.  A  diagram  which  illustrates  the  ideas  involved  in  the  theorem. 

3.  Statement  of  the  hypothesis  in  terms  of  the  diagram. 

4.  Statement  of  the  conclusion  to  be  proved  in  terms  of  the  diagram. 

5.  The  proof  which  is  arranged  in  two  columns.  The  statements  are 
listed  in  order  in  the  left  column.  The  authorities  are  given  in  the 
right  column.  Each  authority  is  numbered  to  correspond  to  the 
statement  it  justifies. 

9»4  Supplementary  Angle  Theorem. 

THEOREM  2 

Supplementary  Angle  Theorem 

If  angles  are  supplements  of  equal  angles,  then  they  are  equal. 


Hypothesis:  /.ABC  =  /EFG  =  180°,  Z2  =  Z4,  Z1  is  the  supplement 
of  Z2,  Z3  is  the  supplement  of  Z4  {Fig.  9-3). 

Conclusion :  Z  1  =  Z  3 
Proof : 


STATEMENTS 

AUTHORITIES 

1.  /ABC  =  /EFG 

1.  Hypothesis 

2.  Z2  =  Z4 

2.  Hypothesis 

3.  ZABC-Z2=ZBFG-Z4 

3.  Subtraction 

4.  Z 1  =  Z3 

4.  Completion 

Corollary :  If  angles  are  supplements  of  the 
same  angle,  then  they  are  equal. 

Hypothesis:  Z2is  the  supplement  of  Z  1, 
Z  3  is  the  supplement  of  Z  1 
{Fig.  9-4). 


Conclusion:  Z2  =  Z3 


Fig.  9-4 
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I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  Z  2  =  Z3 

1 .  Z  2  and  Z  3  are  supplements 

2.  Z2  and  Z3  are  supplements 
of  Z  1  by  hypothesis. 

of  equal  angles. 

Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  486. 


Example.  Examine  the  analysis  of  the  following  deduction;  write  a 
complete  proof  and  compare  your  proof  with  that  on  page  486. 


Hypothesis : 


Conclusion : 


A  ABC  =  180° 

AABD  =  ACBD  =  90° 
A  ABE  =  ACBF  =  y° 
A  EBD  =  (2x  -  60) 0 
AFBD  =  lx  +  10)° 

A  ABE  =  10° 


Analysis : 


i 

D 

2x  -  60  Y 

7 

(x+10 

A~~  —  5  t 

Fig.  9-5 


I  CAN  PROVE 

1.  A  ABE  =  10° 

2.  y  =  10 

3.  a;  +  10  =  80 

4.  Z  =  70 

5.  2x  —  60  =  x  -f  10 

6.  Z  ABE  =  A  CBF  by  hypothesis. 


IF  I  CAN  PROVE 

1.  y  =  10  .  7 

2.  z  +  10  =  80  . 

3.  x  =  70  . 

4.  2x  —  60  =  z  +  10  . 

5.  A  ABE  =  ACBF  . 


Exercise  9-1 

(A) 

1.  State  the  measurement  of  the  angle  which  is  the  complement  of  each 
of  the  following: 

(i)  60°  (ii)  30°  (iii)  45°  (iv)  10°  (v)  89° 

2.  State  the  measurement  of  the  angle  which  is  the  supplement  of  each 
of  the  following: 

(i)  60°  (ii)  30° 


(iii)  45° 


(iv)  10° 


(v)  89° 
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3.  Using  the  Complementary  Angle  Theorem  as  an  authority,  name  pairs 
of  equal  angles  in  each  of  the  following  geometric  figures: 


4.  Applying  the  Supplementary  Angle  Theorem,  name  pairs  of  equal 
angles  in  each  of  the  following  geometric  figures: 
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In  each  of  the  following,  copy  and  complete  the 
authority  that  justifies  each  statement: 

5.  Hypothesis:  In  the  diagram  at  the  right, 

AB  JL  BC,  /DBC  =  ®°, 

/ABD  =  2x°  =  2  /DBC. 

Conclusion:  /DBC  —  30°,  /ABD  —  60° 


proofs  by  writing  the 


Proof: 


STATEMENTS 

AUTHORITIES 

1.  /.ABC  =  90° 

1. 

2.  2x  +  x  =  90 

2. 

3.  3x  —  90 

3. 

• 

II 

CO 

o 

4. 

5.  Z.DBC  =  30° 

5. 

6.  /ABD  =  60° 

6. 

6.  Hypothesis:  In  the  diagram  at  the  right, 

/ABC  =  180°, 

/.ABD  =  /DBC . 

Conclusion:  DB  JL  AC 

- ± 

4- 

ABC 

Proof: 

STATEMENTS 

AUTHORITIES 

1.  /ABC  =  180° 

1. 

2.  /ABD  +  /DBC  =  180° 

2. 

3.  /ABD  +  /ABD  =  180° 

3. 

4.  2  /ABD  =  180° 

4. 

5.  /ABD  =  90° 

5. 

6.  DB  JL  AC 

6. 

7.  In  the  accompanying  diagram,  the 
base  of  A  ABC  is  extended  as  in¬ 
dicated.  Deduce  the  measurement 
of  each  of  the  four  angles  that  are 
labelled. 
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8.  Write  a  complete  analysis  and  proof 
of  the  following  deduction:  In  the 
diagram  at  the  right,  if  Z  EBC  —  3 a°, 
Z.FBA  =  (a  +  30)°,  DB  ±  AC, 
Z  FBD  =  Z  DBE  =  x°,  then  Z  FBA 
=  45°  . 


9.  Rewrite  and  complete  the  following 
demonstration  of  proof: 

Hypothesis:  AB  and  CD  are  two  lines 
intersecting  at  E. 

Conclusion:  Z  1  =  Z  3 


Proof: 


STATEMENTS 


AUTHORITIES 


1.  Z  CED  is  a  straight  angle. 

2.  Z  1  is  the  supplement  of  Z  2. 

3.  Z  AEB  is  a  straight  angle. 

4.  Z  3  is  the  supplement  of  Z  2. 

5.  Z 1  =  Z3 


1. 

2. 

3. 

4. 

5. 


10.  Using  the  proof  of  question  9  as  a 
guide,  write  a  complete  proof  of  the 
following  deduction: 

Hypothesis:  PQ  and  RS  are  two  lines 
intersecting  at  T. 

Conclusion:  Z  2  =  Z4 


11.  Write  a  complete  proof  of  the  following 
deduction : 

Hypothesis:  In  the  diagram  at  the  right, 

Z  DHE  and  Z  GHF  are  straight 
angles,  ZGHD  =  x°, 

ADHF  =  y°,  ZFHE  =  2°. 

Conclusion:  x  =  z 


u  y  5  -7 


/  T 


Zl  F  3  p  =4  P  §  E  = 
Z?  F  ^  z.  L  £z 


X 


U  I 


Fundamental  Angle  Pair  Theorems 
9*5  Vertical  Angle  Theorem. 


Gla  3o  ^  3< 


definition:  Two  angles  are  vertical  angles 
if  their  sides  form  two  pairs  of  opposite  rays. 

In  Fig.  9-6 : 

(i)  ZAED  and  Z  CEB  are  vertical  angles; 

(ii)  Z  DEB  and  Z  AEC  are  vertical  angles  . 
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THEOREM  3 

Vertical  Angle  Theorem 

If  two  lines  intersect,  then  the  vertical  angles  are  equal. 


Hypothesis:  Lines  AB  and  CD  intersect  at  E  forming  vertical  angle  pairs 
Zl,  Z3;  Z 2,  Z4  (Fig.  9-7)  . 

Conclusion :  Z  1  =  Z  3  and  Z  2  =  Z  4 

Proof : 


STATEMENTS  AUTHORITIES 


1 .  Z  CED  is  a  straight  angle. 

1.  Hypothesis 

2.  Z  1  is  the  supplement  of  Z  2. 

2.  Definition 

3.  Z  A EB  is  a  straight  angle. 

3.  Hypothesis 

4.  Z  3  is  the  supplement  of  Z2. 

4.  Definition 

5.  Zl  =  Z3 

5.  Supplementary  Angle  Theorem 

6.  Similarly,  Z  2  and  Z  4  are  each 

6.  As  in  1,  2,  3,  4  above 

supplements  of  Z  1 . 

....  - 

7.  Z  2  =  Z  4 

7.  Supplementary  Angle  Theorem 
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Exercise  9-2 

(A) 

1.  Using  the  Vertical  Angle  Theorem  and  the  Supplementary  Angle 
Theorem  where  applicable,  state  the  measurements  of  the  labelled 
angles  in  each  of  the  following: 


2.  State  the  authorities  which  are  necessary  to  complete  the  proof  of 
the  following  deduction : 


Hypothesis:  Lines  h,  1 2,  I3  inter¬ 
secting  at  A,  B,  C, 
as  shown,  so  that 
the  labelled  angles 
have  the  measure¬ 
ments  indicated 

Conclusion:  ZB  AC  -J-  ZABC 
+  ZACB  =  180° 


Proof: 


STATEMENTS 

AUTHORITIES 

1. 

ZB  AC  =  80° 

1. 

c/./ 

2. 

ZABC  =  40° 

2. 

3. 

ZACB  =  60° 

3. 

4. 

ZBAC  +  ZABC  +  ZACB 
=  80°  +  40°  +  60° 

4. 

-  . 

5. 

ZBAC  +  ZABC  +  ZACB 
=  180° 

5. 
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(B) 

Write  complete  proofs  of  each  of  the  following  deductions: 

3.  In  the  diagram  at  the  left  below,  the  angles  have  the  measurements 
indicated. 

Prove  y  =  30,  if  /.ABC  =  /ACB . 


4.  In  the  diagram  at  the  right  above,  lh  l2,  lz,  U  intersect  as  shown. 
The  angles  have  the  measurements  indicated.  Find  the  number  of 
degrees  in  each  angle  and  give  a  complete  proof. 

5.  In  the  diagram  at  the  left  below,  l i,l2,  h,  U  intersect  as  shown.  The 
angles  have  the  measurements  indicated.  Calculate  Z  1  -j-  Z  2  -f- 
Z3  +  Z4;  give  a  complete  proof  to  justify  your  calculation. 


6.  In  the  figure  at  the  right  above,  A  ABC  has  side  AC  produced  to  G , 
BC  produced  to  D.  Line  segments  AC  and  BF  intersect  at  E.  Rays  AG, 
BD ,  FH  intersect  at  C.  Make  a  list  of  8  pairs  of  equal  vertical  angles. 


7.  Hypothesis:  Line  DE  and  ray  AF  inter¬ 
sect  at  B,  CA  intersects 
line  ED  at  C,  Z  2  =  Z  3  . 


Conclusion:  Z  1  +  Z  4  =  180° 
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9*6  Summary. 

Undefined 

Existence 

Completion 

Number 

Terms 

Definitions 

Postulates 

Postulates 

Axioms 

I 

(page  449) 

1 

(page  452) 

1 

(page  453) 

1 

(page  275) 
_ 1 

Deductive  Reasoning 


Theorems  Deductions 

1 .  Complementary  Angle  Theorem 

2.  Supplementary  Angle  Theorem 

3.  Vertical  Angle  Theorem 


Review  Exercise  9-3 


(A) 


1.  Give  the  general  statement  of  the  following  theorems: 

(i)  Complementary  Angle  Theorem 

(ii)  Supplementary  Angle  Theorem 

(iii)  Vertical  Angle  Theorem 


2.  Define  vertical  angles. 

3.  In  each  of  the  following,  state  the  measurement  of  the  complement 
of  the  angle  with  the  measurement  given : 


(i)  1°  (ii)  85° 

(v)  60°  (vi)  x° 

(ix)  90° -10°  (x)  60°  -  x° 


(iii)  46° 

(vii)  (90  -  x)  ° 


(iv)  27° 

(viii)  (. x  +  30)° 
(xii)  52° 


4.  In  each  of  the  following,  state  the  measurement  of  the  supplement 
of  the  angle  with  the  measurement  given : 


(i)  1° 

(v)  179° 

/ 

(ix)  (90  — a) 
(xiii)  (: m-\-n ) 


(ii)  100° 

(vi)  30° 

(x)  90° -20 


(iii)  135° 

(vii)  120° 

(xi)  180°  —  y 


(iv)  60° 

(viii)  150° 

(xii)  180° -30 


(xv)  180  °-(a-H)° 


(xvi)  4 5°-a° 
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In  each  of  the  following,  determine  the  measurement  of  each  of  the  labelled 
angles;  justify  your  answer  by  quoting  the  authority: 


5. 


6. 


In  each  of  the  following ,  use  only  ruler  and  compasses;  show  all  construction 

lines ,  but  do  not  give  descriptions  of  constructions: 

13.  Construct  an  angle  which  is  the  complement  of  an  angle  whose  mea¬ 
surement  is  22 J°. 

14.  Construct  an  angle  which  is  the  supplement  of  an  angle  whose  mea¬ 
surement  is  45°. 

15.  Construct  an  angle  which  is  the  supplement  of  an  angle  whose  mea¬ 
surement  is  67 J°. 

16.  Construct  an  angle  which  is  the  complement  of  the  supplement 
of  an  angle  whose  measurement  is  112i°. 
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CONGRUENCE 


10*1  Fundamental  congruence  postulates. 

a.  Line  segments.  The  statement,  “ AB  =  CD ”,  implies  that  the  length 
of  line  segment  AB  is  equal  to  the  length  of  line  segment  CD. 

One  way  to  compare  the  two  point  sets  AB  and  CD  is  to  match  point 
A  with  point  C,  Fig.  10-1,  and  each  point  P  in  AB  with  a  corresponding 
point  P'  in  CD  such  that  AP  =  CP'.  Since  AB  =  CD,  then  point  B  is 
matched  with  point  D. 


Fig.  10-1 


This  method  of  matching  ensures  that  the  point  sets  are  placed  in  a 
one-to-one  correspondence,  such  that  the  distance  between  any  two  points 
in  AB  is  equal  to  the  distance  between  the  corresponding  two  points  in 
CD.  A  matching  of  point  sets  in  this  way  is  called  a  congruence  matching , 
and  AB  is  said  to  be  congruent  to  CD.  The  symbol  =  is  used  to  represent 
the  words  is  congruent  to.  Thus,  AB  ^  CD  is  read,  “Line  segment  A B  is 
congruent  to  line  segment  CD”. 


296 


Congruence  297 

The  idea  of  a  congruence  matching  of  line  segments  suggests  the  following 
postulate. 

CONGRUENCE  POSTULATE  FOR  LINE  SEGMENTS 

Equal  line  segments  are  congruent;  congruent  line  segments  are  equal. 

I  ~l 

The  statement  AB  ~  CD  tells  us  that: 

t _ _r 

(i)  A  corresponds  to  C,  and  C  corresponds  to  A,  which  may  be  expressed 
in  symbols  as  A<r->C  ; 

(ii)  B  corresponds  to  D,  and  D  corresponds  to  B,  which  may  be  written 
as  B<-*D  ; 

(iii)  AB  =  CD. 

The  statement  BA  ~  DC  provides  the  same  information. 

b.  Angles.  The  idea  of  a  congruence  matching  of  point  sets  suggests  that 
equal  angles  ABC  and  DEF,  Fig .  10-2,  are  congruent.  That  is,  point  B 
can  be  matched  with  point  E,  the  points  on  rays  BA  and  BC  with  the 
points  on  rays  ED  and  EF,  respectively,  such  that  for  all  pairs  of  correspond¬ 
ing  points  P,  P'  and  Q,  Q',  then  BP  =  EP',  BQ  =  EQ',  PQ  =  P'Q' . 


This  illustration  suggests  the  following  postulate. 

CONGRUENCE  OF  ANGLES  POSTULATE 

Equal  angles  are  congruent;  congruent  angles  are  equal. 

The  statement  /.ABC  =  /DEF  tells  us  that: 

(i)  ray  BA  <->  ray  ED,  and  ray  BC  <->  ray  EF) 

(ii)  /ABC  =  /DEF  . 

c.  Triangles.  The  idea  of  a  congruence  matching  (the  line  segment  con¬ 
gruence  postulate  and  the  angle  congruence  postulate)  suggests  the  requir¬ 
ed  conditions  for  congruence  of  two  triangles,  ABC  and  DEF,  Fig.  10-2. 
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A  D 


In  order  to  have  a  congruence  matching  of  the  point  sets  of  A  ABC  and 
A DEF  so  that: 

Ajt±D 

B±±_E 

Cj-tJ 

the  following  are  the  required  conditions: 


A  D 


AB  ~  DE,  that  is  AB  =  DE  . 

AC  ^  DF,  that  is  AC  =  DF  . 

BC  ^  EF,  that  is  BC  =  EF  . 

A  ABC  ^  A  DEF,  that  is  A  ABC  =  A  DEF  . 

AACB  ^  ADFE,  that  is  AACB  =  ADFE  . 

ABAC  ^  AEDF,  that  is  ABAC  =  AEDF  . 

All  of  the  above  information  is  summed  up  in  the  statement: 

A  ABC  ^  A  DEF 

This  statement  implies  that  the  vertex  named  by  the  first  letter  on  the 
left  is  matched  with  the  vertex  named  by  the  first  letter  on  the  right,  and 
so  on.  This  implied  correspondence  is  illustrated  below: 


A 

* 


B  C^D  E  F 


t  t 
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definition:  If  a  correspondence  ABC^DEF  between  the  vertices 
of  two  triangles  is  such  that  each  pair  of  corresponding  sides  is 
congruent  and  each  vair  of  corresvondina  angles  is  congruent,  then 
this  correspondence  is  a  congruence  matching ,  and  A.ABC  ~  ADEF. 

It  should  be  noted  that  the  definition  of  congruent  triangles  includes 
the  fact  that  if  two  triangles  are  congruent,  then  each  pair  of  corresponding 
line  segments  is  congruent  (or  equal)  and  each  pair  of  corresponding 
angles  is  congruent  (or  equal). 

Write  solutions  to  each  of  the  following  problems  and  compare  your  solutions 
with  those  on  page  486. 


1. 


If  A PQR  =  ALNM  in  the  diagrams  above,  list  corresponding  ver¬ 
tices,  pairs  of  equal  line  segments,  pairs  of  equal  angles. 

2.  If  A XYK  ~  AXZK  in  the  diagram  at 
the  right,  list  corresponding  vertices,  pairs 
of  equal  line  segments,  pairs  of  equal 
angles. 

3.  If  A  KGR  =  AEGS,  list  corresponding 
vertices,  pairs  of  equal  line  segments, 
pairs  of  equal  angles. 

4.  Name  pairs  of  congruent  triangles  in  the  following: 


X 
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6.  In  the  diagram  at  the  left  below  A  ABC  ~  A  DEF.  Name  all  pairs 
of  equal  parts  not  indicated  equal  in  the  diagram. 


6.  In  the  diagram  in  the  centre  above  A PQR  =  A PTM.  Name  all 
pairs  of  equal  parts  not  indicated  equal  in  the  diagram. 

7.  In  the  diagram  at  the  right  above  A  GHL  ~  A GKL.  Name  all  pairs 
of  equal  parts  not  indicated  equal  in  the  diagram. 


Exercise  10-1 


(A) 

1.  Select  pairs  of  congruent  triangles  from  the  following  and  name 


corresponding  parts: 


2.  In  the  accompanying  dia¬ 
gram,  if  A XYZ  =  ALMN, 
state  the  pairs  of  correspond¬ 
ing  equal  sides  and  the 
pairs  of  corresponding  equal 
angles. 


Z 


3.  If  A MQT  =  ASPN,  state  the  pairs  of  corresponding  equal  sides  and 
the  pairs  of  corresponding  equal  angles. 
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4.  Name  a  pair  of  congruent  triangles  in  the  diagram  at  the  left  below. 
Justify  your  selection  by  naming  all  pairs  of  corresponding  equal 
parts. 

A 


6.  In  the  diagram  at  the  right  above,  if  A  ABC  =  APQR,  name  the 
corresponding  equal  parts  not  indicated  equal  in  the  diagram. 


(B) 

6.  In  the  diagram  at  the  left  below,  note  that  (i)  A  ABC  ~  A  DEF 
(ii)  A  ABC  ~  A  DFE.  For  each  of  these  congruencies  write  down  the 
corresponding  angles  and  sides. 


7.  In  the  diagram  at  the  right  above,  APQR  ==  APQR ;  list  the  corres¬ 
ponding  angles  and  sides  for  this  congruency. 

t 

8.  In  the  diagram  at  the  left  below,  note  that  (i)  A  ABC  =  A  ABC 
(ii)  A  ABC  ^  A  ACB.  Name  the  corresponding  equal  parts  not 
indicated  equal  in  the  diagram. 


A 


9.  In  the  diagram  at  the  right  above,  if  ALMS  ~  A RSM,  list  all  pairs 
of  equal  parts  not  indicated  equal  in  the  diagram. 
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10.  In  the  diagram  at  the  left  below,  name  four  pairs  of  congruent  tri¬ 
angles.  Justify  each  congruency  by  listing  all  pairs  of  equal  parts. 


11.  In  the  diagram  at  the  right  above,  name  a  pair  of  congruent  triangles 
which  have  AB  and  CD  as  corresponding  sides;  list  all  pairs  of  equal 
parts  of  the  triangles  named. 

12.  In  the  accompanying  diagram,  name 
two  pairs  of  congruent  triangles 
which  have  Z.PQR  and  Z.SQR  as 
corresponding  angles;  for  each  pair  of 
triangles  list  all  pairs  of  equal  parts. 


10*2  Triangle  Congruence  Postulate  (sas).  Suppose  two  sets  of  non- 
collinear  points  are  represented  by  { A,  B,  C}  and  { D,  E,  F]  .  Under  what 
conditions  are  the  triangles  determined  by  these  points  congruent?  By 
the  definition  of  congruent  triangles,  it  is  required  that  the  three  sides 
and  three  angles  of  one  triangle  be  respectively  equal  to  the  three  sides 
and  the  corresponding  three  angles  of  the  other  triangle.  However,  we 
are  now  interested  in  determining  which  of  these  six  conditions  are  suffi¬ 
cient  to  determine  the  others  and,  hence,  sufficient  to  determine  congruent 
triangles. 

Consider  that  the  selected  points  are  such  that 

AB  =  DE 
AC  =  DF 
ZBAC=  AEDF 

as  shown  in  Fig.  10-5. 

Since  AB  =  DE,  there  is  a  congruence  matching  of  point  set  AB  with 
point  set  DE,  such  that  A  D  and  B  E.  Since  Z  BAC  =  Z  EDF ,  there 
is  a  congruence  matching  of  these  angles,  and  since  AC  =  DF,  there  is  a 
congruence  matching  of  these  point  sets  such  that  A  D  and  C  F. 
Since  line  segment  BC  is  determined  by  points  B  and  C,  and  line  segment 
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A 


F 


B 


(a) 


E 


(b) 


Fig.  10-5 


EF  by  points  E  and  F,  there  is  a  congruence  matching  of  BC  with  EF. 
Further,  Z  ABC  —  A  DEF  and  AACB  =  ADFE  . 

Thus,  the  given  conditions  are  sufficient  to  provide  a  congruence  match¬ 
ing  of  A  ABC  with  A  DEF. 

This  illustration  suggests  the  following  postulate. 

TRIANGLE  CONGRUENCE  POSTULATE  (sas) 

If  two  sides  and  the  contained  angle  of  one  triangle  are  respectively 
equal  to  two  sides  and  the  contained  angle  of  another  triangle,  the  two 
triangles  are  congruent. 

This  assumption  may  be  referred  to  as  the  “sas  (side,  angle,  side) 
postulate”  for  congruence  of  triangles. 

Examples  1  and  2,  which  follow,  emphasize  the  conditions  contained  in 
the  sas  postulate. 

Example  1.  In  each  triangle  {Fig.  10-6),  name  the  angle  contained  by  the 
marked  sides. 


D 


l 


Fig.  10-6 


In  A  ABC,  the  contained  angle  is  Z  C. 
In  A  DEF,  the  contained  angle  is  Z  D. 
In  A GHK,  the  contained  angle  is  AH. 
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Example  2.  In  Fig.  10-7 ,  using  AC  and 
DF  as  one  pair  of  corresponding  equal 
sides,  give  the  additional  conditions 
sufficient  to  prove  congruence  of  the 
triangles  by  the  sas  postulate. 


The  conditions  are  either:  (i)  AB  =  DE  and  A  A  —  AD  or 

(ii)  BC  =  EF  and  AC  =  AF  . 

By  using  the  sas  postulate  as  the  major  premise  for  our  reasoning, 
it  is  possible  to  prove  logically  many  conditional  statements  and  thus 
deduce  many  fundamental  geometric  relations.  This  is  illustrated  in 
Examples  3  and  4. 


Example  3.  If,  in  Fig.  10-8,  AD  represents  the 
altitude  of  A  ABC  and  BD  —  DC ,  then 
AB  =  .4C  . 


Hypothesis:  AD  is  the  altitude  of  A  ABC 
and  BD  —  CD  . 

Conclusion:  AB  —  AC 


Analysis : 


I  CAN  PROVE 


IF  I  CAN  PROVE 


1.  AB  =  AC 


2.  Two  triangles  congruent  with 
AB  and  A  C  as  corresponding 
sides 

3.  AABD  9A  AAC1) 


4.  AD  —  AD  by  the  reflexive 
property. 

5.  BD  =  CD  by  hypothesis. 

6.  A  ADB  =  A  .4  DC  bv  hypothesis. 


1.  Two  triangles  congruent,  with 
AB  and  ^4C  as  corresponding 
sides. 

2.  AABD^ACD  . 


3.  AD  —  AD, 

BD  =  CD. 

A ADB =  A  ADC  . 


Congruence 
Proof : 
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STATEMENTS 


AUTHORITIES 


1.  In  A’s  HRD  and  ACD 

2. 

3. 

4.  A  ABD  A  ACD 

5.  AB  =  AC 


(  AD  =  AD 
<  BD  =  CD 
(ZADB =  ZADC 


1.  Reflexive 

2.  Hypothesis 

3.  Hypothesis 

4.  sas 

5.  Definition 


Example  4.  If  in  quadrilateral  ABCD  (Fig.  10-9), 
AD  =  CB  and  ZADB  =  ZCBD,  then  AB  =  CD. 

Hypothesis:  ABCD  is  a  quadrilateral  with 
AD  =  CR  and  ZADB  =  ZCRD. 

Conclusion:  HR  =  CD 
Analysis : 


I  CAN  PROVE 


IF  I  CAN  PROVE 


1.  AB  =  CD 

2.  Two  triangles  congruent  with 
AB,  CD  as  corresponding  sides 

3.  A  ABD  ^  ACDB 

4.  HD  =  CR  by  hypothesis. 

5.  BD  =  DR  by  reflexive  property. 

6.  Z  HDR  =  Z  CRD  by  hypothesis. 


1.  Two  triangles  congruent  with 
HR,  CD  as  corresponding  sides 

2.  A ABD^CDB. 

3.  HD  =  CR, 

RD  =  DR, 

ZHDR  =  ZCRD. 


Proof : 


STATEMENTS 


AUTHORITIES 


1.  In  A’s  ABD  and  CDR 

2. 

3. 

4.  AABD  ^  ACDB 

5.  HR  =  CD 


(  AD  =  CB 
<  BD  =  DB 

(ZADB =  ZCBD 


1.  Hypothesis 

2.  Reflexive 

3.  Hypothesis 

4.  sas 

5.  Definition 


Steps  in  the  Organization  of  a  Deductive  Proof. 

1.  Make  a  large  labelled  diagram. 

2.  Write  the  hypothesis  and  the  conclusion. 
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3.  Mark  all  parts  which  are  given  equal  in  the  hypothesis  of  the  condi¬ 
tional  statement  to  be  proved.  Note  and  mark  all  parts  that  can  be 
proved  equal  as  obvious  consequents  of  the  hypothesis  and  theorems. 

4.  Analyse  the  deduction  in  order  to  determine  the  definitions,  postulates, 
and  theorems  which  apply  in  the  proof. 

5.  Write  the  proof  in  two  columns. 


Exercise  10-2 


(A) 


1. 


In  the  following  pairs  of  triangles,  name  the  pairs  of  equal  sides 
sufficient  for  congruence  by  the  sas  postulate: 


2.  In  the  following  diagrams,  name  the  contained  angles  which  must  be 
equal  for  each  pair  of  triangles  to  be  congruent  by  the  sas  postulate : 
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3.  In  the  following  proof,  state  the  authorities 
required  to  complete  the  proof. 

Hypothesis :  Quadrilateral  A  BCD  in  which 
BC  =  DC,  Z  BCA  =  Z  DC  A 

Conclusion:  AB  =  AD 
Proof: 


A 


STATEMENTS 

1.  In  A*s  ABC  and  ADC  (  BC  =  DC 

2.  <  AC  =  AC 

3.  (zBCA=  ZDCA 

4.  AABC  AADC 

5.  AB  =  AD 


AUTHORITIES 

1. 

2. 

3. 

4. 

5. 


Give  an  oral  analysis  and  proof  for  each  of  the  following: 


4.  Hypothesis:  AB  =  CD 

Z  BAG  =  ZDCA 


Conclusion: 


ZB  =  ZD 


5.  Hypothesis:  PS  =  RS 

Z  PSQ  =  Z  RSQ 
PQR  is  a  line  segment. 

Conclusion:  ZPQS  =  ZRQS  =  90' 


6.  Give  an  oral  analysis  of  the  following  deduction: 

Hypothesis:  MN  =  SR 

Z  MNR  =  Z  SRN 


Conclusion: 


ZM  =  ZS 

v-\ 


M 


7.  A  man  wishes  to  find  the  distance  AB  across  a  small  lake.  He  lays 
out  stakes  A,  B,  C,  D,  E  as  shown  in  the  diagram  at  the  top  of  page 
308.  What  measurement  will  he  make  to  find  the  length  of  AB? 
Justify  your  conclusion  by  geometric  proof. 
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8.  An  instrument  which  may  be  used  to  measure  the  diameter  of  pipes 
or  trees  is  shown  in  the  diagram  at  the  right  above.  It  consists  of  two 
curved  rods  hinged  at  E  so  that  A  EC  and  BED  are  line  segments  and 
AE  —  EC  —  BE  =  ED.  Prove  that  AB  =  DC  and  explain  how 
this  instrument  could  be  used  to  measure  the  diameter  of  a  large  pipe. 


(B) 


Give  a  written  analysis  and  proof  for  each  of  the  following: 


9.  Hypothesis:  AB  =  AD 

ABAC =  AD AC 
BCD  is  a  line  segment. 

Conclusion:  (i)  BC  =  DC 
(ii)  AB  =  AD 


10.  Hypothesis:  AE  =  YE  and  XE  =  BE 

Conclusion:  (i)  AX  =  YB 
(ii)  AB  =  YX 


definition:  The  right  bisector  of  a  given  line  segment  is  the  line 
which  bisects  the  given  line  segment  at  right  angles. 


11.  Hypothesis:  DE  is  the  right  bisector  of  AB. 

P  is  any  point  on  DE. 

Conclusion:  AP  —  BP.  Thus  any  point  on 
the  right  bisector  of  a  line  seg¬ 
ment  is  equidistant  from  the 
end  points  of  the  line  segment. 


Congruence 

12.  Hypothesis:  AP  =  DP 

AA  =  ZD  =  90° 

^41?  =  jDC  and  BQ  =  CR 

Conclusion:  PQ  =  PR 
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13.  A,  B,  C,  and  D  are  points  on  the  circumference  of  a  circle  with  centre 
0  such  that  AAOB  —  A  DOC.  Prove  that  AB  =  DC. 


14.  Hypothesis:  AB  =  AE 

AD  =  AC 
ABAC =  AEAD 

Conclusion:  BD  —  EC 


10*3  Analysis  of  multi-step  deductions.  In  the  analysis  of  a  multi-step 
deduction,  a  stage  is  often  reached  when  two  or  more  alternative  methods 
of  continuing  the  analysis  are  suggested.  Sometimes  each  alternative 
leads  to  an  independent  proof  of  the  deduction;  sometimes  only  one  proof 
is  reached,  since  the  other  alternatives  lead  to  a  stage  at  which  there  is 
not  sufficient  information  to  continue  the  analysis.  This  is  illustrated  in 
the  following  examples. 

Example  1.  Examine  the  analysis  of  the  following  deduction;  write  a 
complete  proof;  compare  your  proof  with  that  on  page  487. 

Hypothesis :  P,  R  ~  S,  P  ~  Q,  T  R,  ~  U  T,  ~  Q-*  R 

Conclusion :  ^  S 

Analysis : 


I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  ^  S 

1.  R. 

2.  R 

2.  T  or  ^  Q. 

CASE  I 

3.  T 

3.  —  U. 

4 .  ~  U  (not  sufficient  information 

to  continue  the  analysis). 

CASE  II 

5 .  ~  Q 

5.  P. 

6.  P  by  hypothesis. 
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Example  2.  Examine  the  analysis  of 
the  following  deduction;  write  a  com¬ 
plete  proof;  compare  your  proof  with 
that  on  page  487. 

Hypothesis:  In  Fig.  10-10,  D  is  on  AB 
and  E  is  on  AC  of  A  ABC, 
so  that  DB  —  EC  and 
ZADE  =  ZAED  . 

Conclusion:  BE  =  CD 


Fig.  10-10 


Analysis: 


I  CAN  PROVE 

1.  BE  =  CD 


2.  Two  triangles  congruent  with 
BE  and  CD  as  corresponding 
sides 

CASE  i 

3.  ABE  A  ^  AC  DA 

4.  Z  BAE  =  Z  CAD  by  the  reflex¬ 
ive  property,  but  there  is  not 
sufficient  information  to  prove 
BA  =  CA  and  EA  =  DA  . 

CASE  II 

5.  A  BEC  S  A  CDB 


6.  BC  =  CB  by  the  reflexive  prop¬ 
erty  and  EC  =  DB  by  hy¬ 
pothesis,  but  there  is  not 
sufficient  information  to  prove 
ZBCE  =  Z CBD  . 


IF  I  CAN  PROVE 

1.  Two  triangles  congruent  with 
BE  and  CD  as  corresponding 
sides. 

2.  (i)  ABEA^ACDA. 

(ii)  A  BEC  S  A  CDB  . 

(hi)  ABED  ^  A CDE  . 


3.  BA  =  CA, 

EA  =  DA, 
ZBAE  =  ACAD . 


5.  BC  =  CB, 

EC  =  DB, 
ZBCE  =  ZCBD . 
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CASE  III 


7.  A  BED  ^  A  CDE 


8.  BD  =  CE  by  hypothesis. 

9.  ED  =  DE  by  the  reflexive 
property. 

10.  ABDE  =  AC  ED  by  the 

Supplementary  Angle  Theorem. 


7.  BD  =  CE, 

ED  =  DE, 
ABDE  =  AGED  . 


Exercise  10-3 

(A) 

Give  an  oral  analysis  of  each  of  the  following  deductions: 

1.  Hypothesis:  T  R,  T,  R  — *  S 

Conclusion:  ~  S 

2.  Hypothesis:  ~  H,  ~  J  —>  G,  ~  H  — J 
Conclusion:  G 

3.  Two  circles  are  drawn  with  the  same  centre  0.  OAB  and  OCD  are 
line  segments  as  shown  in  the  diagram  at  the  left  below. 

Prove  BC  =  DA  . 


4.  In  A’s  ABC  and  BAD  in  the  diagram  at  the  right  above,  AC  =  BD 
and  ABAC  =  AABD.  Prove  that  ACAD  =  ADBC  . 

(B) 

5.  Write  an  analysis  and  proof  of  the  following  deduction: 

AEB  and  CED  are  line  segments  which  intersect  at  E  so  that 
AE  =  ED  and  CE  =  BE.  Prove  that  A  ACE  ^  A  EBD  . 

6.  Write  an  analysis  of  the  following  deduction: 

ABC  is  a  triangle  in  which  AB  —  AC.  AB  is  extended  to  D  and 
AC  is  extended  to  E  so  that  BD  =  CE.  Prove  A  ADC  =  A  AEB  , 
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7.  In  the  diagram  at  the  left  below,  AB  =  AC,  and  D  is  the  midpoint 
of  BC,  and  ZB  —  ZC.  Prove  that  AD  bisects  ZA. 


Hypothesis:  A  ABC  with  D  on  AB  and  E  on  AC  so  that  AD  =  AE , 
DB  =  EC  (diagram  at  the  right  above) 

Conclusion :  BE  =  CD 


Write  an  analysis  for  deductions  9  and  10  following: 

9.  A,  B,  C,  D  are  four  points  on  a  line  such  that  AB  =  BC  =  CD. 
M  is  a  point  above  or  below  the  line  such  that  MB  =  MC  and 
ZMBC  =  ZMCB.  Prove  AM  =  DM  . 


10.  ABCD  is  a  quadrilateral  with  AD 
=  BC  and  ZA  =  ZB  =  90°  . 

AB  is  extended  both  ways  to  E  and 
F  so  that  AE  =  BF.  Prove  A ADE 
~  ABCF  and  DF  =  CE  . 

11.  Justify  the  fact  that  the  two  triangles 
cannot  be  congruent  by  sas  from  the 
given  facts  marked  on  the  diagram 
at  the  right. 


Write  an  analysis  and  proof  for  each  of  the  following  deductions: 

12.  Hypothesis:  S—*~T,~T—:>R,S 
Conclusion:  R 

13.  Hypothesis:  (F  or  G)  ~  J,  ~  J  — >  K,  (F  or  G),  K  — »  (M  or  N ) 
Conclusion:  (M  or  N) 

14.  Hypothesis:  ( A  and  B)  — >  C,  C  — >  ~  D,  (. A  and  B),  ~  D  ~  E 
Conclusion:  ~  E 

15.  Hypothesis:  ~  A  — >  C,  A  — >  ~  B,  D  — >  B,  C  — >  B,  ^  A 
Conclusion:  B 
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By  analysis  show  that  there  is  not  enough  information  to  prove  the  conclusion 
in  each  of  the  following: 

16.  Hypothesis:  A—*D,B—>~C,A,~D-J>B 
Conclusion:  ~  C 

17.  Hypothesis:  ( N  and  P) ~  Q,  M  —>  (N  and  P),  ~  Q-~>  R 
Conclusion:  R 

10*4  Triangle  Congruence  Postulate  (sss).  Suppose  two  sets  of  three 
non-collinear  points  represented  by  {A,  B,  C}  and  { D ,  E,  F}  are  selected 
such  that 

AB  =  DE 
BC  =  EF 
AC  =  DF 

as  shown  in  Fig.  10-11. 


Since  BC  —  EF,  there  is  a  congruence  matching  of  point  set  BC  with 
point  set  EF  such  that  B  <->  E  and  C  <->  F.  Since  BA  =  ED,  there  is  a 
congruence  matching  of  BA  with  any  radius  of  the  circle  with  centre  E 
and  radius  ED  such  that  B  <->  E  and  A  <-»  (a  point  on  this  circle).  Since 
CA  =  FD,  there  is  a  congruence  matching  of  CA  with  any  radius  of  the 
circle  with  centre  F  and  radius  FD  such  that  C<->F  and  A  <->  (a  point  on 
this  circle).  Since  D  is  a  point  common  to  both  of  these  circles,  then  point 
A  is  matched  with  point  D.  Thus,  the  given  conditions  provide  a  con¬ 
gruence  matching  of  AABC  with  A DEF. 

This  illustration  suggests  the  following  postulate. 

TRIANGLE  CONGRUENCE  POSTULATE  (sss) 

If  two  triangles  have  the  three  sides  of  one  respectively  equal  to  the 
three  sides  of  the  other,  then  the  triangles  are  congruent. 

This  assumption  may  be  referred  to  as  the  “sss  (side,  side,  side)  pos¬ 
tulate”  for  congruence  of  triangles. 

Example  1  emphasizes  the  sufficient  conditions  contained  in  the  sss 

postulate. 
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Example  1.  For  each  of  the  following  diagrams,  write  down  the  suffi¬ 
cient  conditions  for  the  congruence  of  the  two  triangles  by  the  sss 
postulate.  Name  the  pairs  of  equal  angles  resulting  from  this  congruence. 


(a) 


STATEMENTS 


AUTHORITIES 


1.  In  A’s  ABC  and  ADC  (AB  =  AD 

1.  Hypothesis 

2.  IbC  =  DC 

2.  Hypothesis 

3.  [AC  =  AC 

3.  Reflexive 

4.  AABC  ~  A  ADC 

4.  sss 

5.  AACB  =  AACD 

5.  Definition 

6.  ABAC  =  AD  AC 

6.  Definition 

7.  AB  =  AD 

7.  Definition 

(b)  STATEMENTS 

AUTHORITIES 

1.  In  A’s  ABC  and  CD  A  (AB  =  CD 

1.  Hypothesis 

2.  <BC  =  DA 

2.  Hypothesis 

3.  [AC  =  CA 

3.  Reflexive 

4.  AABC^ACDA 

4.  sss 

5.  Ar  =  Ax 

5.  Definition 

6.  Aq  =  Ay 

6.  Definition 

7.  Ap  =  Az 

7.  Definition 

Example  2.  In  Fig.  10-13  (a),  if  A  and  B  are  the  centres  of  two  inter¬ 
secting  circles,  then  line  segment  AB  bisects  APAQ. 


(a) 


Fig.  10-13 


Congruence  315 

Hypothesis:  Two  circles  with  centres  A  and  B  intersecting  on  P  and  Q 

Conclusion:  A  PAB  =  A  QAB 


Analysis : 

I  CAN  PROVE 

1. APAB  =  A  QAB 

2.  Two  triangles  congruent  with 
A  PAB,  A  QAB  as  correspond¬ 
ing  angles 

3.  A  PAB  ^  A  QAB 


4.  PA  =  QA  by  definition. 

5.  AB  =  A B  by  the  reflexive 
property. 

6.  PB  =  QB  by  definition. 


IF  I  CAN  PROVE 

1.  Two  triangles  congruent  with 
Z  PAB ,  Z  QAB  as  correspond¬ 
ing  angles. 

2.  A  PAB  ^  A  QAB . 

3.  PA  =  QA, 

AB  =  AB, 

PB  =  QB. 


Proof:  Write  a  complete  proof ;  compare  your  proof  with  that  on  page  487. 


Exercise  10-4 


1.  In  the  following  diagrams,  name  the  pairs  of  angles  that  are  equal 
and  justify  your  answers: 
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2.  In  the  diagram  at  the  left,  AD  =  CB ,  AB  =  CD.  Prove  that 
AD  =  AB  . 


3.  In  the  diagram  at  the  right,  AC  — 
A  ADC  =  ABDC  =  90°. 


CB) 

Write  a  complete  proof  of  deductions  4  and  5: 

4.  Write  a  proof  to  justify  the  ruler-compasses  construction  of  the 
bisector  of  an  angle  (diagram  at  the  left  below).  That  is,  prove 
BD  bisects  A  ABC. 


6.  Write  a  proof  to  justify  the  ruler-compasses  construction  of  a  per¬ 
pendicular  to  a  line  at  a  given  point  on  the  line.  That  is,  prove  FC 
±  AB  (diagram  at  the  right  above). 


6.  In  the  accompanying  diagram,  AB  and  DC 
are  equal  chords  in  the  circle  with  center  0. 
Prove  that  AAOB  =  A  DOC. 


Write  an  analysis  only  of  deductions  7  and  8 : 

7.  Prove  that  the  opposite  angles  of  a  quadrilateral  with  four  equal  sides 
are  equal. 

8.  Prove  that  the  diagonal  of  a  quadrilateral  with  four  equal  sides  bisects 
the  angles  through  which  it  passes. 
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9.  Hypothesis:  ABC  is  an  isosceles  triangle  in  which  AB  =  AC . 
Conclusion:  AB  —  AC 

(hint:  Prove  AABC  ^  A ACB.) 


10.  A  carpenter  wishes  to  test  a  joist  to  see  if  it 
is  horizontal.  Finding  that  he  has  forgotten  his 
level,  he  nails  three  boards  together  to  form 
A  ABC  having  AB  =  AC.  He  marks  D  the 
midpoint  of  BC  and  then  ties  a  plumb-line 
at  A.  If,  when  BC  is  placed  on  the  joist,  the 
bob  P  rests  directly  over  D,  prove  that  the 
joist  is  horizontal. 


11.  The  diagram  at  the  left  below  illustrates  how  a  carpenter  bisects 
A  ABC  using  a  steel  square.  Study  his  method  and  prove  it  is  correct. 


12.  The  diagram  at  the  right  above  shows  how  a  mechanical  angle-divider 
is  used  to  bisect  AX  AY.  Study  the  construction  of  the  instrument 
and  explain  why  the  centre  of  the  slot  AD  is  on  the  bisector  of  the 
angle. 


10»5  Multi-step  deductions.  Examine  the  analysis  of  the  following 
deduction  carefully;  write  a  complete  proof  and  compare  your  proof  with 
that  on  page  487. 


Example.  In  Fig.  10-1 4(a)  if  AB  =  DC ,  AABC  =  ADCB,  then 
A  DAB =  A  ADC . 
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Hypothesis:  Fig.  10-1 4(a)  in  which  AB  =  DC,  A  ABC  =  ADCB 
Conclusion:  A  DAB  —  A  ADC 


Fig.  10-14 


Analysis : 


1  CAN  PROVE 

1.  A  DAB  =  AADC 


2.  Two  triangles  congruent  with 
A  DAB,  AADC  as  correspond¬ 
ing  angles 

3.  A  DAB  ^  A  ADC 

4.  The  conditions  for  sss 

5.  AB  —  DC  by  hypothesis. 

6.  DA  =  AD  by  the  reflexive  prop¬ 
erty. 

7.  DB  =  AC 

8.  Two  triangles  congruent  with 
DB,  AC  as  corresponding  sides 

9.  A DBC  S  A ACB 

10.  DC  =  AB  by  hypothesis. 

11.  CB  =  BC  by  the  reflexive 
property. 

12.  ADCB  =  A  ABC  by  hypothesis. 


if  1  CAN  PROVE 

1.  Two  triangles  congruent  with 
A  DAB,  AADC  as  correspond¬ 
ing  angles. 

2.  ADAB  ^  A  ADC  . 


3.  The  conditions  for  sss. 

4.  AB  =  DC, 

DA  =  AD, 

DB  =  AC. 


7.  Two  triangles  congruent  with 
DB,  AC  as  corresponding  sides. 

8.  A  DBC  91  A  ACB  . 

9.  DC  =  AB, 

CB  =  BC, 

ADCB  =  A  ABC  . 
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(A) 

1.  Give  an  analysis  of  the  following  deduction: 

If  in  the  diagram  at  the  left  below,  AB  =  AC,  AD  =  AE,  and 
BD  =  CE,  prove  Z.ADE  =  Z.AED . 


(B) 


2.  Write  an  analysis  of  the  following  deduction: 

If,  in  the  diagram  at  the  right  above,  EA  =  EB  =  BA, 

AC  =  CD  =  DA,  ZEAB  =  AD  AC  =  60°,  prove  EC  =  BD  . 

3.  Write  an  analysis  and  give  a  proof  to  justify  the  ruler-compasses 
methods  of : 

(i)  constructing  a  perpendicular  to  a  line  from  a  point  not  in  the  line 
(diagram  at  the  left  below) ; 


Prove  CG  J_  AB. 


A 


//  •  'n 
!  \ 

x  x 

*  i  > 

'  i 


A<- 


E  'B 


I 

^  I  > 

xn  , 

N  I  / 

N  I  ' 

\  / 

i 

y 


(ii)  constructing  the  right  bisector  of  a  line  segment  (diagram  at  the 
right  above). 

Prove  CD  is  the  right  bisector  of  AB. 
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Write  an  analysis  of  deductions  4  and  5  below: 

4.  In  the  diagram  at  the  left  below,  if  BO  =  DO  and  the  angles  at  0  are 
each  90°,  prove  Z ABC  =  /.ADC  . 


5.  In  the  diagram  at  the  right  above,  if  AQ  =  BR  and  AR  =  BQ ,  prove 
Z  1  =  Z  2  . 

(C) 

Write  an  analysis  and  proof  of  deductions  6  and  7  below: 

6.  In  quadrilateral  PQRS  (diagram  left  below),  if  PX  =  QX,  SY  =  RY, 
X Y  J.  PQ,  XY  J_  SR,  prove  (i)  ZP  =  ZQ  (ii)  PS  =  QR  . 


7.  In  quadrilateral  XYZW  (diagram  right  above),  if  XY  =  ZW, 
XW  =  ZY,  OY  =  OW,  XP  —  ZQ,  Z POQ  is  a  straight  angle,  prove 
OP  =  OQ. 


10*6  Triangle  Congruence  Postulate  (asa).  Suppose  that  two  sets  of 
non-collinear  points  in  a  plane  represented  by  {A,  B,  C}  and  [D,  E,  P} 
are  such  that 

BC  =  EF 
Z ABC  =  Z DEF 
/ACB  =  /DFE 

as  shown  in  Fig.  10-15. 


Since  BC  =  EF,  there  is  a  congruence  matching  of  point  set  BC  with 
point  set  EF  such  that  B  <->  E  and  C  <->  F.  Since  Z  ABC  —  Z  DEF  and 
Z ACB  =  /DFE,  there  is  a  congruence  matching  of  these  pairs  of  equal 
angles  such  that  B  <-»  E,  C  <->  F,  and  A  corresponds  to  a  point  on  the  ray 
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on  ED  and  the  ray  on  FD.  Since  D  is  the  only  point  common  to  both  of 
these  rays,  then  A  <-»  D.  Thus,  the  given  conditions  are  sufficient  to 
provide  a  congruence  matching  of  A  ABC  with  A  DEF. 

This  illustration  suggests  the  following  postulate. 

TRIANGLE  CONGRUENCE  POSTULATE  (asa) 

If  two  triangles  have  two  angles  and  the  contained  side  of  one  respec¬ 
tively  equal  to  two  angles  and  the  corresponding  side  of  the  other,  then 
the  two  triangles  are  congruent. 

This  postulate  maybe  referred  to  as  the  “asa  (angle,  side,  angle)  postulate”. 


Exercise  10-6 

(A) 


In  each  of  the  following  diagrams , 
justify  your  answer: 


name  a  pair  of  congruent  triangles; 
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5.  In  each  of  the  following  pairs  of  triangles,  state  any  third  condition 
required  for  congruence. 


6.  Explain  why  it  is  not  possible  to  say  that  the  two  triangles  illustrated 
at  the  left  below  are  congruent. 


(B) 

Write  an  analysis  for  deductions  7,  8,  and  9: 

7.  Hypothesis:  Figure  at  right  above  in  which  Z  1  =  Z  2,  PQ  _L  QR, 

SR  _L  QR 
Conclusion:  PQ  =  SR 

8.  Hypothesis:  Rays  AC  and  AB  with  D  on  AC,  E  on  AB,  so  that  AD 

=  AE,  DC  =  EB,  AC  =  AB  (diagram  left  below) 

Conclusion:  CE  =  BD 


secting  on  M,  and  Z  RSM  =  Z  TSM,  A  RKM  =  Z  TKM 
(diagram  right  above) 


Conclusion:  RM  =  TM 
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10.  The  distance  PQ  across  a  river  (diagram  left  below)  was  determined 
as  follows.  Stakes  were  set  up  at  P  and  T.  A  third  stake  was  placed 
at  R,  half-way  between  P  and  T.  Then  Z  T  was  constructed  equal  to 
Z  P  and  stake  S  located  so  that  it  was  in  line  with  R  and  Q.  Prove 
that  distance  PQ  across  the  river  is  given  by  the  length  of  TS. 


11.  A  ray  of  light  from  a  candle,  L,  strikes  a  mirror,  MN ,  at  A  and  is 
reflected  to  the  eye,  E,  making  Z.MAL  =  Z.NAE.  The  image  of  the 
flame  as  seen  by  the  eye  appears  to  be  at  a  point  I  such  that  IKL± 
NM  (diagram  right  above).  Prove  that  IK  =  LK  and  hence  that  the 
image  is  as  far  behind  the  mirror  as  the  object  is  in  front. 


10*7  Summary  of  basic  authorities.  The  basic  authorities  which  are  used 
to  deduce  angles  equal,  lines  equal,  triangles  congruent  are  summarized 
in  the  following  table: 


AUTHORITIES  TO  PROVE 


ANGLE  =  ANGLE 

LINE  SEGMENT 

=  LINE  SEGMENT 

A  =  A 

Complementary  Angle  Theorem 

Supplementary  Angle  Theorem 

Vertical  Angle  Theorem 

sas  postulate 

sss  postulate 

asa  postulate 

sas  postulate 
asa  postulate 

sas  postulate 
sss  postulate 
asa  postulate 

Practice  Exercise  10-7 


(A) 


State  all  the  facts  you  can  about  each  diagram;  justify  your  answers. 
Join  points  where  necessary. 
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19.  Hypothesis:  ABCD  is  a  quadrilateral  in  which  ZD  AC  =  ZBCA, 

ABAC  —  ZDCA  (diagram  left  below). 

Conclusion:  (i)  ZB  =  ZD 

(ii)  BA  =  DC 

(iii)  BC  =  DA 


A 


20.  Hypothesis:  ABC  is  a  triangle  in  which  BX  X  AC,  CY  X  AB, 

AX  =  AY  (diagram  right  above). 

Conclusion:  BX  =  CY 

21.  Hypothesis:  ABC  is  a  triangle.  CE  X  AD,  BF  X  AD  extended, 

ED  =  FD  (diagram  left  below). 

Conclusion:  BF  —  CE 


22.  Hypothesis:  BD  is  the  bisector  of  ZABC.  P  is  a  point  on  BD  and 

PX  X  AB,  PY  X  BC,  BX  =  BY  (diagram  right  above). 


Conclusion:  PX  =  PY 


23.  Hypothesis:  ABC  is  a  triangle  in  which  AD 

bisects  ZB  AC  and  AD  X  BC . 

Conclusion:  (i)  AB  =  AC 
(ii)  BD  =  CD 


A 
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10»8  Practical  implications  of  congruent  triangles.  The  triangle  congru¬ 
ence  postulates  indicate  that,  if  certain  parts  of  a  triangle  are  given,  the 
triangle  is  fixed  as  to  size  and  shape. 


Fig.  10-16 

In  Fig i  10-16  (a),  four  parts  AB,  BC,  CD,  and  DA  of  a  framework  are 
pinned  as  shown;  at  A,  B,  C,  and  D.  A  slight  push  to  the  left  at  C  causes 
distortion  in  the  framework.  Even  if  the  joints  are  welded  or  nailed  at 
A,  B,  C,  and  D,  stability  depends  on  the  strength  of  the  weld  or  joint. 
If  an  additional  part  AC  is  introduced,  as  in  Fig.  10-16  ( b ),  thus  creating 
A  ABC  and  AD  AC,  then  rigidity  is  obtained.  In  this  case  the  shape  of 
the  framework  depends  on  the  lengths  of  AB,  BC,  and  CA  in  A  ABC. 
Thus,  if  the  lengths  of  the  three  sides  of  a  triangle  are  fixed,  the  triangle  is 
fixed  as  to  size  and  shape. 

It  should  also  be  noted  that  in  numerous  forms  of  building  construction 
and  in  the  manufacture  of  many  goods  and  machine^.  rigidity  in 
framework  is  obtained  by  using  the  triangle  as  a  unit  of  design.  This  is 
commonly  seen  in  steel  bridges  and  arches,  in  hydro  transmission  towers, 
windmill  stands,  scaffoldingi'and  barn  construction. 

10*9  Summary. 

.  Triangle 

Congruence 

Undefined  Existence  Completion  Number  Postulates 

Terms  •  Definitions '  Postulates  Postulates  Axioms  sas,  sss,  asa 

(page  449)  (page  452)  (page  453)  (page  275)  (page  453) 

I _  I  ~  •  r  • _ ! _ ! _ I 

Deductive  Reasoning 


Theorems  Deductions 

1 .  Complementary  Angle  Theorem 

2.  Supplementary  Angle  Theorem 

3.  Vertical  Angle  Theorem 


Congruence 
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(A) 


1.  A  ABC  ~  ADEF.  Without  making  a  diagram,  name  the  equal 
angles  and  the  equal  sides. 

2.  A RST  ^  A RSQ.  Without  making  a  diagram  name:  (i)  the  equal 
angles  (ii)  the  equal  sides  (iii)  the  side  common  to  both  triangles. 

3.  (a)  State  the  authority  for  congruence  of  triangles  in  each  of  the 
following  diagrams: 


(b)  For  each  diagram  in  (a)  name  pairs  of  equal  lines  and  pairs  of 
equal  angles  not  marked  in  the  diagrams. 


Give  a  proof  for  each  of  the  following: 


4. 

5. 


6. 


Hypothesis:  P—^Qj^R—^Pj^R 
Conclusion:  Q 


Hypothesis:  PQ  and  MN  bisect  each 
other  at  Y. 

Conclusion:  A PYM  ~  A QYN 


Hypothesis:  RT  =  SP,  TS  =  PR 
Conclusion:  ARTS  =  A SPR 


T  P 
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7.  Hypothesis:  /PXY  =  /QYX 

/.PYX  =  /QXY 
Conclusion :  A PX Y  ~  AQYX 


(B) 


TFnYe  an  analysis  and  proof  for  each  of  the  following  deductions: 


8.  Hypothesis:  In  the  diagram,  PM  JL  QM, 
MN  A  MR,  PM  =  MQ, 
MN  =  MP. 

Conclusion:  PN  =  QP 


9.  Hypothesis:  In  the  diagram, 

ZZDF  =  /BCG  and  ED  =  PC 
Conclusion:  AE  =  PP 


10. 


Hypothesis:  In  the  diagram,  ilfQ  =  XQ, 
Z  MQP  =  Z  NQR. 


Conclusion:  PM  —  PN 


M 


Q 


11.  Hypothesis:  In  the  diagram, 

IFX  =  XY  =  YZ  =  ZV  =  VW 
and  /WXY  =  /XYZ  =  /YZV 
=  Z  ZVW  =  Z  FIFX. 

Conclusion:  /WYZ  =  ZIFZF 


IF 
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B 


12.  Hypothesis:  AB  =  CD,  ABAC  —  A  DC  A, 

A  BDC  =  A  DBA 

Conclusion :  FE  =  GE 


Show  hy  analysis  that  in  each  of  the  following  the  hypothesis  is  insufficient 
to  prove  the  conclusion: 


13.  Hypothesis:  BD  bisects  A  ABC  . 
Conclusion:  AD  =  CD 


14.  Hypothesis:  MQ  =  MR,  PQ  =  NR 
Conclusion:  MN  =  MP 
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CONVERSE  STATEMENTS 
CONVERSE  THEOREMS 


!!•!  Converse  statements.  Consider  the  implication: 

(1)  If  John  is  born  in  Ontario ,  then  John  is  born  in  Canada. 

If  the  hypothesis  and  the  conclusion  of  this  statement  are  inter¬ 
changed,  the  following  statement  is  formed. 

(2)  If  John  is  born  in  Canada ,  then  John  is  born  in  Ontario. 

This  second  statement  (2)  is  called  the  converse  of  statement  (1);  also, 
statement  (1)  is  the  converse  of  statement  (2).  It  should  be  noted  that 
statement  (2)  is  not  true  even  though  the  given  implication  (1)  is  true. 

definition:  When  two  conditional  statements  are  so  related  that  the 
hypothesis  and  conclusion  consist  of  single  statements  which  are 
interchanged,  then  each  conditional  statement  is  said  to  be  the 
converse  of  the  other. 

Consider  the  implication : 

(1)  If  John  is  the  father  of  Tom,  then  Tom  is  the  son  of  John. 
and  its  converse: 

(2)  If  Tom  is  the  son  of  John,  then  John  is  the  father  of  Tom. 

It  should  be  noted  that  if  statement  (1)  is  true,  then  the  converse 
statement  (2)  is  also  true. 

Consider  the  implication: 

(1)  If  an  animal  is  a  dog,  then  the  animal  has  four  legs. 
and  its  converse: 

(2)  If  an  animal  has  four  legs,  then  the  animal  is  a  dog. 

Converse  statement  (2)  is  false,  even  though  statement  (1)  is  true, 
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An  implication  and  its  converse  may  be  represented  symbolically  as 
follows : 


IMPLICATION 

CONVERSE 

If  P  then  Q 

If  Q  then  P 

P  — >  Q 

Q—*P 

The  statements  P  — »  Q  and  Q  — »  P  do  not  necessarily  state  the 
same  thing.  Thus,  even  though  P  — >  Q  has  been  proven  to  be  true,  it 
must  not  be  inferred  that  Q  — »  P  is  also  true.  It  is  still  necessary  to  prove 
the  implication  Q  — >  P  before  it  may  be  accepted  as  a  theorem. 

It  should  be  recalled  that  all  definitions  are  conditional  statements. 
One  of  the  important  characteristics  of  a  correct  definition  is  that  the 
statement  formed  by  reversing  the  subject  and  predicate  is  also  true. 
This  characteristic  can  now  be  stated  more  precisely  by  saying  that  the 
converse  of  a  correct  definition  is  also  true.  This  is  illustrated  in  the 
statement  of  the  following  definition  and  its  converse. 


DEFINITION_ CONVERSE 

If  a  triangle  has  three  equal  sides,  If  a  triangle  is  equilateral,  then 
then  it  is  an  equilateral  triangle.  it  has  three  equal  sides. 

Example.  State  the  converse  of  each  of  the  following  conditional  state¬ 
ments;  assess  the  truth  of  the  converse  and  justify  your  assessment: 

(i)  If  the  measurement  of  an  angle  is  less  than  90°,  then  it  is  an  acute 
angle. 

(ii)  If  a  geometric  figure  is  a  square,  then  it  is  a  rectangle. 

Solution. 


(i)  If  an  angle  is  an  acute  angle,  then  it  has  a  measurement  which  is  less 
than  90°.  By  our  understanding  of  a  correct  definition  this  converse 
is  true. 

(ii)  If  a  geometric  figure  is  a  rectangle,  then  it  is  a  square. 

E 


Fig.  11-1 


Our  experience  suggests  that  there  are  many  rectangles  which  are  not 
squares,  such  as  those  shown  above.  Thus,  this  converse  is  false. 
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Exercise  11-1 

(A) 

Copy  and  complete  the  following  table  by  writing  in  the  second  column  the 
converse  of  the  implication  in  the  first  column ;  assess  the  truth  of  the  converse: 

TRUTH  OF 


IMPLICATION 

CONVERSE 

CONVERSE 

1.  If  angles  are  right  angles, 

1.  If  angles  are  equal  angles, 

False 

then  they  are  equal  angles. 

then  they  are  right  angles. 

2.  If  x  =  4,  then  3x  —  %  =  14| . 

2. 

3.  If  an  animal  is  a  dog,  then 

3. 

it  has  four  legs. 

4.  If  a  geometric  figure  is  a 

4. 

square,  then  it  is  a  rhombus. 

5.  If  a  polygon  is  a  square, 

5. 

then  it  is  a  parallelogram. 

6.  If  it  is  raining,  then  it  is 

6. 

cloudy. 

7.  If  a  bicycle  has  a  weak 

7. 

chain,  then  it  is  unsafe. 

8.  If  x  =  3,  then  2x  +  5  =  11. 

8. 

9.  If  two  lines  are  perpen- 

9. 

icular,  then  they  intersect 

at  right  angles. 

10.  If  A,  then  B  . 

10. 

(B) 

Write  the  converse  of  each  of  the  following  implications ,  if  there  is  one; 

assess  the  truth  of  the  converse  statement  in  each  case;  justify  your  assessment : 

11.  If  two  sides  and  the  contained  angle  of  one  triangle  are  respectively 
equal  to  two  sides  and  the  contained  angle  of  another  triangle,  the  two 
triangles  are  congruent. 

12.  If  two  angles  are  the  supplements  of  the  same  angle,  then  they  are 
equal. 

13.  If  a  triangle  has  two  unequal  sides,  then  it  has  two  unequal  angles. 

14.  If  an  angle  is  part  of  a  given  angle,  then  it  is  less  than  the  given  angle. 

15.  It  is  snowing. 

16.  If  two  angles  are  complementary,  then  their  angle  sum  is  90°. 

17.  Hypothesis:  AABC  in  which  /.A  =  Z.B  =  Z.C 
Conclusion:  BC  =  AC  =  AB 
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18.  Hypothesis:  Lines  AB  and  CD  intersect  on  E . 

Conclusion :  Z.AED  —  A  CEB 

11*2  “If  and  only  if”  connective;  biconditional  sentences. 

The  conditional  sentence: 

(1)  u  a  number  is  an  even  number ,  then  the  number  is  a  multiple  of  2. 
and  its  converse, 

(2)  If  a  number  is  a  multiple  of  2 ,  then  the  number  is  an  even  number . 
involve  the  following  two  simple  sentences : 

(a)  The  number  is  an  even  nutriber. 

(b)  The  number  is  a  multiple  of  2. 

The  if  and  only  if  connective  may  be  used  to  combine  the  simple  sen¬ 
tences  (a)  and  (b)  into  a  compound  sentence  which  contains  the  conditions 
expressed  in  both  (1)  and  (2).  Thus,  the  statement,  A  number  is  an 
even  number  if  and  only  if  the  number  is  a  multiple  of  2,  includes  the 
implication  in  (1)  and  its  converse  (2).  Since  this  sentence  contains  two 
conditions  it  is  called  a  biconditional  sentence. 

Example  1.  Write  a  biconditional  sentence  which  includes  the  following 
conditional  sentence  and  its  converse : 

If  a  triangle  has  two  equal  sides,  then  it  has  two  equal  angles. 

Solution .  The  biconditional  sentence  is : 

A  triangle  has  two  equal  sides  if  and  only  if  it  has  two  equal  angles. 

Example  2.  Write  the  two  converse  implications  expressed  by  the  bi¬ 
conditional  sentence: 

A  polygon  is  a  triangle  if  and  only  if  it  has  three  sides. 

Solution.  The  two  converse  implications  are: 

(1)  If  a  polygon  is  a  triangle,  then  it  has  three  sides. 

(2)  If  a  polygon  has  three  sides,  then  it  is  a  triangle. 

In  general,  if  P  and  Q  represent  any  two  statements,  then  implication, 
converse,  and  biconditional  statements  may  be  represented  as  follows: 


IMPLICATION 

CONVERSE 

BICONDITIONAL 

P  -*Q 

Q->P 

P  <->  Q 

If  P  then  Q 

If  Q  then  P 

P  if  and  only  if  Q 

P  implies  Q 

Q  implies  P 

P  is  equivalent  to  Q 

It  should  be  noted  that  before  an  if  and  only  if  statement  is  accepted  as 
true,  it  must  be  shown  that  both  the  statements  included  in  the  bicondi¬ 
tional  sentence  are  true. 
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Exercise  11-2 

(A) 

State  the  two  conditional  statements  contained  in  each  of  the  following 
biconditional  statements: 

1.  John  will  become  tanned  if  and  only  if  he  gets  more  sunshine. 

2.  Iron  will  melt  if  and  only  if  it  is  heated  to  1535 °C. 

3.  A  geometric  figure  is  a  triangle  if  and  only  if  it  has  three  vertices. 

4.  3  X  4  =  22  if  and  only  if  the  numerals  are  base  5. 

5.  AB  +  BC  =  AC  if  and  only  if  B  is  between  A  and  C. 

6.  3x  +  7  =  13  if  and  only  if  x  =  2  . 

7.  A  if  and  only  if  B. 

8.  Two  lines  are  parallel  if  and  only  if  they  have  no  point  in  common. 

9.  A  figure  is  a  square  if  and  only  if  it  is  a  rectangle. 

10.  Two  triangles  are  congruent  if  and  only  if  two  angles  and  the  contained 
side  of  one  are  respectively  equal  to  two  angles  and  the  corresponding 
side  of  the  other. 

State  the  converse  of  each  of  the  following  statements  and  then  express  each 
pair  of  statements  by  a  biconditional  sentence : 

11.  If  the  set  of  all  factors  of  a  number  has  exactly  two  members,  then 
the  number  is  a  prime  number. 

12.  If  a  set  has  precisely  no  members,  then  it  is  a  null  set. 

13.  If  zero  is  defined  to  be  a  multiple  of  2,  then  zero  is  an  even  number. 

14.  If  two  sides  of  a  triangle  are  equal,  then  the  angles  opposite  these 
sides  are  equal. 

15.  If  a  point  is  on  the  right  bisector  of  a  given  line  segment,  then  it  is 
equidistant  from  the  end  points  of  the  line  segment. 

16.  If  a  point  is  on  the  bisector  of  an  angle,  then  it  is  equidistant  from  the 
sides  of  the  angle. 

17.  If  points  are  on  a  line  parallel  to  a  given  line,  then  they  are  the  same 
distance  from  the  given  line, 

18.  If  points  are  on  a  circle,  then  they  are  the  same  distance  from  a  fixed 
point. 

11»3  Converse  theorems;  “if  and  only  if”  theorems.  Since  many  of  the 
theorems  of  geometry  often  involve  several  statements  in  the  conclusion 
and  several  statements  in  the  hypothesis,  a  converse  theorem  is  defined 
as  follows: 
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definition  :  A  converse  theorem  is  a  theorem  that  is  formed  from  a 
given  theorem  by  interchanging  any  number  of  statements  in  the 
hypothesis  of  the  given  theorem  with  an  equal  number  of  statements 
in  the  conclusion. 

It  should  always  be  remembered  that  the  truth  of  a  converse  does  not 
follow  from  the  original  theorem.  The  truth  of  a  converse  of  a  given 
theorem  must  be  established  before  it  is  accepted  as  a  theorem. 

In  geometry,  it  is  convenient  to  combine  a  theorem  and  its  converse 
theorem  into  a  single  statement  by  using  the  if  and  only  if  form.  The 
combined  theorem  may  be  referred  to  as  an  if  and  only  if  theorem.  To 
establish  an  if  and  only  if  theorem  it  is  necessary  to  establish: 

(i)  the  implication, 

(ii)  the  converse  of  the  implication. 

The  theorems  in  this  chapter  are  if  and  only  if  theorems. 

11*4  The  Isosceles  Triangle  Theorem.  We  have  discovered  by  inductive 
reasoning  the  following  relations  in  an  isosceles  triangle. 

IMPLICATION  CONVERSE 

(i)  If  two  sides  of  a  triangle  are  (ii)  If  two  angles  of  a  triangle  are 
equal,  then  the  angles  opposite  equal,  then  the  sides  opposite 

these  sides  are  equal.  these  angles  are  equal. 


A 


A 


Hypothesis:  AB  =  AC  Hypothesis:  ZB  =  AC 

Conclusion:  ZB  =  ZC  ^ Conclusion :  AB  —  AC 

These  two  relations  expressed  by  a  biconditional  sentence  form  the 
Isosceles  Triangle  Theorem.  A  complete  demonstration  of  the  proof  of 
each  part  of  this  theorem  follows. 
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THEOREM  4 

Isosceles  Triangle  Theorem 

Two  angles  of  a  triangle  are  equal  if  and  only  if  the  sides  opposite 
these  angles  are  equal. 


PART  I 

If  two  sides  of  a  triangle  are  equal,  then 
the  angles  opposite  these  sides  are  equal. 

Hypothesis:  A  ABC  in  which  AB  =  AC 
(Fig.  11-3) 

Conclusion:  A ABC  =  A  ACB 
Proof : 


STATEMENTS  AUTHORITIES 


1.  In  A’s  ABC  and  ACB  (  AB  =  AC 

1.  Hypothesis 

2.  )  AC  =  AB 

2.  Hypothesis 

3.  ( ABAC  =  ACAB 

3.  Reflexive 

(Note  the  order  of  correspondence.) 

4.  AABC  =  A  ACB 

4.  sas 

5.  AABC  =  A  ACB 

5.  Definition 

PART  II 

Converse:  If  two  angles  of  a  triangle  are 
equal,  then  the  sides  opposite  these  angles 
are  equal. 

Hypothesis:  A  ABC  in  which  AB  —  AC 
(Fig.  11-4) 

Conclusion:  AB  =  AC 

Proof: 


STATEMENTS 


AUTHORITIES 


1.  In  A’s  ABC  and  ACB  ( AABC  =  A  ACB 

1.  H\rpothesis 

2.  \aACB=AABC 

2.  Hypothesis 

3.  (  BC  =  CB 

3.  Reflexive 

(Note  the  order  of  correspondence.) 

4.  A  ABC  =  A  ACB 

4.  asa 

5.  AB  =  AC 

6.  Definition 
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Corollary :  A  triangle  is  equilateral  if  and  only  if  it  is  equiangular. 


Example.  In  A  ABC,  Fig.  11-5, 
AD  =  BD  =  DC.  Prove  ABAC  = 
Z1  +  Z4 

Hypothesis:  A  ABC  in  which 
AD  =  BD  =  DC 

Conclusion:  ABAC  =  A  1  -{-  Z4 

Analysis : 

I  CAN  PROVE 

1.  ABAC  =  Z1  +  Z4 

2.  Z1+  Z4  =  Z2  +  Z3 

3.  Z  1  =  Z2,  Z  4  =  Z3by  the 
Isosceles  Triangle  Theorem. 


A 


IF  I  CAN  PROVE 

1.  Zl  +  Z4  =  Z2+Z3. 

2.  Z1  =  Z2,  Z  4  =  Z3  . 


Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  488 


Exercise  11-3 


(A) 


1.  In  each  of  the  following  diagrams,  if  0  is  the  centre  of  the  circle, 
name  the  pairs  of  equal  angles,  giving  reasons : 


2.  In  the  following  diagrams  name  the  pairs  of  equal  angles,  giving 
reasons : 
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3.  In  each  of  the  following  diagrams,  frame  the  equal  line  segments, 
giving  authorities: 


5.  In  the  diagram  at  the  right,  prove  /.CAP  —  ZCBP  . 

6.  State  all  the  authorities  now  established  that  prove  angles  equal. 


(B) 


7.  Write  an  analysis  of  the  following  deduction: 
In  the  accompanying  diagram,  AB  =  BC 
and  ZABD  =  Z.CBD  . 

Prove  that  ZD  AC  =  A  DC  A  . 


8.  Write  an  analysis  of  the  following  deduction: 

In  quadrilateral  PQRS,  if  PQ  =  PS  and  Z  Q  =  AS,  then  RQ  =  RS 
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Write  a  complete  proof  of  each  of  the  following  deductions: 

9.  ABC  is  a  triangle  with  AB  =  AC.  BC  is  extended  to  D,  and  CB  is 
extended  to  E  so  that  CD  =  BE.  Prove  that  AE  =  AD  . 

10.  Prove  that  the  midpoint  of  the  base  of  an  isosceles  triangle  is  equi¬ 
distant  from  the  midpoint  of  the  other  two  sides. 

11.  If  a  triangle  is  equilateral,  then  the  line  segments  joining  the  mid¬ 
points  of  the  sides  are  equal. 

12.  In  A PQR,  PQ  =  PR.  QR  is  extended  its  own  length  to  S,  and  PQ 
is  extended  its  own  length  to  T.  Prove  that  TR  =  PS  . 

IDS  Historical  note  on  Theorem  4.  It  is  believed  that  Part  n  of  Theorem 
4  was  first  proved  by  Thales  ( ca .  600  b.c.).  His  method  of  proof  was  later 
adopted  by  Euclid  (ca.  300  b.c.)  in  his  text  on  geometry  called  The 
Elements.  His  proof,  which  follows,  differed  greatly  from  the  one  on 
page  336. 

In  A  ABC  (Fig.  11-6),  AB  =  AC.  It  is 
required  to  prove  Z  ABC  =  AACB. 

Let  F  and  G  represent  points  on  AB  and 
AC  extended,  respectively,  so  that  CG  = 

BF.  Join  CF  and  BG. 

Now  try  to  prove:  (i)  A  AFC  ~  AAGB 

(ii)  A  BFC  ^  A  CGB 

(iii)  A  ABC  =  A  ACB 

For  various  reasons  this  deduction,  with 
the  proof  suggested  above,  was  known 
as  pons  asinorum  or  bridge  of  fools.  It  probably  represented  the  limit 
in  mathematical  attainment  for  many  students  in  the  Middle  Ages 
and  hence  formed  the  bridge  across  which  fools  could  not  hope  to  pass. 
It  was  also  suggested  that  Fig.  11-7,  as  used  by  Euclid,  resembled  the 
simplest  form  of  truss-bridge  design,  one  that  even  the  poorest  student 
could  make. 

12*6  The  Right  Bisector  Theorem.  The  conditional  statement: 

If  a  point  is  on  the  right  bisector  of  a  line  segment,  then  it  is  equidistant 
from  the  end  points  of  the  line  segment. 

and  its  converse, 

If  a  point  is  equidistant  from  the  end  points  of  a  line  segment,  then  it  is  on 
the  right  bisector  of  the  line  segment. 

are  combined  in  the  biconditional  statement  of  the  Right  Bisector  Theorem, 


Fig.  11-6 
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A  point  is  equidistant  from  the  end  points  of  a  line  segment  if  and  only 
if  it  is  on  the  right  bisector  of  the  line  segment. 


PART  i 

If  a  point  is  on  the  right  bisector  of  a  line 
segment,  then  it  is  equidistant  from  the 
end  points  of  the  line  segment. 

Hypothesis :  CED  is  the  right  bisector  of 
A  B  and  P  is  a  point  on  CD 
(Fig.  11-7). 

Conclusion:  P  is  equidistant  from  A  and 
B;  that  is,  PA  —  PB . 


Proof :  Copy  and  complete  the  authorities 
column  of  this  proof;  compare  your  com¬ 
pleted  proof  with  the  one  on  page  488. 


Fig.  11-7 


STATEMENTS  AUTHORITIES 


1.  Join  PA  and  PB. 

1. 

2.  In  A’s  PAE  and  PBE 

(  AE  =  BE 

2. 

3.  < 

PE  =  PE 

3. 

4. 

(zPEA  =  Z  PEB 

4. 

5.  A  PAE  ^  A  PBE 

5. 

6.  PA  =  PB 

6. 

PART  II 

Converse :  If  a  point  is  equidistant  from  the  end  points  of  a  line  segment, 
then  it  is  on  the  right  bisector  of  the  line  segment. 
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Fig.  11-8 
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Hypothesis:  A  point  P  and  line  segment  AB  such  that  PA  =  PB, 
Fig.  11-8  (a) 

Conclusion:  P  is  on  the  right  bisector  of  AB. 

Analysis : 

I  CAN  PROVE 
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IF  I  CAN  PROVE 


1.  P  is  on  the  right  bisector  of  A  B 


2.  PQ  is  the  right  bisector  of  AB 

3.  APQA  =  Z.PQB  =  90° 

4.  A PAQ  —  APBQ  by  the  sss 
postulate. 


1.  P  and  a  second  position  of  P, 
that  is,  Q,  Fig.  11-8  (h), 
determine  the  right  bisector  of 
AB  (since  two  points  determine 
a  line). 

2.  Z.PQA  =  Z.PQB  =  90°. 

3.  APAQg^  APBQ  . 


Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  488. 


Exercise  11-4 

(A) 

1.  Study  each  of  the  following  marked  diagrams  and  state,  giving  rea¬ 
sons,  any  additional  facts  which  are  true: 


2.  State  all  the  facts  you  can  about  each  of  the  following  diagrams, 
.giving  reasons: 
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(ivU  D 


3.  Examine  carefully  the  analysis  of  the  following  deduction;  then  wrrite 
a  complete  proof  of  the  deduction : 

The  diagonals  of  a  quadrilateral  with 
four  equal  sides  bisect  each  other  at  right 
angles. 

Hypothesis:  Quadrilateral  ABC D  in  which 
AB  =  BC  =  CD  =  DA 

Conclusion:  AC  bisects  BD  at  right  angles ; 

BD  bisects  AC  at  right  angles. 

Analysis: 

I  CAN  PROVE  IF  I  CAN  PROVE 


1.  AC  bisects  BD  at  right  angles 

2.  A  and  C  are  on  the  right 
bisector  of  BD 

3.  A  and  C  are  equidistant  from 
B  and  D,  since  AB  =  AD  and 
BC  =  DC  by  definition. 


1.  A  and  C  are  on  the  right 
bisector  of  BD. 

2.  A  and  C  are  equidistant 
from  B  and  D. 


Give  a  complete  proof  of  each  of  the  following  deductions: 

4.  AB  and  XY  bisect  each  other  at  right 
angles  on  E.  Prove  that  the  quadrilateral 
formed  by  joining  the  end  points  of  the 
line  segments  has  all  sides  equal. 

6.  In  the  diagram  at  the  right,  ABC  is  any 
triangle.  The  right  bisectors  of  AB  and 
AC  meet  at  P. 

Prove  AP  =  BP  =  CP  . 
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6.  Prove  that  the  right  bisectors  of  the  sides  of  a  triangle  are  concurrent. 

7.  AB  and  BC  are  two  chords  in  a  circle.  The  right  bisectors  of  AB  and 
BC  meet  on  0.  Prove  AO  =  BO  =  CO. 

11*7  Multiple  converses  (supplementary).  A  converse  theorem  has  been 
defined  as  follows : 

A  converse  theorem  is  a  theorem  that  is  formed  from  a  given 
theorem  by  interchanging  any  number  of  statements  in  the  hypothesis 
of  the  given  theorem  with  an  equal  number  of  statements  in  the 
conclusion. 

Using  this  definition,  it  is  possible  to  write  five  converses  of  the  following 
deduction. 

Hypothesis:  A  ABC  in  which  AB  =  AC,  AD  _L  BC,  Fig.  11-9 
Conclusion:  BD  =  CD,  /.BAD  =  /CAD 


A 


Converse  1: 

Hypothesis:  A  ABC  in  which  BD  =  CD,  AD  _]_  BC 
Conclusion:  AB  =  AC,  /BAD  =  /CAD 

Converse  2: 

Hypothesis:  A  ABC  in  which  AB  =  AC,  /BAD  =  /CAD 
Conclusion:  BD  =  CD,  AD  _L  BC 

Converse  3 : 

Hypothesis:  AABC  in  which  /BAD  =  /CAD,  AD  _L  BC 
Conclusion:  BD  =  CD,  AB  =  AC 

Converse  4 : 

Hypothesis:  AABC  in  which  AB  =  AC,  BD  =  CD 
Conclusion:  AD  _L  BC,  /BAD  =  /CAD 

Converse  5: 

Hypothesis:  AABC  in  which  BD  =  CD,  /BAD  =  /CAD 
Conclusion:  AB  =  AC,  AD  X  DC 
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Exercise  11-5 

(B) 
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1.  Write  a  proof  for  the  given  theorem  in  section  11*7  page  343,  and 
write  a  proof  for  each  of  converses  1  to  4  of  this  theorem.  Draw 
a  diagram  to  show  that  A  ABC  in  converse  5  is  not  necessarily  isosceles. 

2.  State  all  possible  converses  of  the  following  theorem : 

Hypothesis :  ABC  and  DEF  are  two  triangles  such  that  AB  —  DE, 
ABAC  =  AEDF,  AC  =  DF  . 

Conclusion :  BC  =  EF 

Draw  a  diagram  to  illustrate  each  and  assess  the  conclusion  of  each. 

IB 8  Summary. 

I.  Organization  of  our  geometric  knowledge 

Congruence 

Undefined  Existence  Completion  Number  Postulates 

Terms  Definitions  Postulates  Postulates  Axioms  sss,  sas,  asa 

(page  449)  (page  452)  (page  453)  (page  275)  (page  453) 


Deductive  Reasoning 


Theorems 


Deductions 


( 1 .  Complementary  Angle  Theorem 
Angles  2.  Supplementary  Angle  Theorem 
(3.  Vertical  Angle  Theorem 

t-.  .  -p. .  ,(4.  Isosceles  Triangle  Theorem 

Basic  Biconditional^  _  ® 

(5.  Right  Bisector  theorem 


II.  Summary  of  authorities  to  prove 


ANGLE  =  ANGLE 

LINE  SEGMENT 

=  LINE  SEGMENT 

A  =  A 

Complementary  Angle  Th. 
Supplementary  Angle  Th. 
Vertical  Angle  Th. 

Isosceles  Triangle  Th. 
sas  postulate 
sss  postulate 
asa  postulate 

Isosceles  Triangle  Th. 
Right  Bisector  Th. 
sas  postulate 
asa  postulate 

sas  postulate 
sss  postulate 
asa  postulate 

Converse  Statements ,  Converse  Theorems 

Review  Exercise  11-6 

(B) 


1.  Hypothesis:  In  the  accompanying  diagram, 

AB  =  AC,  DB  =  DC . 

Conclusion :  AABD  =  AACD 
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2.  Write  a  complete  proof  for  the  corollary  to  the  Isosceles  Triangle 
Theorem:  “A  triangle  is  equilateral  if  and  only  if  it  is  equiangular”. 

3.  If  A  PQR  is  equiangular,  prove  A PQR  ~  A  RPQ  . 


4.  Hypothesis:  In  the  accompanying  diagram, 

0  is  the  centre  of  the  circle. 

Conclusion:  AACB  —  A  CAB  -f-  Z  CBA 


5.  If  two  circles  intersect,  the  line  segment  which  joins  their  centres  is 
the  right  bisector  of  the  line  segment  joining  their  points  of  inter¬ 
section. 

6.  A  MNP  is  an  isosceles  triangle  with  NM  =  MB.  The  bisectors  of 
Z  MNP  and  Z  MPN  meet  MP  and  MN  at  R  and  S,  respectively,  and 
intersect  on  0.  Prove  AMRO  =  AM  SO. 

7.  PQR  is  an  isosceles  triangle  with  PQ  =  PR.  M  and  N  are  points  on 
PQ  and  PR,  respectively,  such  that  PM  =  PN.  QN  and  RM  intersect 
on  S.  Prove  that  ASQR  and  A SMN  are  isosceles  triangles. 

8.  ABCD  is  a  quadrilateral  with  AB  =  AD  and  CB  =  CD  . 

Prove:  (i)  A  ABC  =  A  ADC ; 

(ii)  AC  is  the  right  bisector  of  DB ; 

(iii)  AC  bisects  A  DAB  and  ADCB  . 
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INDIRECT  PROOF 
INEQUALITIES 


12»1  Contradictory  statements,  negation,  indirect  proof.  The  two  sen¬ 
tences  : 

1.  It  is  cold. 

2.  It  is  not  cold. 

are  contradictory  sentences.  Each  of  these  statements  is  called  the  con¬ 
tradiction  or  negation  of  the  other.  If  either  of  these  is  true,  the  other  is 
false,  and,  conversely,  if  either  of  these  is  false,  the  other  is  true.  This 
assumption  is  a  fundamental  rule  of  inference  in  logical  reasoning,  and  it 
is  referred  to  as  the  Law  of  Contradiction.  This  law  may  be  stated: 

(i)  If  a  statement  is  true,  then  its  negation  is  false;  and 

(ii)  if  a  statement  is  false,  then  its  negation  is  true. 

The  Law  of  Contradiction  may  be  expressed  using  symbols  as  follows: 

(i)  If  P  is  true,  then  ~  P  is  false;  and 

(ii)  if  P  is  false,  then  ~  P  is  true; 

where  P  represents  any  statement. 

The  following  table  contains  a  list  of  statements.  Copy  the  table  and 
write  the  contradictory  statement  (negation)  in  the  column  indicated; 
compare  your  solutions  with  those  on  page  488. 


STATEMENT  CONTRADICTORY  STATEMENT 


1.  A  ABC  is  scalene. 

1. 

2.  John  is  studying. 

2. 

3.  AB  _L  CD 

3. 

4.  A  ABC  =  60° 

4. 
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5.  It  is  not  raining. 

6.  A  ABC  t*  ADEF 

7.  A  ABC  >  ADEF 

8.  AB  is  not  parallel  to  CD. 

9.  5  is  greater  than  10. 

10.  Jean  is  the  sister  of  Betty. 


5. 

6. 

7. 

8. 
9. 

10. 


The  Law  of  Contradiction  leads  to  a  new  method  of  proof,  proof  by 
contradiction,  which  is  also  called  the  indirect  method  of  proof.  The  plan  in 
this  method  of  proof  is  to  show  that  the  contradictory  (negation)  of  a 
conclusion  to  be  proved  is  false.  Then  we  infer  by  the  Law  of  Contradic¬ 
tion  that  the  conclusion  is  true. 

The  following  examples  illustrate  the  indirect  method  of  proof. 

Example  1. 

Hypothesis :  A  — »  B,  B  — >  C,  ~  C 
Conclusion :  ~  A 
Analysis : 


I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  ^  A 

1.  A  is  false. 

2.  A  is  false 

2.  The  assumption  that  A  is  true 

leads  to  a  contradiction  of  a 

known  fact. 

3.  The  assumption  A  is  true  leads 

to  the  logical  consequent  B\ 

B  leads  to  the  logical  consequent 

C,  which  is  a  contradiction  of 

the  given  premise  ^  C  . 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  A  is  true. 

1.  Assumption  of  the  negation  of 

the  conclusion  ~  A 

2 .  A ->B 

2.  Hypothesis 

3.  B 

3.  Law  of  Detachment  1,  2 

4.  B->C 

4.  Hypothesis 

5.  C 

5.  Law  of  Detachment  3,  4 

6.  A  is  false. 

6.  5  contradicts  the  hypothesis. 

7.  —  A 

7.  Law  of  Contradiction 

Chapter  XII 


348 

Example  2. 

Hypothesis:  A  ABC,  Fig.  12-1 ,  in  which  ZB  ^  ZC 
Conclusion:  AB  ^  AC 


Analysis : 


I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  AB  ^  AC 

1.  AB  =  AC  is  false. 

2.  AB  =  AC  is  false 

2.  The  assumption  A  B  =  AC  leads 

to  a  conclusion  which  contradicts 

a  known  fact. 

3.  The  assumption  AB  =  AC  leads 

to  the  logical  consequent 

ZB  =  ZC  by  the  Isosceles 

Triangle  Theorem,  which  is  a 

contradiction  of  the  premise 

ZB  ^  ZC  . 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  AB  =  AC 

1.  Assumption  of  the  negation  of 

the  conclusion  AB  ^  AC 

2.  ZB  =  ZC 

2.  Isosceles  Triangle  Theorem 

3.  AB  =  AC  is  false. 

3.  2  contradicts  the  hypothesis. 

4.  AB  ^  AC 

4.  Law  of  Contradiction 

Steps  in  an  indirect  proof. 

1.  Introduce  the  contradictory  statement  (negation)  of  the  desired 
conclusion  as  a  new  premise. 

2.  From  this  new  premise,  together  with  the  given  premises,  deduce  a 
contradiction  of  a  known  fact. 

3.  State  that  the  desired  conclusion  is  true  by  the  Law  of  Contradiction. 
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Example  3.  If  in  AABC,  Fig.  12-2,  BD  =  DC  and  AD  is  not  perpen¬ 
dicular  to  BC,  then  AB  9^  AC  . 

Hypothesis:  A  ABC  in  which  BD  =  DC,  AD  is  not  perpendicular  to  BC. 

Conclusion:  AB ^  AC 


A 


Analysis : 


I  CAN  PROVE 


IF  I  CAN  PROVE 


1.  AB  ^  AC 

2.  AB  =  AC  is  false 

3.  The  assumption  AB  =  AC  leads 
to  the  conclusion  that 

A  ADB  ~  A  ADC  by  the  sss 
postulate;  this  leads  to  the 
conclusion  /.ADB  =  /ADC 
=  90°  and  AD  _L  BC,  which 
contradicts  the  hypothesis,  AD 
is  not  perpendicular  to  BC  . 


1.  AB  =  AC  is  false. 

2.  The  assumption  that  AB  =  AC 
leads  to  a  conclusion  which 
contradicts  a  known  fact. 


Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  489. 

Example  4.  If  in  A  ABC,  Fig.  12-3 ,  AC  9^  AB,  then  /B  9^  /C  . 

A 

Hypothesis:  AABC  in  which  AC  9^  AB 
Conclusion:  /B  9^  /C 

Fig.  12-3 

Write  a  complete  analysis  and  proof  using  the  indirect  method;  compare 
them  with  those  given  on  page  489. 
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There  is  no  general  rule  which  can  tell  you  exactly  when  to  use  an 
indirect  proof  rather  than  a  direct  proof.  Usually  an  indirect  proof  is  used 
when  the  given  premises  do  not  seem  to  provide  a  starting  point.  In  the 
indirect  proof,  the  additional  premise  which  is  the  negation  of  the  required 
conclusion  provides  a  starting  point.  When  we  are  required  to  prove 
inequalities  or  converse  statements,  the  indirect  proof  is  used  frequently. 


Exercise  12-1 

(A) 

State  the  negation  of  the  statements  in  1  to  10: 

1.  It  is  snowing.  2.  /.ABC  =  /DEF . 

3.  h  ||  h  •  4.  AB  is  greater  than  CD  . 

5.  AB  9^  CD  .  6.  AB  is  not  less  than  CD  . 

7.  AB  J  CD. 

8.  PQ  1_  XY. 

9.  /ABC  =  90°. 

10.  CD  is  the  right  bisector  of  AB  . 

11.  State  the  Law  of  Contradiction. 

12.  State  the  three  steps  in  an  indirect  proof. 


(B) 


Write  indirect  proofs  for  each  of  the  following: 


13.  In  A  ABC  in  the  accompanying  dia¬ 
gram,  if  AB  7^  AC,  BD  —  DC,  prove 
AD  is  not  perpendicular  to  BC . 


14.  In  A  ABC,  if  DM  _L  BC,  BM  =  MC,  A  is  not  on  DM,  prove 
AB  9^  AC  (diagram  at  left  below). 


15.  In  A  ABC,  if  AB  9*  AC,  AD  ±  BC,  then  BD  ^  DC  (diagram  at 
right  above) . 


Indirect  Proof, \  Inequalities 
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16.  In  A AEC,  if  EC  is  extended  to  D 
so  that  CD  =  AE,  then  A  ACD  ^ 
AEAC  . 


12*2  The  fundamental  triangle  inequality  theorem.  In  Fig.  12-4,  the  angle 
ACD  is  called  an  exterior  angle  of  A  ABC  . 

definition:  If  C  is  between  B  and  D,  then  A ACD  is  an  exterior 
angle  of  A  ABC. 


Every  triangle  has  six  exterior  angles,  as  shown  in  Fig.  12-5,  two  at  each 
vertex  of  the  triangle.  At  vertex  C,  the  exterior  angles  are  A  ACD  and 
Z  BCE;  at  vertex  A,  Z  FAC  and  Z  GAB ;  at  vertex  B,  Z  ABH  and  Z  CBK. 
The  six  exterior  angles  form  three  pairs  of  vertical  angles. 

definition:  ABAC  and  A  ABC  are  called  the  remote  interior 
angles  of  exterior  angles  ACD  and  BCE  of  AABC. 

Similarly,  the  remote  interior  angles  of  A  ABH  and  ACBK  are  ABAC 
and  Z  ACB.  The  remote  interior  angles  of  Z  BAG  and  Z  CAF  are  Z  ABC 
and  A  ACB. 

Our  experimental  study  of  angle  relations  in  a  triangle  has  led,  by 
means  of  inductive  reasoning,  to  the  following  conjecture  about  the 
relative  size  of  an  exterior  angle  and  its  interior  remote  angles.  In  Fig.  12-5 , 
A  ACD  >  ABAC  and  A  ACD  >  AABC. 

This  conjecture  leads  to  the  fundamental  triangle  inequality  theorem: 
the  Exterior  Angle  Theorem. 
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THEOREM  6 

Exterior  Angle  Theorem 
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An  exterior  angle  of  a  triangle  is  greater  than  either  remote  interior 
angle. 


x 


Fig.  12-6 


Hypothesis:  A  ABC  in  which  C  is  between  B  and  D,  Fig.  12-6 
Conclusion:  AACD  >  A  A  and  AACD  >  A  ABC 

Proof : 


STATEMENTS  AUTHORITIES 


1.  E  is  the  midpoint  of  AC,  and  F 

1.  Existence  postulates 

a  point  on  ray  BE  so  that 

EB  =  EF  . 

2.  In  A’s  AEB,  CEF  (  AE  =  CE 

2.  Definition 

3.  <  EB  =  EF 

3.  Definition 

4.  (  Z  AEB  =  A  CEF 

4.  Vertical  Angle  Theorem 

5.  A  AEB  ~  ACEF 

5.  sas 

6.  Z4  =  AECF 

6.  Definition 

7.  AACD  >  Z ECF  ^ 

7.  Completion 

8.  AACD  >  Z A 

8.  Replacement 

9.  A  BCG  =  AACD 

9.  Vertical  Angle  Theorem 

10.  ABCG  >  AA 

10.  Replacement 

11.  Similarly,  ABCG  >  A  ABC 

11.  Authorities  1  to  10  above 

and  AACD  >  A  ABC 

Indirect  Proof, )  Inequalities 


Exercise  12-2 
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(A) 

1.  In  the  figure  at  the  left  below: 

(i)  name  two  exterior  angles; 

(ii)  compare  the  measurement  of  each  of  these  exterior  angles  with 
the  measurement  of  ZA  and  /C; 

(iii)  state  the  relationship  of  each  exterior  angle  to  /.ABC. 


2.  Name  the  remote  interior  angles  of  each  of  the  exterior  angles  in  the 
figure  at  the  right  above. 

3.  In  the  diagram  at  the  left  below,  compare  the  measurement  of  /A 
with  that  of  /DBC. 


4.  If  a,  b,  c,  d,  e,  f  are  the  measurements,  in  degrees,  of  the  angles  in¬ 
dicated  in  the  diagram  at  the  right  above,  state  and  justify  all  known 
relations  between  these. 


(B) 


5.  The  measurement  of  /BAC  in  the  ac¬ 
companying  figure  is  m  degrees. 

(i)  Name  six  exterior  angles  of  A  ABC. 

(ii)  Name  the  remote  interior  angles 
of  each  exterior  angle. 

(iii)  Name  four  angles  whose  degree 
measurements  are  greater  than  m. 
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6.  In  the  figure,  left  below,  prove  that  Z.ABD  >  Z.E  . 
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7.  In  the  figure  at  the  right  above,  p ,  q,  r,  and  s  represent  the  measures, 
in  degrees,  of  the  angles  indicated.  Prove  that  p  +  r  <  180  . 

8.  In  the  diagram  at  the  left  below,  ABC  is  an  isosceles  triangle  having 
AB  =  AC.  Prove  that  ZB  is  acute. 


9.  Prove  that  the  sum  of  the  exterior  angles  in  the  figure  at  the  right 
above  is  greater  than  a  straight  angle. 


12*3  Summary. 

Undefined 

Terms  Definitions 

(page  449) 


Existence  Completion  Number 

Postulates  Postulates  Axioms 

(page  452)  (page  453)  (page  275) 


Congruence 
Postulates 
sss,  sas,  asa 

(page  453) 


Deductive  Reasoning 


r 

Theorems 


Deductions 


{1.  Complementary  Angle  Theorem 
2.  Supplementary  Angle  Theorem 
3.  Vertical  Angle  Theorem 


Basic  Biconditional 


4. 

5. 


Isosceles  Triangle  Theorem 
Right  Bisector  Theorem 


Inequality  { 6.  Exterior  Angle  Theorem 
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PARALLEL  LINES 


13*1  Parallel  lines,  transversal,  existence  postulate. 

a.  Parallel  lines.  If  two  distinct  lines  lie  in  the  same  plane  and  have  no 
point  in  common,  then  the  two  lines  are  parallel. 

The  symbol  ||  is  used  to  represent  the  words,  “is  parallel  to”,  and  the 
symbol  X  represents  the  words,  “is  not  parallel  to”. 

b.  Parallel  line  segments.  If  two  distinct  line  segments  are  segments  of  paral¬ 
lel  lines,  then  the  two  line  segments  are  parallel. 

Thus,  two  distinct  line  segments  are  parallel  if  they  are  on  the  same 
plane  and  do  not  meet  however  far  they  are  produced  in  either  direction. 

c.  Parallel  postulate.  If  l  is  any  line  and  A  is  any  point  not  on  l,  then  there 
is  one  and  only  one  line  on  A  which  is  parallel  to  line  l  (Fig.  13-1). 

This  is  Euclid’s  statement  of  the 
parallel  postulate  and  is  often  referred  A 

to  as  “Euclid’s  Fifth  Postulate”. 

The  statement  of  the  parallel  pos¬ 
tulate  in  the  form:  / 

- - — ► 

Two  intersecting  straight  lines  can¬ 
not  both  be  parallel  to  the  same  straight  Fig .  13-1 

line. 

was  expressed  in  a  textbook  written  by  the  English  mathematician, 
John  Playfair,  which  was  published  in  1858.  This  statement  of  the 
postulate  is  often  referred  to  as  “Playfair’s  Axiom”. 

d.  Transversal.  If  a  line  intersects  two  or  more  distinct  lines,  then  it  is  a 
transversal. 
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Fig.  13-2 

In  Fig.  13-2,  AB  intersects  lines  XY  and  ZW  on  distinct  points;  thus 
AB  is  a  transversal.  The  arrows  on  the  ends  of  lines  XY  and  ZW  indicate 
their  endless  nature.  The  arrows  between  X  and  Y,  Z  and  W,  in  Fig. 
13-2  (b),  indicate  line  XY  ||  line  ZW. 

Classification  of  the  angles  formed  by  transversal  AB  (Fig.  13-2) 

1.  Exterior  angles:  Z  1,  Z2,  Z7,  Z8 

2.  Interior  angles:  Z3,  Z4,  Z5,  Z6 

3.  Pairs  of  exterior  angles  on  the  same  side  of  the  transversal: 

(i)  Z2,  Z 7  (ii)  Zl,  Z8 

4.  Pairs  of  interior  angles  on  the  same  side  of  the  transversal: 

(i)  Z3,  Z 6  (ii)  Z4,  Z5 

5.  Pairs  of  alternate  angles: 

(i)  Z3,  Z5  (ii)  Z4,  Z6 

(note:  Alternate  angles  are  on  opposite  sides  of  the  transversal.) 

6.  Pairs  of  corresponding  angles: 

(i)  Zl,  Z 5  (ii)  Z2,  Z6 

(iii)  Z8,  Z4  (iv)  Z7,  Z3 

(note:  Pairs  of  corresponding  angles  are  on  the  same  side  of  the 
transversal.) 


Exercise  13-1 

(B) 

In  each  of  the  following,  name  all  transversals  and  for  each  transversal 
make  a  list  of  all  pairs  of  alternate  angles,  corresponding  angles,  and 
interior  angles  on  the  same  side  of  the  transversal  which  are  labelled: 


Parallel  Lines 


357 


9.  For  the  following  diagrams,  list  the  measurements  of  each  of  the 
angles  formed  by  the  lines  and  the  transversal;  justify  your  answers: 


10.  Two  lines,  l  and  m,  are  cut  by  a  trans¬ 
versal,  t,  as  in  the  diagram  at  the  right. 
If  Z 6  =  Z 4,  prove: 

(i)  Z  5  =  Z  3 

(ii)  Z4  =  Z8 

(iii)  Z1  =  Z7 

(iv)  Z  3  and  Z  6  are  supplementary. 


I 


*■ 


m 


* 
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13*3  The  Parallel  Line  Theorem.  We  have  discovered  by  inductive 

reasoning  the  following  conjectures  about  angle  pairs  formed  by  a  trans¬ 
versal. 


Fig.  13-4 


Fig.  13-3 


CONJECTURE  I 

If  alternate  angles  are  equal,  then  the  two  lines  are  parallel.  That 
is,  if  Z4  =  Z6  (or  Z3  =  Z 5),  then  l  ||  m  (Fig.  13-3). 

Conversely : 

If  two  lines  are  parallel,  then  the  pairs  of  alternate  angles  are  equal. 
That  is,  if  l\\m,  then  Z4  =  Z6  and  Z3  =  Z5  (Fig.  13-4). 

CONJECTURE  II 

If  corresponding  angles  are  equal,  then  the  two  lines  are  parallel.  That 
is,  if  Z2  =  Z6  (or  Z1  =  Z5,  or  Z4  =  Z8,  or  Z7  =  Z3),  then  l  ||  m 
(Fig.  13-3). 

Conversely: 

If  two  lines  are  parallel,  then  pairs  of  corresponding  angles  are  equal. 
That  is,  if  l  ||  m,  then  Z1  =  Z5,  Z2  =  Z6,  Z4  =  Z8,  Z 7  =  Z3 
(Fig.  13-4). 

CONJECTURE  III 

If  the  sum  of  the  measurements  of  two  interior  angles  on  the  same 
side  of  the  transversal  is  180°,  then  the  lines  are  parallel.  That  is,  if 
Z3  +  Z6  =  180°  (or  Z4  +  Z5  =  180°),  then  l  ||  m  (Fig.  13-3). 

Conversely: 

If  two  lines  are  parallel,  then  the  sum  of  the  measurements  of  the  two 
interior  angles  on  the  same  side  of  the  transversal  is  180°.  That  is,  if  l\\m, 
then  Z3  +  Z6  =  180°  and  Z4  4-  Z5  =  180°  (Fig.  13-4). 

Although  these  conjectures  have  been  discovered,  they  have  not  been 
proved  by  deductive  reasoning.  All  of  these  relations  are  contained  in  the 
“if  and  only  if”  statement  of  the  Parallel  Line  Theorem,  which  is  con¬ 
sidered  in  two  parts  in  the  pages  following, 
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THEOREM  7 

Parallel  Line  Theorem 

If  a  transversal  meets  two  lines,  the  two  lines  are  parallel  if  and  only  if : 

(i)  alternate  angles  are  equal; 

(ii)  corresponding  angles  are  equal; 

(iii)  interior  angles  on  the  same  side  of  the  transversal  are  supple¬ 
mentary. 

PART  i 

(i)  If  a  transversal  meets  two  lines  so  that  alternate  angles  are 
equal,  then  the  two  lines  are  parallel. 


Fig.  13-5 

Hypothesis :  Transversal  t  meeting  lines  l  and  m  such  that  Z  1  =  Z  2 

Conclusion:  l\\m 
Analysis : 


I  CAN  PROVE 


IF  I  CAN  PROVE 


1.  1 1|  m 

2.  lyfm  is  false 

3.  I  Jm  leads  to  a  contradiction 


4.  In  Fig.  13-5  ( b )  that  Z  1  >  Z  2 
by  the  Exterior  Angle  Theorem, 
which  contradicts  the  hypothesis. 


1.  I  Km  is  false. 

2.  The  assumption  that  IXm  leads 
to  a  contradiction  of  a  known 
fact. 

3.  The  assumption  that  l  and  m 
have  a  common  point  K, 

Fig.  13-5  ( b ),  leads  to  a 
contradiction. 


Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  489. 
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(ii)  If  a  transversal  meets  two  lines  so  that  corresponding  angles 
are  equal,  then  the  two  lines  are  parallel. 

Hypothesis:  Transversal  t  which  meets 
l,  m,  so  that  Z  3  =  Z  2  {Fig. 

13-6 ) 

Conclusion:  1 1|  m 

Fig.  13-6 


Analysis : 


I  CAN  PROVE 

IF  I  CAN  PROVE 

1 .  1 1 1  m 

1.  Alternate  angles  1  and  2  equal. 

2.  Z  1  =  Z2 

2.  Z  I  =  Z3. 

3.  Z  1  =  Z3  by  the  Vertical  Angle 

Theorem. 

Proof:  Write  a  complete  proof  from  the  above  analysis;  compare  your 
proof  with  that  on  page  490. 

(iii)  If  a  transversal  meets  two  lines  so  that  interior  angles  on 
the  same  side  of  the  transversal  are  supplementary,  then  the 
two  lines  are  parallel. 

Hypothesis:  Transversal  t  which  meets 
l,  m,  so  that  Z  4  +  Z  2  = 

180°  {Fig.  13-7 ) 

Conclusion:  l\\m 

Fig.  13-7 

Analysis : 


I  CAN  PROVE  if  I  CAN  PROVE 


1.  1 1|  m 

1.  Alternate  angles  1  and  2  are 

equal. 

2.  Z  1  =  Z2 

2.  Z1  +  Z4  =  Z2+  Z4. 

3.  Z1+  Z4  =  Z2  +  Z4 

3.  Z1+  Z4  =  180°. 

4.  Z  1  +  Z4  =  180°  by  definition. 

Parallel  Lines 
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Proof:  Write  a  complete  proof  from  the  above  analysis;  compare  your 
proof  with  that  on  page  490. 

Corollary:  If  lines  are  perpendicular  to  the  same  line,  then  they  are 
parallel  to  each  other. 

Write  an  analysis  and  proof  of  this  corollary;  compare  it  with  that  on 
page  490. 

Authorities  used  in  proving  lines  parallel : 

(i)  equal  alternate  angles; 

(ii)  equal  corresponding  angles; 

(iii)  supplementary  angles. 

In  some  problems  involving  parallel  line  segments,  the  line  segments 
meet  the  transversal  without  crossing  it.  In  such  cases  it  is  sometimes 
difficult  to  locate  corresponding  angles,  alternate  angles,  or  two  supple¬ 
mentary  interior  angles  on  the  same  side  of  the  transversal.  By  extending 
the  line  segments,  as  shown  in  Fig.  13-8,  the  angle  relationships  necessary 
for  parallel  lines  become  more  apparent.  The  horizontal  line  segments  in 
each  case  are  parallel  by  the  Parallel  Line  Theorem. 
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Example  1.  In  each  diagram  of  Fig.  13-9  state,  giving  reasons,  which 
line  segments  are  parallel : 


Fig.  13-9 


STATEMENTS 

(i)  AB\\CD 

(ii)  MR  ||  PQ 

(iii)  EH  ||  FG,  EF  ||  HG 


AUTHORITIES 

(i)  Equal  corresponding  angles 

(ii)  Equal  alternate  angles 

(iii)  Supplementary  angles 
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Example  2.  In  each  diagram  of  Fig. 
segments  are  parallel : 


'-10  state,  giving  reasons,  which  line 


(ii) 


STATEMENTS 

AUTHORITIES 

(i)  HK\\ZXY 

(i)  Equal  alternate  angles 

(ii)  1.  AEDF  =  ABDC  =  40° 

(ii)  1.  Vertical  angles 

2.  Z.ACDA-  A  CDB=  140°+40° 

2.  Addition 

o 

O 

00 

r—H 

II 

3.  AC\\BD 

3.  Supplementary  angles 

definition:  If  a  quadrilateral  has  both  pairs  of  opposite  sides 
parallel,  then  it  is  a  parallelogram. 

Example  3. 

Hypothesis:  Quadrilateral  ABCD,  Fig.  13-11,  in  which  AB  =  DC, 
AD  =  BC 


Fig.  13-11  Fig.  13-12 


Conclusion:  ABCD  is  a  parallelogram. 
Analysis : 


I  CAN  PROVE  IF  I  CAN  PROVE 


1.  ABCD  is  a  parallelogram 

1.  AB  ||  DC  and  AD  ||  BC  . 

2.  AB  ||  DC 

2.  ABAC  =  ADC  A  . 

3.  ABAC  =  ADC  A 

3.  ABAC  ^  A  DC  A  . 

4.  ABAC  =  ADC  A  by  sss. 

5.  AD  ||  BC  in  a  similar  manner. 

Proof :  Write  a  complete  proof ;  compare  your  proof  with  that  on  page  490, 
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Example  4.  Write  an  analysis  and  proof  of  the  following  deduction; 
compare  your  analysis  and  proof  with  that  on  page  491. 


Hypothesis:  A  ABC  in  which  E  is  the  midpoint 
of  AC,  D  is  on  AB,  DE  is  extended 
so  that  EF  =  DE  (Fig.  13-13 ) 

Conclusion:  FC  \  \  A B 


Fig.  13-13 


Exercise  13-2 

(A) 

1.  In  each  of  the  following  diagrams,  state,  giving  reasons,  the  line 
segments  which  are  parallel: 


2.  In  the  following  demonstration  of  proof, 
state  the  authority  which  justifies  the 
statement  in  each  line  of  the  proof : 

Hypothesis:  A  ABC  in  which  E  is  the  mid¬ 
point  of  AC,  D  is  on  AB,  DE 
is  extended  so  that  EF  =  DE 

Conclusion:  FC  ||  AB 
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Proof : 

STATEMENTS  AUTHORITIES 


1.  In  A’s  AED  and  CEF 

i  AE  =  CE 

1. 

2. 

|  DE  =  FE 

2. 

3. 

(zAED=  ZCEF 

3. 

4.  AAED  =  A  CEF 

4. 

5.  Z 1  =  Z2 

5. 

6.  FC  ||  AB 

6; 

(B) 

3.  Write  an  analysis  of  the  following  deduction: 
In  the  diagram,  AB  =  AC,  AF  bisects 
ABAC,  DE  ±  AF  . 

Prove  DE\\BC  . 


Write  a  complete  proof  for  each  of  the  following  deductions : 

4.  In  the  diagram,  left  below,  AF  bisects  ABAC,  DE  is  the  right 
bisector  of  AF.  Prove  DF  ||  AC  . 


6.  In  a  given  circle  (right  above),  AB  and  CD  are  perpendicular  diam¬ 
eters.  Prove  that  AC  ||  BD  . 

6.  Prove  that  a  quadrilateral  ABCD  with  all  sides  equal  is  a  parallelo¬ 
gram:  that  is,  AB  ||  CD  and  AD  ||  BC  . 

7.  Prove  that  a  square  is  a  parallelogram. 

8.  E  and  D  are  the  midpoints  of  AB  and  AC,  respectively,  in  A  ABC. 
CE  is  extended  to  G  so  that  GE  =  EC.  Similarly,  BD  is  extended  to 
F  so  that  FD  =  DB.  Prove  (i)  AG\\BC  (ii)  AF  \\  BC  and  hence 
AGAF  is  a  straight  angle. 
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9.  In  A  ABC,  D  and  E  are  the  midpoints  of  AB  and  AC,  respectively. 
DE  is  extended  to  F  so  that  FE  =  ED.  Prove  FC  ||  AB 

10.  In  quadrilateral  PQRS,  X  and  Y  are  the  midpoints  of  PQ  and  SR 
respectively,  ZPSR  =  ZQRS,  PS  =  QR.  Prove  that  (i)  XY  ±  PQ 
(ii )XY±SR  (iii)  PQ  ||  SR  . 

13*5  The  Parallel  Line  Theorem,  Part  II. 

THEOREM  7 

Parallel  Line  Theorem 

If  a  transversal  meets  two  lines,  the  two  lines  are  parallel  if  and  only  if : 

(i)  alternate  angles  are  equal; 

(ii)  corresponding  angles  are  equal ; 

(iii)  interior  angles  on  the  same  side  of  the  transversal  are  supple¬ 
mentary. 

PART  II 

Converses:  (i)  If  a  transversal  meets  two  parallel  lines,  then  alternate 


angles  are  equal. 

i / 

,1  V  >  y 

V 

t  l  A/  >  r 

y2> 

rn  4/3 

G  7 

.  m  4A\ 

/B  * 

* - JB  '  * 

/  (a) 

/  (6) 

Fig.  18-14 

Hypothesis:  Transversal  t  meets  two  parallel  lines,  l  and  m,  at  A  and 

B,  respectively,  Fig.  13-14  («)• 

Conclusion :  Z  1  =  Z  3,  Z  2  =  Z  4 
Analysis : 

I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  Z 1  =  Z  3 

1.  Z  1  ^  Z3  is  false. 

2.  Zl  Z  3  is  false 

2.  Z  1  ^  Z3  leads  to  a  contradic- 

3.  Z  1  Z3  leads  to  a 

tion  of  a  known  fact. 

3.  Ray  AG  such  that  Z5  =  Z3 

contradiction 

leads  to  a  contradiction. 

4.  Ray  AG  is  parallel  to  line  m  by 
the  Parallel  Line  Theorem, 
which  contradicts  the  parallel 
postulate. 
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Proof :  Write  a  complete  proof ;  compare  your  proof  with  that  on  page  491. 


(ii)  If  a  transversal  meets  two  parallel  lines,  then  corresponding 
angles  are  equal. 


Hypothesis:  Transversal  t  meets  parallel 
lines  l,  m  (Fig.  18-15). 

Conclusion :  Z  1  =  Z  2 

Fig.  13-15 

Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  491. 

(iii)  If  a  transversal  meets  two  parallel  lines,  then  interior 
angles  on  the  same  side  of  the  transversal  are  supple¬ 
mentary. 


Hypothesis :  Transversal  t  meets  parallel 
lines  l  and  m  (Fig.  13-16). 

Conclusion:  Zl+Z2=180° 


Proof :  Write  a  complete  proof;  compare  your  proof  with  that  on  page  491 . 

Corollary :  If  lines  are  parallel  to  the  same  line,  then  the  lines  are  parallel 
to  each  other. 


Example  1.  Parallel  line  segments  are  indicated  in  the  diagrams  by 
arrowheads.  In  each  diagram  (Fig.  13-17),  state  the  pairs  of  equal  angles. 


Fig.  13-17 


Parallel  Lines 

Solution. 


%1 


(i)  Ax  =  Ay  )  corresponding 
Aw  —  Az  j  angles 


(ii)  Ax  —  Ar  \  corresponding 
Aw  =  As  j  angles 


Ax  =  Ay  )  alternate 
Az  =  As  j  angles 


Example  2.  In  Fig.  13-18,  prove  that  AD  bisects  the  exterior  Z  EAC  of 
A  ABC  . 


Hypothesis:  A  ABC  in  which  AB  =  AC 
and  AD\\BC 

Conclusion :  Z  1  =  A  2 


Analysis : 


I  CAN  PROVE 

1.  Z  1  =  Z  2 

2.  Z 1  =  A3,  A  2  =  Z4 

by  the  Parallel  Line  Theorem. 

3.  Z  3  =  Z  4  by  the  Isosceles 
Triangle  Theorem. 


IF  I  CAN  PROVE 

1.  Z1  =  Z3,  Z2  =  Z4, 
and  Z  3  =  Z  4  . 


Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  492. 


Example  3.  In  any  parallelogram  prove  that  the  opposite  angles  are 
equal. 


Hypothesis:  \\gm  DEFG  {Fig. 13-19)  in 

which  DE  ||  GF  and  DG\\EF 

Conclusion:  (i)  AGDE  =  AEFG 
(ii)  AE  =  AG 


Fig.  13-19 


Write  an  analysis  and  proof  of  this  deduction;  compare  your  solution 
with  that  on  page  492. 


368 


Chapter  XIII 


Exercise  13-3 


(A) 

X  A  Y 

1.  In  the  diagram,  a  perpendicular  is  drawn  from 

A  to  BC.  If  XA  Y  ||  BC,  prove  that  AD  is  per¬ 
pendicular  to  XY  .  rn 

B  D  C 


2.  In  each  of  the  following  diagrams,  state,  giving  reasons,  pairs  of  angles 
that  are  equal : 


3.  In  the  following,  state  the  measurements  of  Z  1 ,  Z  2,  Z  3 : 


4.  State  the  parallel  postulate. 

6.  In  the  accompanying  diagram,  the 
ruler-compasses  construction  used 
in  a  physical  model  to  draw  a  line 
segment  parallel  to  a  given  line 
segment  AB  on  a  given  point  P  is 
demonstrated.  Prove  the  construc¬ 
tion  method  by  proving  PQ  ||  CD  . 
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(B) 

Write  a  complete  proof  of  each  of  the  following  deductions: 

6.  In  the  diagram  at  the  left  below,  DE  ||  AB  and  EF  ||  BC.  Prove 
/.ABC  =  /DEF. 


7.  In  the  diagram  at  the  right  above,  prove  AB  =  AC  . 

8.  AB  and  CD  are  perpendicular  diameters  of  a  circle.  Prove  ABDC  is 
a  parallelogram  with  all  sides  equal. 

9.  If  in  a  quadrilateral  one  pair  of  opposite  sides  is  equal  and  parallel, 
then  the  other  pair  of  sides  is  equal  and  parallel. 

10.  If  one  angle  of  a  parallelogram  is  90°,  then  each  of  the  other  three 
angles  is  also  90°. 


11.  If  A  BCD  is  a  quadrilateral  whose  diagonals 
bisect  each  other  at  E,  as  illustrated,  then 
ABCD  is  a  parallelogram. 


12.  In  the  quadrilateral  ABCD ,  AB  ||  CD  and 
AB  =  CD.  AB  is  extended  to  E  so  that 
AB  =  BE  as  illustrated.  Prove  that  BD 
=  EC  and  BD  \\EC . 


13.  If  the  bisector  of  an  exterior  angle  of  a  triangle  is  parallel  to  the 
opposite  side,  then  the  triangle  has  two  equal  angles. 

14.  In  A XYZ,  D  is  on  XY,  E  on  XZ,  F  on  ZY  such  that  DE  ||  YZ  and 
EF  ||  XY.  Prove  that  the  three  angles  of  A XDE  are  respectively 
equal  to  the  three  angles  of  A  EFZ.  Thus  A  XDE  is  equiangular  to 
A  EFZ. 
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15.  In  the  diagram  at  the  left  below,  if  ZA  —  Z.HXB,  prove  Z.ACY 
=  AFZK. 


16.  P  and  Q  are  the  centres  of  two  intersecting  circles.  Two  parallel  radii, 
AP  and  BQ,  are  drawn.  AB  intersects  the  circles  on  D  and  E,  as 
illustrated  at  the  right  above.  Prove  PE  1 1  DQ  . 

17.  ABCD  is  a  parallelogram.  The  bisectors  of  angles  B  and  D  meet 
AD,  BC  on  E  and  F,  respectively.  Prove  BE  ||  DF  . 

18.  ABCD  is  a  quadrilateral  with  AB  —  CD  and  BC  —  AD.  The  mid¬ 
points  of  AD,  AB,  BC,  and  CD  are  E,  F,  G,  and  H,  respectively. 
Prove  that  EF  =  GH  . 

13*6  Historical  note  on  the  calculation  of  the  circumference  of  the  earth. 

While  Euclid  was  Professor  of  Mathematics  at  the  University  of 
Alexandria  (ca.  300  b.c.),  he  wrote  his  textbook  on  geometry,  The  Ele¬ 
ments.  In  it  the  Parallel  Line  Theorem  was  known  as  Theorem  29. 


Later,  at  the  same  University,  Eratosthenes  (ca.  240  b.c.),  whose  official 
position  was  librarian,  geographer,  and  poet,  undertook  to  calculate  the 
circumference  of  the  earth.  To  do  this  he  used  Euclid’s  Theorem  29. 
On  a  certain  day  at  noon,  the  sun  shone  vertically  into  a  deep  well  at 
Syene  (now  Aswan)  on  the  Nile.  At  the  same  moment,  at  Alexandria  500 
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miles  north  of  Syene,  the  shadow  of  a  high  pillar  showed  that  the  sun 
was  7°  12'  south  of  the  vertical. 

In  Fig.  18-20,  ABAC  =  7^°.  CA  and  DSO  are  parallel  rays  of  the  sun, 
and  BO  is  a  transversal  making  ABAC  =  A  BOD  =  7|°. 

3  GO 

At  0,  the  centre  of  the  earth,  there  are  or  50  such  angles.  Thus,  the 

<~5 

circumference  of  the  earth  must  be  50  X  arc  AS,  or  50  X  500  miles,  or 
25,000  miles.  This  is  a  remarkably  fine  result  to  have  been  found  over 
2,000  years  ago  using  very  ordinary  instruments. 

13*7  Parallelogram  Theorems.  The  two  theorems  following  establish  the 
basic  properties  of  a  parallelogram. 

THEOREM  8 

Quadrilateral- Parallelogram  Theorem 

If  two  opposite  sides  of  a  quadrilateral  are  equal  and  parallel,  the 
quadrilateral  is  a  parallelogram. 


Hypothesis:  Quadrilateral  ABCD  in  which  AD  —  BC  and  AD  ||  BC 
(Fig.  13-21 ) 

Conclusion:  ABCD  is  a  parallelogram. 

Analysis : 


I  CAN  PROVE  IF  I  CAN  PROVE 


1.  ABCD  is  a  parallelogram 

1.  AB  ||  CD  . 

2.  AB  ||  CD 

2.  Alternate  angles  ABD  and 

CDB  are  equal. 

3.  AABD  =  ACDB 

3.  A  ABD  ^  A  CDB  . 

4.  A ABD  ~  ACDB  by  sas 

4.  Z  ADB  =  Z  CBD  . 

5.  A  ADB  =  A  CBD  by  the  Parallel 

Line  Theorem  (equal  alternate 

angles). 

Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  493. 
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THEOREM  9 

Parallelogram  Theorem 
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In  any  parallelogram: 

(i)  the  opposite  angles  are  equal; 

(ii)  the  opposite  sides  are  equal; 

(iii)  the  diagonals  bisect  each  other. 


Fig.  18-22 


Hypothesis:  A  parallelogram  ABCD  in  which  AC  and  BD  intersect  at  E, 
Fig.  13-22  (i b ) 

Conclusion:  (i)  ZA  =  ZC,  ZABC  =  ZADC 

(ii)  AD  =  BC,  AB  =  DC 

(iii)  BD  and  AC  bisect  each  other. 

Analysis : 


part  (i)  and  (ii) 

I  CAN  PROVE 


IP  I  CAN  PROVE 


1.  ZA  =  ZC,  ZABC  =  ZADC , 
AD  =  BC,  AB  =  DC 

2.  A ABD  ~  A CDB  by  asa 

3.  ZADB  =  ZCBD  and  ZABD 
=  Z  CDB  by  the  Parallel  Line 
Theorem  (equal  alternate  angles). 


1.  AABD  ^  A  CDB  . 

2.  Z  ADB  =  Z  CBD  and 
ZABD =  ZCDB . 


part  (iii) 

I  CAN  PROVE 

1.  BD  and  AC  bisect  each  other 

2.  AE  =  EC  and  BE  =  ED 

3.  A  AED  ^  A  CEB  by  asa  ( AD 
=  CB,  proved  in  part  (ii)  ) 

4.  ZDAE  =  ZECB  and  ZADE 
=  Z  CBE  by  the  Parallel  Line 
Theorem  (equal  alternate  angles). 


IF  I  CAN  PROVE 

1.  AE  =  EC  and  BE  =  ED  . 

2.  A  AED  ~  A  CEB  . 

3.  ZDAE  —  ZECB  and 
ZADE  =  ZCBE  . 
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Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  493. 

Corollary:  The  perpendicular  distance  between  any  two  parallel  lines  is 
constant. 


Exercise  13-4 


(A) 

1.  In  each  of  the  parallelograms  below,  state  the  numbers  represented 
by  x,  y,  z ,  and  w: 


2.  In  the  accompanying  diagram, 
BC  =  7  in.,  AF  =  3  in.;  find 
the  lengths  of  AE ,  FE,  FD, 
and  ED , 


3.  Quote  the  authorities  now  available  for  proving  two  straight  lines 
parallel 

(B) 

Write  a  complete  proof  for  each  of  the  following : 

4.  In  parallelogram  ABCD,  left  below,  AP  =  BQ.  Prove  PQ  =  DC . 


5.  In  the  centre  diagram  above,  prove  four  triangles  congruent. 

6.  In  parallelogram  PQRS  at  the  right  above,  prove  that  the  perpen¬ 
diculars  from  P  and  R  to  the  diagonal  QS  are  equal.  Prove  also 
that  PARB  is  a  parallelogram. 


374 


Chapter  XIII 


definition:  A  rhombus  is  a  parallelogram  with  a  pair  of  adjacent 
sides  equal. 

Write  a  complete  proof  for  each  of  the  following: 

7.  A  rhombus  has  all  sides  equal. 

8.  PQRS  is  a  parallelogram.  X  and  Y  are  the  midpoints  of  PS  and  QR, 
respectively.  Prove  PYRX  is  a  parallelogram. 

9.  The  quadrilateral  formed  by  joining  the  midpoints  of  the  sides  of  any 
parallelogram  is  also  a  parallelogram. 

10.  ABCD  is  a  parallelogram  and  E  is  the  point  of  intersection  of  the 
diagonals.  Prove  that  a  line  segment  on  E  and  terminated  by  the 
sides  is  bisected  by  E. 

11.  ABCD  is  a  parallelogram.  E  is  the  midpoint  of  AD,  and  F  is  the  mid¬ 
point  of  BC.  Prove  that  CE  and  AF  trisect  the  diagonal  BD. 

12.  XYPQ  is  a  rhombus.  YX  is  extended  its  own  length  to  F,  and  QP  is 
extended  its  own  length  to  E.  Prove  that  FYEQ  is  a  parallelogram. 

13.  In  an  isosceles  trapezoid,  ABCD  has  AD  ||  BC,  AB  =  DC,  DE  ||  AB 
(diagram  left  below).  Prove  (i)  Z ABC  =  /DCB  (ii)  /.BAD 
=  /ADC. 


14.  In  the  diagram  at  the  right  above,  AB  =  AC,  ED  ||  AC,  DF  ||  AB. 
Prove  AE  -f  ED  -| -AF  +  FD  —  AB  +  AC  . 

15.  The  diagonals  of  a  rhombus  are  perpendicular  to  each  other. 


16.  In  the  diagram  at  the  right,  ABCD  is  a 
parallelogram  with  sides  extended  so  that 
AW  =  BX  =  CY  =  DZ  .  Prove  that 
WXYZ  is  a  parallelogram. 


W 


17.  D  and  E  are  the  midpoints  of  AB  and  AC,  respectively,  of  any 
triangle  ABC.  Prove  DE  ||  BC  and  equal  to  one-half  of  BC. 


13*8  The  angle  sum  of  a  triangle.  The  angle  sum  of  a  triangle  is  the  sum 
of  the  measurements  of  the  angles  of  a  triapgle.  By  inductive  reasoning 
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the  conjecture  was  made  that  the  angle  sum  of  a  triangle  is  180°.  This 
important  relation  of  Euclidean  geometry  is  established  in  the  following 
theorem. 

THEOREM  10 

Triangle  Angle  Sum  Theorem 

The  angle  sum  of  a  triangle  is  180°. 


Hypothesis:  A  ABC,  Fig.  18-28  (a) 
Conclusion:  Z  1  +  Z2  +  Z3  =  180° 
Analysis : 


I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  Z1  +  Z2  +  Z3  =  180° 

1.  Zl+Z4+Z3  =  180°  in 

Fig.  13-23  {b). 

2.  Z1  +  Z4  +  Z3  =  180° 

2.  Ray  AD  ||  BC  . 

3.  Ray  AD  ||  BC  by  the  Parallel 

Line  Theorem. 

Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  493. 

Corollary  1:  An  exterior  angle  of  a  triangle  is  equal  to  the  sum  of  its 
remote  interior  angles. 


Hypothesis:  A  ABC  and  exterior  angle  4, 
Fig.  13-24 

Conclusion :  Z4  =  Z1+  Z2 
Analysis : 


I  CAN  PROVE 


IF  I  CAN  PROVE 


1.  Z4  =  Z1  +  Z2 

2.  Z4  +  Z3  =  180°  by  definition. 
Z1  +  Z2  +  Z3  =  180°  by 
the  Triangle  Angle  Sum  Theorem. 


1.  Z4  +  Z3  =  Z1  +  Z2  -h  Z3. 


Proof :  Write  a  complete  proof;  compare  your  proof  with  that  on  page  494. 
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Corollary  2 :  If  two  angles  of  one  triangle  are  respectively  equal  to  two 
angles  of  another  triangle,  the  third  angles  are  equal. 

Analyse  this  deduction  and  write  a  complete  proof;  compare  your 
proof  with  that  on  page  494. 

Corollary  3:  The  acute  angles  of  a  right  triangle  are  complementary. 

Write  a  complete  proof  of  this  deduction  and  compare  it  with  that  on 
page  494. 


Corollary  4:  If  one  angle  of  a  triangle  is  equal  to  the  sum  of  the  other 
two  angles,  then  that  angle  is  a  right  angle. 


Hypothesis:  A  ABC  in  which  ZC  =  ZA  +  ZB, 
Fig.  13-25 

Conclusion :  ZC  is  a  right  angle. 


Analysis : 


I  CAN  PROVE  IF  I  CAN  PROVE 


1.  Z  C  is  a  right  angle 

1.  ZC  =  90°. 

2.  ZC  =  90° 

2.  2  ZC  =  180°. 

3.  2  ZC  =  180° 

3.  2  ZC  =  ZA  +  ZB  +  ZC. 

4.  2  ZC  =  ZA  +  ZB  +  ZC 

4.  ZC  =  ZA  +  ZB  . 

5.  ZC  —  ZA  -f  ZB 

by  hypothesis. 

Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  494. 


Corollary  5:  Each  angle  of  an  equilateral  triangle  has  a  measurement 
of  60°. 


Example  1.  In  Fig.  13-26,  C  is  any  point  on 
a  circle  with  A  OB  as  diameter.  Prove  ZACB 
=  90°,  that  is,  the  angle  in  a  semicircle  is  a 
right  angle. 

Hypothesis:  C  is  any  point  on  a  circle  with  AOB 
as  diameter. 

Conclusion:  ZACB  =  90° 
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I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  ZACB  =  90° 

1.  Z3  +  Z4  =  90°  . 

2.  Z3  +  Z4  =  90° 

2.  Z3+  Z4  =  Zl  +  Z2. 

3.  Z3  +  Z4  =  Z1+  Z2 

3.  Z3  =  Z  1,  Z4  =  Z 2  . 

4.  Z3*=  Zl,  Z4  =  Z2  by  the 

Isosceles  Triangle  Theorem. 

Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  495. 


Example  2.  In  Fig.  13-27,  ABC  is  a  triangle  in  which 
the  angles  B  and  C  are  each  double  the  vertical  angle 
A.  The  bisector  of  ZACB  meets  AB  at  D.  Prove 
that  Z ADC  =  3  ZA  . 

Hypothesis:  A  ABC  in  which  Zw  —  Zy  -f*  Zz  = 

2Za;,  Zy  —  Zz 

Conclusion:  ZADC  =  3  Zx 


Write  a  complete  analysis  and  proof;  compare  your  solution  with  the 
one  given  on  page  495. 

Example  3.  Using  ruler  and  compasses,  construct  angles  of  30°  and  75°. 


Fig.  13-28 


Exercise  13-5 


(A) 


1.  In  the  following  diagrams,  find  x  and  y  and  the  measurement  of  each 
angle : 


m 
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2.  In  each  of  the  following  diagrams,  x  and  y  represent  the  number  of 
degrees  in  the  angles  indicated.  Find  x  and  y  in  each  case. 


3.  In  the  diagram  at  the  left  below,  ABC  is  an  isosceles  right  triangle. 
Prove  that  Z.B  =  ZC  =  45°  . 


4.  In  the  centre  figure  above,  find  the  angle  sum  of  the  interior  angles  of 
quadrilateral  PQRS. 

6.  In  the  diagram  at  the  right  above,  prove  that  Z.AEB  =  90°  . 


Parallel  Lines 


379 


(B) 

6.  ABC  is  an  equilateral  triangle  with  AC  extended  to  D  so  that 
CD  =  AC.  Prove  /ABD  =  90°  . 

7.  In  the  diagram  left  below,  find  the  angle  sum  of  /ACB  and  /.ABC, 
and  calculate  the  number  of  degrees  in  Z  BDC. 


8.  In  the  centre  diagram  above,  XK  |[  YH  and  KY  bisects  Z XYH . 
Find  x. 

9.  In  the  diagram  at  the  right  above,  the  bisectors  of  angles  A  and  B 
meet  on  0  to  form  right  angle  AOB.  Prove  AD  ||  BC. 

Write  an  analysis  of  the  deductions  in  10,  11,  12  below: 

10.  ABC  is  an  isosceles  triangle  in  which  AB  =  AC,  and  AC  is  extended  to 
D  so  that  CD  =  CB.  Prove  that  /ABD  =  3  /D  . 


11. 


In  the  diagram  at  the  right,  AB  =  AC 
and  EF  _L  BC  . 

Prove  that  /ADE  =  /AED  . 


12.  If  the  bisectors  of  angles  P  and  S,  in  the 
diagram  at  the  left,  meet  at  the  centre  0 
of  the  circle,  making  /POS  =  90°,  prove 
PQRS  is  a  square. 


Write  a  complete  proof  for  each  of  the  following: 

13.  ABC  is  any  triangle.  Equilateral  triangles  ABD  and  ACE  are  drawn 
outward  on  AB  and  AC.  Prove  AD  AC  ^  A  ABE  and  hence 
CD  =  BE  . 

14.  In  AABC,  AB  =  AC  .  D  and  E  are  points  on  AB  and  AC,  re 
spectively,  such  that  AD  «=  AE,  Prove  that  DE  ||  BC  . 
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16.  Explain  why  the  table-top  in  the  diagram  left  below,  is  always  parallel 
to  the  floor,  DE. 


16.  To  make  an  equi-sided  hexagon  in  a  circle,  centre  0,  choose  any 
point  A  on  the  circumference.  Starting  with  A  as  centre  and  radius 
AO,  arcs  are  “stepped  off  around  the  circle”  at  B,  C,  D,  E,  and  F. 
In  the  diagram,  prove  FA  is  equal  to  each  of  the  other  sides. 

17.  The  Greeks,  as  well  as  scholars  of  the  Middle  Ages,  spent  much  time 
trying  to  trisect  an  angle.  It  has  been  shown  that  this  is  impossible 
using  only  a  pair  of  compasses  and  a  straight  edge.  In  (a)  below, 


prove  that  A  A  =  \  Z  CBD  —  f  Z  CDE  .  Hence  prove  that  the 
mechanical  device  shown  in  (6)  may  be  used,  within  limits,  to  make 
an  angle  (i)  \  (ii)  -§•  the  measurement  of  a  given  angle. 


(C) 

18.  In  A  ABC  the  bisectors  of  angles  B  and  C  meet  at  E.  If  the  number  of 
degrees  in  angle  A  is  x,  prove  that  ZBEC  =  (90  +  4x)°. 

19.  In  A  ABC  the  exterior  angles  at  B  and  C  are  bisected.  Prove  that 
these  bisectors  meet  at  an  angle  with  measurement  (90  —  %x)  °  where 
x  is  the  number  of  degrees  in  /.A. 

13*9  The  aas  Congruence  Theorem.  The  congruence  postulates  (sas,  sss, 
asa)  specify  three  sets  of  sufficient  conditions  for  congruence  of  triangles. 
Theorems  11  and  12  establish  two  additional  sets  of  sufficient  conditions 
for  congruence  of  triangles. 
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THEOREM  11 

The  aas  Congruence  Theorem 

If  two  angles  and  a  side  opposite  one  of  them  in  one  triangle  are  res¬ 
pectively  equal  to  two  angles  and  the  corresponding  side  in  a  second 
triangle,  then  the  two  triangles  are  congruent. 

A  D 


Fig .  18-29 

Hypothesis:  A  ABC  and  A  DEF  such  that  /.A  —  ZD,  ZB  =  ZE, 
BC  =  EF 

Conclusion:  AABC  =  ADEF 
Analysis : 


I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  A  ABC  ~  ADEF 

1.  The  conditions  for  sas,  sss,  or 

asa. 

2.  The  conditions  for  asa 

2.  ZC  —  ZF . 

3.  ZC  =  Z F  by  the  Angle  Sum 

Theorem. 

Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  495. 


Exercise  13-6 


(A) 

1.  In  each  of  the  following  diagrams,  A  B  and  CD  are  line  segments. 
State  all  the  facts  you  can  about  each  diagram. 

(ii)  A  C 
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(B) 

Write  a  complete  proof  of  each  of  the  following 
deductions: 

2.  If  the  bisector  of  A  A  in  AABC  is  perpendicular 
to  BC,  prove  A  ABC  is  isosceles. 

3.  In  the  diagram  at  the  right  A B  =  AC,  BD  A.  AC, 
CE  _L  AB.  Prove  A EBC  ~  ADCB  . 


A 


4.  In  the  diagram  left  below,  F  is  the  midpoint  of  QR,  one  side  of  paral¬ 
lelogram  PQRS.  SF  is  extended  to  intersect  PQ  extended  on  W.  Prove 
that  SF  =  FW  . 


A 


5.  In  the  diagram  at  the  right  above,  pB  and  PC  are  the  bisectors  of 
angles  B  and  C.  PD  _L  BC,  PF  ±  AB,  PE  _L  AC.  Prove  that  the 
point  P  is  equidistant  from  the  three  sides  of  the  triangle.  The  circle 
drawn  with  centre  P  and  radius  PD  is  called  the  inscribed  circle  of 
the  triangle;  P  is  the  incentre  of  the  triangle. 


13*10  The  Right  Triangle  Congruence  Theorem. 

THEOREM  12 

Right  Triangle  Congruence  Theorem 

If  the  hypotenuse  and  one  side  of  a  right  triangle  are  respectively  equal 
to  the  hypotenuse  and  the  corresponding  side  of  another  right  triangle, 
then  the  triangles  are  congruent. 
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Hypothesis:  A  ABC  and  A  DEF  such  that  AB  =  DE,  AC  =  DF, 
ZACB  =  Z.DFE  =  90° 

Conclusion:  AABC  =  ADEF 

Proof :  Copy  and  complete  the  following  proof ;  compare  your  proof  with 
that  on  page  496. 


STATEMENTS 

AUTHORITIES 

1.  On  the  ray  opposite  FE,  G  is  the  point  such 

1. 

that  FG  =  CB  . 

2.  In  A’s  ABC,  DGF  (  AC  =  DF 

2. 

3.  )  BC  =  GF 

3. 

4.  [zACB  =  ADFG  =  90° 

4. 

5.  A  ABC  9*  A  DGF 

5. 

6.  DG  =  AB  =  DE 

6. 

7.  /DGF  =  /.ABC  =  Z DEF 

7. 

8.  A  ABC  ££  A  DEF 

8. 

Exercise  13-7 

.  (A) 

1.  State  all  the  facts  you  can  about  each  of  the  following  diagrams: 
(i)  -  (ii)  (iii)  (iv) 


(B) 

Write  a  complete  proof  for  each  of  the  following: 

2.  A  ray  from  the  centre  of  a  circle  perpendicular  to  a  chord  bisects 
the  chord. 

3.  A  ray  from  the  vertex  of  an  isosceles  triangle,  perpendicular  to  the 
base,  bisects  the  base. 

4.  If  a  point  within  a  triangle  is  equidistant  from  the  three  sides,  prove 
that  the  point  is  on  the  bisector  of  each  angle. 

5.  If  the  line  segments  from  the  midpoint  of  the  base  of  a  triangle  per¬ 
pendicular  to  the  sides  are  equal,  the  triangle  is  isosceles. 
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6.  A ,  B,  D,  C  are  points  on  a  circle,  centre  0.  OX  _L  AB,OY  _L  CD,  and 
OX  =  OY.  Prove  AX  =  CY  and  BX  =  DY,  and  hence  AB  =  CD . 


13*11  The  Angle  Bisector  Theorem.  Write  a  complete  proof  of  the 
following  theorem;  compare  your  proof  with  that  on  page  496. 

THEOREM  13 

Angle  Bisector  Theorem 

A  point  is  equidistant  from  the  sides  of  an  angle  if  and  only  if  it  is  on 
the  bisector  of  the  angle. 


13*12  Planes.  Although  a  plane  is  unlimited  in  extent  in  space,  we 
usually  picture  it  as  a  quadrilateral  drawn  obliquely.  In  Fig .  13-31  (a), 
quadrilateral  ABCD  represents  a  plane.  This  plane  may  be  referred  to  as 
plane  AC  or  as  plane  p.  The  lines  BC  and  CD  are  drawn  heavier  to  make 
the  plane  appear  horizontal.  Fig.  13-31(b )  illustrates  a  point  M,  a  line, 
and  a  line  segment  OR,  in  a  plane  AC. 


Fig.  13-31 


a.  Fundamental  properties  of  planes. 


Fig.  13-33 


(i)  The  intersection  of  a  line  and  a 
plane  is  a  point,  Fig.  13-32. 


(ii)  The  intersection  of  two  planes 
is  a  line,  Fig.  13-33. 
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(iii)  A  plane  is  determined  by  three 
points  not  in  the  same  line, 
Fig.  13-31 


(iv)  A  plane  is  determined  by  a  line 
and  a  point  not  on  the  line, 
Fig.  13-35. 


(v)  A  plane  is  determined  by  two  (vi)  A  plane  is  determined  by  two 
intersecting  lines,  Fig.  13-36.  parallel  lines,  Fig.  13-37. 


b.  Parallel  and  perpendicular  planes  and  lines. 


Fig.  13-38 

(i)  If  two  planes  have  no  point  in 
common,  then  they  are  parallel. 
If  a  straight  line  and  a  plane 
have  no  common  point,  then 
they  are  parallel,  Fig.  13-38. 


(ii)  If  two  parallel  planes  are  cut  by 
a  third  plane,  then  the  lines  of 
intersection  are  parallel,  Fig. 
13-39. 
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Fig.  13-40 

(iii)  If  a  line  is  perpendicular  to 
each  of  two  intersecting  lines 
on  their  point  of  intersection, 
it  is  perpendicular  to  the  plane 
of  the  two  lines,  Fig.  13-40. 


Fig.  13-42 

(v)  If  two  planes  are  perpendicular 
to  the  same  line,  then  they  are 
parallel,  Fig.  13-42. 

Through  a  point  external  to  a 
plane,  there  is  one  and  only  one 
plane  parallel  to  the  given  plane. 


(iv)  If  two  lines  are  perpendicular 
to  the  same  plane,  then  they 
are  parallel,  Fig.  13-41 . 


(vi)  If  a  line  is  perpendicular  to  one 
of  two  parallel  planes,  then  it 
is  perpendicular  to  the  other, 
Fig.  13-43. 


Exercise  13-8 

(A) 

1.  In  Fig.  13-32  what  is  the  intersection  set  of  line  l  and  plane  p? 

2.  In  Fig.  13-33,  name  the  intersection  set  of  planes  p  i  and  p2 . 

3.  Are  all  triangles  plane  figures?  Why? 

4.  Name  the  lines  which  determine  the  plane  in  Fig.  13-36. 
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5. 

6. 

7. 

3. 

9. 

10. 

11. 

12. 

13. 


14. 


16. 


j87 

If  h  and  l2  determine  the  plane  in  Fig.  18-37,  how  are  h  and  l2  related? 
AB,  CD,  and  EF  are  three  parallel  lines,  but  not  in  the  same  plane. 
How  many  planes  are  determined  by  these  lines  if  they  are  taken  in 
pairs  ? 

AB,  AC,  and  AD  are  three  lines  on  point  A,  but  not  in  the  same  plane. 
How  many  planes  are  determined  by  these  lines  if  they  are  taken  in 
pairs  ? 

(i)  In  Fig.  13-89,  what  is  the  intersection  set  of  planes  pi  and  p2? 

(ii)  Name  a  pair  of  parallel  lines. 

In  Fig.  13-40,  how  is  it  indicated  that  h  is  perpendicular  to  plane  p? 
In  Fig.  13-41,  justify  h  ||  Z2 . 

In  Fig.  1 3-42,  how  is  it  indicated  that : 

(i)  plane  pi  is  perpendicular  to  line  AB) 

(ii)  plane  p2  is  perpendicular  to  line  AB? 

In  Fig.  13-43,  justify  that  AB  is  perpendicular  to  plane  p2 . 


(B) 

(i)  Draw  a  quadrilateral  to  represent  a  horizontal  plane. 

(ii)  Draw  a  pair  of  intersecting  lines  in  the  plane. 

(iii)  Draw  a  line  perpendicular  to  the  plane  at  their  point  of  inter¬ 
section. 

(i)  Draw  a  quadrilateral  ABCD  to  represent  a  horizontal  plane. 

(ii)  At  the  vertices,  draw  equal  line  segments,  AE,  BF,  CG,  DH, 
perpendicular  to  the  plane. 

(iii)  Draw  a  quadrilateral  to  represent  the  plane  determined  by 

E,  F,  G,  H. 

(iv)  What  relation  exists  between  plane  AC  and  plane  EG? 

In  the  diagram  at  the  left  below,  PO  is  perpendicular  to  plane  p  at  0, 
the  centre  of  a  circle  in  the  plane.  If  A  and  B  are  on  the  circle,  prove 
that  PA  =  PB  and  ZPAO  =  Z.PBO. 


In  the  diagram  at  the  right  above,  PA  represents  a  flagpole  perpendi¬ 
cular  to  plane  q.  PB,  PC,  PD  are  guy  wires.  If  AD  =  AC,  prove 
PD  =  PC  . 
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17. 


18. 


19. 


(i)  Draw  a  quadrilateral  to  represent  a  horizontal  plane. 

(ii)  Draw  a  triangle  ABC  in  the  plane. 

(iii)  At  the  vertices,  draw  equal  line  segments  AD,  BE,  CF,  perpendi¬ 
cular  to  the  plane. 

(iv)  Draw  a  quadrilateral  to  represent  the  plane  determined 
D,  E ,  and  F. 

(i)  Draw  a  diagram  to  represent  a  horizontal  plane  p. 

(ii)  Draw  a  right  circular  cone  with  base 
in  the  plane. 

(iii)  Draw  a  quadrilateral  to  represent  a 
plane  q  which  is  parallel  to  plane  p 
and  intersects  the  cone. 

(i)  Draw  the  diagram  of  a  cube  shown  at 
the  right. 

(ii)  List  all  pairs  of  parallel  planes. 

(iii)  List  all  pairs  of  perpendicular  lines. 

(iv)  If  KG  =  GL,  prove  AK  =  AL  . 


13*13  Summary. 

Undefined  Existence  Completion 

Terms  Definitions  Postulates  Postulates 
(page  449)  (page  452)  (page  453) 


Congruence 

Number  Postulates  Parallel 
Axioms  sas,  sss,  asa  Postulate 

(page  275)  (page  453)  (page  453) 

! ! l 


Deductive  Reasoning 


Theorems 


- 1 

Deductions 


1 .  Complementary  Angle  Theorem 
Angle  <(2.  Supplementary  Angle  Theorem 
3.  Vertical  Angle  Theorem 

4.  Isosceles  Triangle  Theorem 

5.  Right  Bisector  Theorem 
13.  Angle  Bisector  Theorem 

Inequality  { 6.  Exterior  Angle  Theorem 

Parallel  Line  Theorem 


Basic 

Biconditional 


Parallel 


( 7- 

)  8.  Quadrilateral-Parallelogram  Theorem 
\  9.  Parallelogram  Theorem 
(lO. 


Triangle  Angle  Sum  Theorem 


Congruence 


{11.  aas  Congruence  Theorem 
12.  Right  Triangle  Congruence  Theorem 
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Review  Exercise  13-9 

(B) 

1  If  AM,  a  median  of  A  ABC,  is  extended  to  N  so  that  AM  =  MN,  then 
BA  1 1  NC. 

2.  If  the  bisector  of  ZR  in  A  TRS  intersects  TS  at  B  and  the  right 
bisector  of  RB  intersects  RT  at  A,  then  AB  ||  RS. 

3.  In  A PQR,  if  S  is  a  point  on  PQ  such  that  PS  =  QS  =  RS,  then 
Z  PRQ  is  a  right  angle. 

4.  Corresponding  altitudes  of  congruent  triangles  are  equal. 

5.  If  the  opposite  angles  of  a  quadrilateral  are  equal,  then  the  quadri¬ 
lateral  is  a  parallelogram. 

6.  If  the  opposite  sides  of  a  quadrilateral  are  equal,  then  the  quadri¬ 
lateral  is  a  parallelogram. 

7.  In  A  ABC,  BD  is  the  median  drawn  from  B  to  AC.  Perpendiculars 
DE  and  DF  are  drawn  to  BA  and  BC,  respectively.  If  DE  =  DF, 
prove  BA  =  BC. 

8.  F  is  the  midpoint  of  side  AB  in  rectangle  A  BCD.  G  and  H  are  points 
in  AD  and  BC,  respectively,  so  that  FG  =  FH.  Prove  GD  =  HC , 

9.  ABC  is  an  isosceles  triangle  with  AB  =  AC.  BM  and  CN  are  the 
altitudes  from  B  and  C.  Prove  MN  ||  BC. 

10.  In  AABC,  sides  AB  and  AC  are  extended  to  D  and  E,  respectively.  If 
the  bisectors  of  Z ’s  BCE  and  CBD  intersect  at  0,  prove  that  the 
perpendiculars  from  0  to  BD,  BC,  and  CE  are  equal. 

Review  Exercise  13-10 

( Multiple  Choice  Questions) 

(B) 

1.  In  AABC,  ZB  =  ZC  and  ZB  =  2  ZA  . 

ZZ  is:  (a)  90°  (b)  36°  (c)  30°  (d)  60°  (e)  144° 

2.  In  A LMN,  ZL  =  2  ZM,  ZL  +  ZM  =  120°. 

ZN  is:  (a)  80°  (b)  70°  (c)  60°  (d)  50°  (e)  40° 

3.  In  A  PQR,  ZP  =  3  ZR  and  Z  Q  =  2  ZP.  The  measurement  of  the 

largest  angle  is:  (a)  18°  (b)  90°  (c)  120°  (d)  108°  (e)  20° 

4.  A  ABC  is  right-angled  at  A.  The  bisectors  of  angles  C  and  B  inter¬ 
sect  at  D.  ZBDC  is: 

(a)  135°  (b)  45°  (c)  67§° 


(d)  122*°  (e)  112J° 
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5.  In  the  diagram  at  the  left  below,  ABCD  is  a  parallelogram.  The 
length  of  DC  is:  (a)  5  in.  (b)  9  in.  (c)  12  in.  (d)  15  in.  (e)  18  in. 


6.  In  the  diagram  at  the  right  above,  AB  ~  14  in.,  AC  =  16  in.,  and 
BC  =  20  in.  PQR  \\BC ;  BQ  bisects  A ABC]  CQ  bisects  AACB.  The 
sum,  AB  +  PR  +  RA  is: 

(a)  30  in.  (b)  36  in.  (c)  34  in.  (d)  15  in.  (e)  18  in. 

7.  In  a  parallelogram  with  its  diagonals  drawn,  the  number  of  pairs  of 
congruent  triangles  formed  is: 

(a)  1  (b)  2  (c)  3  (d)  4  (e)  5 

8.  ABCD  is  a  rhombus  with  AB  =  AC.  A  BAD  is: 

(a)  60°  (b)  75°  (c)  90°  (d)  120°  (e)  135° 

9.  In  the  diagram  below,  x  is:  (a)  140  lb)  70  (c)  40  (d)  35  (e)  20 

10.  If  a  point  is  equidistant  from  the  sides 
of  a  triangle,  it  is  the  intersection  of  the: 

(a)  bisectors  of  the  angles  (b)  medians 
(c)  right  bisectors  of  the  sides  (d)  altitudes 
(e)  none  of  these 


Exercise  13-11 

( Constructions ) 

(B) 

Draw  the  figures  using  only  ruler  and  compasses;  show  all  construction  lines 
hut  do  not  give  proofs  or  descriptions  of  constructions: 

1.  Construct  AABC  with  BC  =  2  inches,  AB  =  75°,  and  AC  =  60°  . 
Draw  a  perpendicular  from  A  to  BC,  meeting  it  at  D.  Measure  AD. 

2.  Construct  a  quadrilateral  ABCD,  having  AD  —  3  inches,  AB  =  2| 
inches,  BC  =  4  inches,  CD  =  4  inches,  and  A  BAD  =  90°.  Bisect 
ABCD  and  let  the  bisector  meet  AD  at  E\  measure  CE.  Draw  DK 
perpendicular  to  BC,  meeting  BC  at  K ;  measure  DK.  Join  BD. 
Draw  the  median  of  AABD  from  D  and  measure  it. 
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3.  Construct  a  quadrilateral  ABC!)  with  base  AB  =  4  inches,  A  DAB 
=  52J  ,  diagonal  DB  —  4J  inches,  side  BC  =  3f  inches,  and  side 
DC  =  2f  inches.  Inscribe  a  circle  in  A DBC  and  measure  its  radius. 

4.  Construct  a  quadrilateral  ABCD,  having  AB  =  2\  inches,  A  ABC 
=  112J°,  BC  =  If  inches,  ABCD  =  90°,  and  CD  =  DA.  Circum¬ 
scribe  a  circle  about  A  CAB  and  measure  its  radius. 

5.  Draw  a  line  segment  AB  =  3  inches.  On  one  side  of  AB  draw  AABC 
having  ACAB  =  30°  and  BC  =  3f  inches.  On  the  opposite  side  of 
AB  construct  a  square  ABDE.  Join  CE  and  measure  it. 

6.  Draw  a  line  segment  AB  =  4  inches.  On  AB  construct  A  ABC,  having 
AABC  —  45°  and  ABAC  =  60°.  With  centre  C  and  radius  1| 
inches,  draw  a  circle.  On  CB  as  diameter,  draw  a  circle  cutting  the 
first  circle  at  D  and  E.  Join  BD  and  BE  and  measure  these  line 
segments. 

7.  Construct  AABC,  having  base  BC  —  6  cm.,  AA  =  75°,  and  AB 
=  45°.  Draw  and  measure  the  altitude  from  B.  Calculate  the  area 
of  the  triangle. 

8.  Construct  a  quadrilateral  ABCD,  having  AB  =  10  cm.,  BC  =  4  cm., 
AD  =  9  cm.,  DB  =  7  cm.,  and  DC  —  6  cm.  Draw  and  measure  the 
diagonal  AC.  Draw  the  perpendicular  from  D  to  AC,  meeting  it  at  F; 
measure  DF.  Bisect  AABC  and  let  the  bisector  meet  AC  at  K; 
measure  BK.  Draw  the  median  of  A DAC  from  C  and  measure  it. 

9.  Construct  ABAC  —  75°.  Show  how  to  locate  within  this  angle  a 
point  P  which  is  75  mm.  from  A  and  38  mm.  from  AC.  How  far  is 
P  from  AB  ? 
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AREAS  OF  POLYGONS 


14*1  Polygons.  The  figures  in  Fig.  14-1  are  called  curves  in  geometry. 


C 


(a) 


Fig.  U-l 


In  Fig.  14-1  ( a )  points  A,  B,  C,  D,  E  are  points  on  the  curve  or  the  curve 
is  on  these  points.  This  figure  consists  of  all  points  on  the  line  segments 
AB,  BC,  CD ,  DE.  Since  it  is  made  up  of  a  succession  of  line  segments,  it 


Fig.  14-2 
392 
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is  called  a  broken  line  figure  or  a  polygonal  path.  Point  A  is  called  the  begin - 
ning  of  the  path,  and  E  is  the  end.  The  line  segments  are  called  the  sides 
of  the  path.  The  points  A,  B,  C,  D,  E  are  the  vertices  of  the  path. 

The  sides  of  a  polygonal  path  may  intersect,  as  in  Fig.  14-2(ff).  If 
they  do  not  intersect,  Fig.  14~2(a),  the  path  is  called  a  simple  curve  or 
simple  polygonal  path. 


a.  Definition  of  a  polygon. 

(i)  Polygon.  If  the  beginning  and  end  of  a  polygonal  path  consisting 
of  three  or  more  line  segments  coincide ,  then  the  path  is  called  a 
polygon. 

(ii)  Simple  polygon.  If  the  beginning  and  end  of  a  polygonal  path 
consisting  of  three  or  more  line  segments  coincide  and  no  two 
sides  intersect,  then  the  path  is  called  a  simple  polygon  (Fig. 

US). 


b.  Kinds  of  polygons.  Polygons  are  named  according  to  the  number  of 
sides,  as  shown  in  Fig.  14~4-  It  should  be  noted  that  the  number  of 
vertices  of  a  given  polygon  is  the  same  as  the  number  of  sides. 


Triangle  (3)  Quadrilateral  (4)  Pentagon  (5) 


Hexagon  (6) 


Fig.  14-4 


n-gon  (■ n  sides ) 
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14»2  Polygonal  regions.  A  triangular  region  is  shown  in  Fig  14-5. 

definition:  A  triangular  region  is  the  union  of  a  triangle  and  its 
interior. 


A 

* mil ik 

B  C 

Fig.  14-5  Fig.  14-6 

The  simple  polygonal  region  ABCDE  in  Fig.  14-6  is  separated  into  three 
non-overlapping  triangular  regions  called  component  triangular  regions. 
The  polygonal  region  is  the  union  of  these  component  regions. 

With  a  line  segment  we  associate  the  notion  of  length.  In  a  similar 
manner,  we  associate  the  idea  of  area  with  a  region  and  make  the  follow¬ 
ing  area  postulates. 

area  postulate  1.  (Area  Completion  Postulate) 

The  area  of  a  polygonal  region  is  the  sum  of  the  areas  of  the  component 
regions  whose  union  is  the  polygonal  region. 

We  use  the  symbols  AABC,  Fig.  DEFG,  and  so  on,  to  represent  either 
the  geometric  figure  or  the  area  of  the  region  as  indicated  by  the  context. 

E  A 


(a)  (b) 

Fig.  14-7 


(a)  Fig.  ABCDE  =  A  ABE  +  A  EBD  +  A  DBC 

( b )  Fig.  ABCDE  =  A  AOB  +  ABOC  +  A  COD  +  A  DOE  +  A  EOA 


AREA  POSTULATE  2. 

//  two  polygonal  regions  are  congruent,  then  they  have  the  same  area. 
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In  Fig.  14-8 ,  A  ABC  ^  A  DFE 
A  ADC  =  ADF£J 

area  postulate  3.  (Equal  Area  Postulate) 

Two  polygonal  regions  are  equal  in  area  if  they  can  he  separated  into  a 
finite  number  of  polygons  which  are  congruent  in  pairs. 


14»3  Figures  between  the  same  parallel  lines. 

A  parallelogram  is  said  to  be  between  the  pair  of  parallel  lines  determined 
by  a  pair  of  opposite  sides. 

A  triangle  is  said  to  be  between  the  pair  of  parallel  lines  determined  by  a 


side  and  the  opposite  vertex. 

Example. 

(i)  X  A  n  F.  H  Y 


(a) 

Fig. 


In  Fig.  14-9 (a),  ABCD  and 
EFGH  are  |jgIUS  between  the 
same  parallel  lines  XY  and  ST. 


Fig. 

In  Fig.  14-10 {a),  ||gms  ABCD 
and  EBCF  are  on  the  same  base 
BC  and  between  the  same  paral¬ 
lel  lines  XY  and  ST. 


14-9 

In  Fig.  1 4-9 (Jo),  ABC  and  DEF 
are  triangles  between  the  same 
parallel  lines  XY  and  ST. 


4-10 

In  Fig.  14-10 (6),  triangles  ABC 
and  BBC  are  on  the  same  base 
BC  and  between  the  same  par¬ 
allel  lines  XY  and  ST. 
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(iii)  Since  the  perpendicular  distance  between  two  parallel  lines  is  con¬ 
stant,  the  phrase  between  the  same  parallel  lines  also  means  that  the  paral¬ 
lelograms  ABCD  and  EBCF,  Fig.  14-11  ( a ),  have  the  same  altitude,  x, 
and  the  triangles  ABC  and  DBC,  Fig.  14-11  (b),  have  the  same  altitude,  y. 


Fig.  14-11 

Exercise  14-1 

(A) 

1.  In  the  diagram  at  the  left  below,  name  three  parallelograms  on  the 
same  base  and  between  the  same  parallel  lines. 


2.  In  the  diagram  at  the  right  above,  name  pairs  of  triangles  on  the 
same  base  and  between  the  same  parallel  lines. 

3.  In  the  diagram  at  the  left  below,  name  pairs  of  parallelograms  on 
the  same  base  and  between  the  same  parallel  lines. 


4.  In  the  diagram  at  the  right  above,  name  pairs  of  parallelograms  on 
equal  bases  and  between  the  same  parallel  lines. 

(B) 

5.  Copy  the  following  polygons  and  show  how  each  may  be  separated 
into  triangular  regions  such  that  the  intersection  of  any  pair  of 
triangular  regions  is  either  a  point  or  a  line  segment. 


Areas  of  Polygons  397 


14*4  Parallelogram  Area  Theorem. 

THEOREM  14 

Parallelogram  Area  Theorem 

Parallelograms  on  the  same  base  and  between  the  same  parallel  lines 
have  equal  areas. 


Hypothesis:  Parallelograms  ABCD  and  EFCD  on  the  same  base  DC  and 
between  the  same  parallel  lines  ST  and  XY  (Fig.  1^-1 2) 
Conclusion:  ||gm  ABCD  =  ||gm  EFCD 

Analysis : 


I  CAN  PROVE 

1.  ||gro  ABCD  =  ||gm  EFCD 

2.  Fig.  ADCF  -  ABCF 
—  Fig.  ADCF  -  A ADE 

3.  ABCF  =  A  ADE 

4.  ABCF  ^  A  ADE 

5.  Z  DAE  =  Z  CBF  and  Z  AED 
=  Z  BFC  by  the  Parallel  Line 
Th.,  and  AD  =  BC  by  the  Par¬ 
allelogram  Th. 


IF  I  CAN  PROVE 

1.  Fig.  ADCF  -  ABCF 
—  Fig.  ADCF  -  A  ADE. 

2.  ABCF  =  A  ADE. 

3.  ABCF  ^  A  ADE. 

4.  Z  DAE  =  Z  CBF, 

Z  AED  =  Z  BFC,  AD  =  BC. 
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Proof:  Write  a  complete  proof  for  this  theorem  and  compare  it  with  that 
on  page  496. 

Corollary  1 :  Parallelograms  on  equal  bases  and  between  the  same 
parallel  lines  have  equal  areas. 


Hypothesis:  Parallelograms  ABCD  and  EFGH  between  the  same  parallel 
lines  XY  and  MN,  such  that  DC  =  HG  {Fig.  14.-13) 

Conclusion:  ||gm  ABCD  =  ||gm  EFGH 

Write  a  proof  for  this  corollary.  Compare  your  solution  with  that  on 
page  497. 


Corollary  2:  A  parallelogram  and  a  rectangle  on  equal  bases  and  be¬ 
tween  the  same  parallel  lines  have  equal  areas. 


Example. 

Hypothesis:  || *ma  ABCD  and  BEFC, 
such  that  AD  \\BC\\  EF 
(Fig.  14-14) 

Conclusion:  (i)  AEFD  is  a  parallelogram. 

(ii)  |jgm  ABCD  +  ||gm  BEFC 
=  ||gm  AEFD 


Analysis : 


I  CAN  PROVE 


IF  I  CAN  PROVE 


(i)  1.  AEFD  is  a  parallelogram 

2.  AD  =  EF  and  AD  \\EF 

3.  AD  =  BC,  BC  =  EF  and 
AD  ||  BC,  BC  ||  EF  by  the 
Parallelogram  Theorem. 


1.  AD  =  EF  and  AD  \\EF. 

2.  AD  =  BC,  BC  =  EF  and 
AD  ||  BC,  BC  ||  EF. 
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(ii)  4.  ||gm  ABCD  +  ||gm  BEFC  4.  ||gm  ABCD  =  ||gra  AHGD,  and 
=  j|gm  AEFD  ||gm  BEFC  =  jjgm  HEFG. 

5.  || emABCD  =  ||gm  AHGD, and 
||gm  BEFC  =  ||gm  HEFG  by 
the  Parallelogram  Area  Th. 

Proof:  Write  a  complete  proof  and  compare  your  proof  for  part  (ii)  with 
that  on  page  497. 


Exercise  14-2 


(A) 


1.  Name  pairs  of  parallelograms  which  have  equal  areas  in  the  following 
diagrams : 


2.  ABCD  is  a  parallelogram.  AD  is  produced  to  E  so  that  DE  —  AD. 
Prove  that  DECB  is  a  parallelogram  and  is  equal  to  ||gm  ABCD. 

3.  In  the  diagram  at  the  left  below,  AB\\DC,  AG\\BC,  BE\\CG, 
FC  ||  EG.  Prove  that  ||gm  ABCD  =  ||gm  FCGE. 


4.  In  the  diagram  at  the  right  above,  AG  ||  BI1 ,  HD  ||  GE,  All  HG 
=  GF  =  FE.  Prove  that  figure  AHFB  =  figure  HDEF. 


Chapter  XIV 


400 

5.  Construct  a  parallelogram  equal  to  a  given  parallelogram  and  having 
a  side  equal  to  a  given  line  segment  which  is  longer  than  any  side  of 
the  given  parallelogram. 

6.  Construct  a  parallelogram  equal  to  a  given  parallelogram  and  having 
a  diagonal  equal  to  a  given  line  segment  which  is  longer  than  any  side 
of  the  given  parallelogram. 

7.  Construct  a  parallelogram  equal  to  a  given  parallelogram  and  having 
a  side  equal  to  a  given  line  segment  and  an  angle  equal  to  a  given 
angle. 

14-5  Parallelogram-Diagonal  Theorem. 

THEOREM  15 

Parallelogram-Diagonal  Theorem 

The  diagonal  of  a  parallelogram  separates  the  parallelogram  into  two 
triangles  that  have  equal  areas. 


Hypothesis:  Parallelogram  A  BCD 
Conclusion:  (i)  A  ABC  =  A  CD  A 
(ii)  A ABD  =  A CDB 

Analysis : 

I  CAN  PROVE  IF  I  CAN  PROVE 


(i)  1.  A  ABC  =  AC  DA 

1.  A  ABC  ~  A  CDA. 

2.  AABC  ~  AC  DA 

2.  The  conditions  for  sas,  sss,  asa, 

or  aas. 

3.  The  conditions  for  sss 

3.  AB  =  CD,  BC  =  DA, 

CA  =  AC. 

4.  AB  =  CD,  BC  =  DA  by 

the  Parallelogram  Theorem 

and  CA  =  AC  by  the 

reflexive  property. 

(ii)  5.  A  ABD  =  A  CDB  in  a 

maimer  similar  to  (i). 
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Proof:  Write  a  proof  for  this  theorem  and  compare  your  proof  with  that 
on  page  497. 

14»6  Parallelogram-Triangle  Area  Theorem. 

THEOREM  16 

Parallelogram-Triangle  Area  Theorem 

If  a  triangle  and  a  parallelogram  are  on  equal  bases  and  between  the 
same  parallel  lines,  then  the  area  of  the  triangle  is  one-half  the  area  of  the 
parallelogram. 


Hypothesis:  A  ABC  and  ||gm  DGFE  between  the  parallel  lines  VY  and 
ZW,  such  that  BC  =  GF  {Fig.  14-16) 

Conclusion:  A  ABC  =  J||gm  DGFE 


Analysis : 

I  CAN  PROVE 

1.  AABC  =  J||gm  DGFE 

2.  2  A  ABC  =  ||gm  DGFE 

3.  2  AABC  =  ||gm  ABCX  by  the 
Parallelogram-Diagonal 
Theorem,  and  \  \gm  ABCX  = 

||gm  DGFE  by  the  Parallelogram 
Area  Theorem. 


IF  I  CAN  PROVE 

1.  2  A  ABC  =  ||gm  DGFE. 

2.  2  A  ABC  =  1 ABCX  and 
||gm  ABCX  —  ||gm  DGFE. 


Proof:  Write  a  complete  proof  for  this  theorem  and  compare  it  with  that 
on  page  497. 

Corollary  1:  Triangles  on  equal  bases  and  between  the  same  parallel 
lines  have  equal  areas. 

Corollary  2:  The  median  of  a  triangle  separates  the  triangle  into  two 
triangles  that  have  equal  areas. 

Write  a  proof  for  corollary  1  and  compare  it  with  that  on  page  498. 
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Example  1.  If  in  A  ABC  (Fig.  14-17),  BD  =  DC  and  AE  =  ED,  then 
A  ABE  =  i  A  ABC. 


Hypothesis:  AABC  in  which  BD 
and  AE  =  ED 

Conclusion:  A  ABE  =  ^  A  ABC 


Analysis : 

I  CAN  PROVE 

1.  A  ABE  =  J  A  ABC 

2.  4  AABE  =  A  ABC 

3.  AABE  =  A EBD  by  the 
Parallelogram-Triangle  Area 
Theorem. 

4.  2  A  ABE  =  A  ADC 

5.  A  ABD  =  A  ADC  by  the 
Parallelogram-T riangle  Area 
Theorem. 


IF  I  CAN  PROVE 

1.  4  A  ABE  =  A  ABC . 

2.  A  ABE  =  A  EBD  and 
2  A  ABE  =  A  ADC  . 


4.  A  ABD  =  AADC. 


Proof:  Write  a  complete  proof  for  this  theorem  and  compare  it  with  that 
on  page  498. 


Example  2. 

Hypothesis:  AE  II  BD,  BC  =  CD 
(Fig.  14-18) 

Conclusion:  AABD  =  2  A ECD 


Write  an  analysis  and  proof  for  this  deduction  and  compare  your 
solution  with  that  on  page  498. 
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1. 


2. 


3. 


4. 


5. 

6. 

7. 

8. 

9. 


10. 

11. 

12. 


13. 


(A) 

Into  what  fractional  parts  do  the  dotted  lines  separate  each  of  the 
following  triangles  and  parallelograms? 


(i) 


A  (iO  A 


(hi)  A 


C  B  11  F*11  C 


ABCD  is  a  quadrilateral.  A  straight  line  is  drawn  through  A  parallel 
to  DB  and  meets  CB  extended  at  E.  Prove  that  A  DEC  =  quadri¬ 
lateral  ABCD. 

The  side  QR  of  A PQR  is  extended  to  S  so  that  RS  =  2 QR.  Prove  that 
A PQR  =  i  A  PQS. 

Medians  BD  and  CE  of  A  ABC  intersect  on  F.  Prove  that: 

(i)  A DBC  =  A EBC  (ii)  A  EBF  =  A DFC 

(iii)  quadrilateral  AEFD  =  AFBC 

In  A  ABC,  E  is  on  AB  and  F  on  AC  so  that  EF  ||  BC,  BF  and  EC 
intersect  on  X.  Prove  A EBX  =  AFXC. 

ABCD  is  a  parallelogram.  The  diagonal  AC  is  extended  to  E  so  that 
CE  —  AC.  Prove  that  quadrilateral  DC  BE  =  ||gm  ABCD. 

PQRS  is  a  parallelogram  whose  diagonals  intersect  on  X.  PR  is 
extended  to  Y  so  that  RY  =  XR.  Prove  that  A SQY  =  ||gm  PQRS. 

ABCD  is  a  parallelogram  and  P  is  a  point  on  the  diagonal  AC.  Prove 
that  A  PAB  =  A  PAD. 

The  medians  AD,  BE  of  A  ABC  intersect  on  G.  Prove  that  the 
three  line  segments  AG,  BG,  CG  trisect  A  ABC. 

(C) 

Construct  an  isosceles  triangle  equal  to  a  given  triangle. 

Construct  an  isosceles  triangle  equal  to  one-half  a  given  triangle. 
Construct  a  triangle  equal  to  a  given  triangle  and  having  an  angle 
equal  to  a  given  angle. 

PQRS  is  a  quadrilateral  whose  diagonals  intersect  on  X.  PR  is 
extended  to  Y  so  that  RY  =  PX .  Prove  that  A  SQY  =  quadri¬ 
lateral  PQRS, 
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14.  D  is  any  point  on  the  side  AB  of  AABC.  DF  is  drawn  parallel  and 
equal  to  BC.  If  DF  intersects  AC  on  E,  prove  that  A  AEF  =  A DBE. 

15.  The  side  AB  of  |jgm  ABCD  is  extended  to  E.  DE  cuts  BC  on  F. 
Prove  that  A AFE  —  ACBE. 

14*7  Measurement  of  area.  When  we  measure  a  line  segment,  we  deter¬ 
mine  a  number  in  terms  of  some  unit  which  is  called  its  length.  This  is 
done  by  choosing  a  unit  length  and  counting  the  number  of  unit  lengths  in 
the  line  segment.  This  method  is  also  followed  in  associating  a  real  number 
with  each  angle.  Similarly,  by  choosing  a  unit  region,  we  can  assign  a 
positive  real  number  to  each  region  called  the  area  of  the  region. 

AREA  POSTULATE  4. 

For  every  polygonal  region  there  exists  a  unique  positive  real  number 
of  units  called  the  area  of  the  region. 

In  order  to  find  this  real  number  associated  with  a  polygonal  region,  it 
is  necessary  to  agree  on  a  unit  area. 

Since  length  is  one-dimensional,  deciding  on  a  unit  length  is  not  difficult; 
the  length  of  any  line  segment  can  be  chosen  as  the  unit.  Because  area  is 
two-dimensional,  any  polygonal  or  curved  region  can  be  chosen  to  provide 
a  unit  area  {Fig.  14-19). 

CP 

Fig.  14-19 


To  find  the  area  of  a  polygonal  region,  it  is  necessary  to  separate  the 
region  into  non-overlapping  regions  which  are  congruent  to,  or  known 
fractions  of,  the  region  defined  as  the  unit  area.  This  is  most  easily  per¬ 
formed  if  the  unit  region  chosen  is  a  square  region. 

The  unit  area  is  defined  to  be  the  area  of  a  square  region  whose  sides  are 
each  the  unit  length.  The  area  of  this  region  is  called  one  square  unit. 

It  is  now  possible  to  find  the  area  of  a  rectangular  region  as  follows: 

If  a  point,  X,  is  taken  on  side  AD 
of  rectangle  ABCD  {Fig.  14-20)  so  that 
AX  is  the  unit  length,  then  rectangle 
AXYB  will  contain  as  many  unit  areas 
as  there  are  unit  lengths  in  side  AB. 
If  the  side  AB  has  a  length  of  y  units 
{y  e  +R),  then  the  rectangle  AXYB  has 
an  area  of  y  square  units. 


Fig.  14-20 
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Thus,  if  the  length  of  AD  is  x  units  (x  e  +R),  then 

area  rectangle  ABCD  =  x  (area  rectangle  AXYB) 

=  xy  square  units. 

definition:  The  area  of  a  rectangular  region  whose  sides  have 
lengths  x  units  and  y  units  is  xy  square  units. 


R  S 


Example.  Rectangle  QRST  (Fig.  14-21) 

=  (3.5  X  4.5)  sq.  cm. 

=  15.75  sq.  cm. 

3.5  cm. 

Q  4.5  cm.  T 

Fig.  14-21 

14»8  Area  of  a  parallelogram.  If,  in  Fig.  14-22,  DC  and  YC  are  b  and  h 
units,  respectively,  then 

||gm  ADCB  =  rectangle  XDCY  (Parallelogram  Area  Theorem) 

=  bh  sq.  units. 


The  area  of  a  parallelogram  with  a  side  6.5  in.  long  and  an  altitude  to 
that  side  2  in.  long  is  (6.5  X  2)  sq.  in.  =  13  sq.  in. 

For  convenience,  a  'positive  real  number  associated  with  a  line  segment  in  a 
diagram  represents  the  number  of  units  of  length  in  the  line  segment. 


Exercise  14-4 


(A) 


1.  State  the  area  of  each  of  the  following  parallelograms: 
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2.  In  each  of  the  following  diagrams,  state  the  length  of  the  line  seg¬ 
ment  indicated: 


Find  CD. 


D 


Area  =  300 
sq.  units j 

15  units 

B  C 

Find  BC. 


(B) 

3.  A  lot  has  the  shape  of  a  parallelogram.  The  longer  sides  are  each 
120  feet,  and  the  distance  between  them  is  100  feet.  Find  the  area  of 
the  lot. 

4.  Find  the  area  of  a  rhombus  with  one  side  of  length  60  cm.,  and  the 
distance  to  the  opposite  side  40  cm. 

5.  ABCD  is  a  parallelogram,  and  AD  is  extended  to  E  so  that  DE  —  AD. 
Prove  that  DECB  is  a  parallelogram  and  is  equal  to  ||gm  ABCD. 

6.  Two  parallelograms  having  equal  areas  lie  between  the  same  parallel 
lines  which  are  h  units  apart.  Show  algebraically  that  their  bases 
are  equal. 

7.  In  [|gm  ABCD,  AB  —  10  cm.,  AB  and  DC  are  8  cm.  apart.  X  and  Y 
are  the  midpoints  of  A B  and  DC,  respectively.  XY  is  extended  to  E 
so  that  YE  =  XY.  BC  is  extended  to  F  so  that  CF  =  BC.  Find  the 
area  of  figure  XBFE. 

8.  The  dimensions  of  a  rectangular  metal  box  are  20",  10",  and  5". 
Calculate  the  area  of  the  metal  used  in  making  the  box. 

9.  For  a  rectangle  whose  base  is  m  inches  long  and  whose  altitude  is  n 
inches  long : 

(i)  Calculate  the  area. 

(ii)  What  is  the  effect  on  the  area  of  doubling  the  length  of  the  base 
and  leaving  the  altitude  unchanged  ? 

(iii)  What  is  the  effect  on  the  area  of  tripling  the  length  of  the  altitude 
and  leaving  the  base  unchanged  ? 

(iv)  What  is  the  effect  on  the  area  of  doubling  the  length  of  both  the 
base  and  the  altitude  ? 
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14*9  Area  of  a  triangle. 

If,  in  Fig.  14-23,  DC  and  EM  are  b 
and  h  units,  respectively,  then 
A EDC  =  4  ||gm  ADCB 

=  i  bh  square  units. 

The  area  of  a  triangle  with  a  side  6 . 5 
inches  long  and  an  altitude  to  that  side  2 
inches  long  is  J(  6.5  X  2)  square  inches 
=  6.5  square  inches. 
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14*10  Equal  Triangle-Parallel  Line  Theorem. 

THEOREM  17 

Equal  Triangle-Parallel  Line  Theorem 

If  two  triangles  having  equal  areas  are  on  the  same  side  of  a  common 
base,  the  straight  line  on  their  vertices  is  parallel  to  the  common  base. 


- 5 - q 

Fig .  14-24 

Hypothesis:  A  ABC  =  A  DBC,  BC  =  b  units,  AX  =  hi  units, 
DY  =  h2  units  (Fig.  14-24 ) 

Conclusion:  AD  ||  BC 
Analysis : 


I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  AD\\BC 

1.  AX  =  DY 

c AX1.BC ,  DY ±BC) . 

2.  AX  =  DY 

2.  hi  =  h2 . 

3.  hi  =  h2 

3.  ^ bhi  =  %bh2 . 

4.  ^bhi  =  J bh2  by  hypothesis. 

Proof:  Write  a  complete  proof  for  this  theorem  and  compare  it  with  that 
on  page  499, 
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Exercise  14-5 

(A) 

1.  State  the  area  of  A  ABC  for  each  of  the  following  diagrams: 


2.  For  each  of  the  following  diagrams,  name  triangles  which  have  the 
same  or  equal  bases  and  the  same  or  equal  altitudes  and,  hence,  are 
equal  in  area.  Give  a  reason  in  each  case. 


3.  What  is  the  effect  on  the  area  of  a  triangle  if : 

(i)  the  base  is  doubled  and  the  altitude  is  constant; 

(ii)  the  altitude  is  trebled  and  the  base  is  constant; 

(iii)  the  base  is  doubled  and  the  altitude  is  trebled  ? 

(B) 

4.  Find  the  area  of  a  triangle  whose  base  has  length  16  inches  and  whose 
altitude  has  length  12  inches. 

5.  Use  the  dimensions  on  the  diagram  (at  the  top  left  page  409)  to  find 
the  area  of  quadrilateral  ABCD, 
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6.  Use  the  dimensions  on  the  diagram,  right  above,  to  find  the  area  of 
polygon  ABCDE. 

7.  Construct  a  triangle  with  sides  of  length  6.1  cm.,  7.9  cm.,  and 
10.2  cm.  Using  the  longest  side  as  base,  construct  the  corresponding 
altitude,  measure  it,  and  calculate  the  area  correct  to  the  nearest 
square  centimetre. 

8.  In  quadrilateral  ABCD,  AABC  =  A DBC.  Prove  that  the  quadri¬ 
lateral  is  a  trapezoid. 

9.  AOB  and  COD  are  two  intersecting  line  segments.  If  A AOD  = 
A  COB,  prove  AC  ||  DB. 

10.  Prove  the  converse  of  the  Parallelogram-Diagonal  Theorem. 

11.  ABCD  is  a  line  segment  in  which  AB  =  CD.  A ’s  QAB  and  RCD  with 
equal  areas  are  on  the  same  side  of  AD.  Prove  QR  ||  AD. 

12.  In  the  diagram  at  the  left  below,  AB  =  BC,  AEBD  =  ABCD. 
Prove:  (i)  AE  ||  BD  (ii)  ray  BD  bisects  CE 


13.  In  the  diagram  at  the  right  above,  AB  —  AC  and  A DBO  =  A EOC. 
Prove  that  the  distance  from  D  to  AC  is  the  same  as  that  from  E  to 
AB. 

14.  Prove  that  the  straight  line  on  the  midpoints  of  two  sides  of  a  triangle 
is  parallel  to  the  third  side. 
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14*11  The  Pythagorean  Theorem.  The  Pythagorean  Theorem  states: 

In  a  right  triangle,  the  area  of  the  square  on  the  hypotenuse  is  equal  to  the 
sum  of  the  areas  of  the  squares  on  the  other  two  sides. 

Thus,  in  Fig.  14-25,  square  ABYX  =  square  ACNM  +  square  CBSR. 
If  the  length  of  AB  is  c  units,  AC  is  b  units,  BC  is  a  units,  then  square 
ABYX  —  c2  square  units,  square  ACNM  =  h2  square  units,  square 
CBSR  —  a2  square  units,  and  c2  =  b2  +  a2 


Many  ingenious  models  have  been  devised  to  demonstrate  the  Pytha¬ 
gorean  Theorem;  one  of  these  is  illustrated  in  Fig.  14-26.  The  square 
ABKH  is  cut  along  AB,  PQ,  and  RS  to  form  parts  1,  2,  3,  4.  These  four 
parts,  along  with  5,  can  be  fitted  on  square  BDEC,  as  shown,  to  illustrate 
that: 

Square  BDEC  =  Square  ACFG  -f-  Square  ABKH 
a2  =  b2  +  c2 


Fig.  14-26 
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Of  course,  this  does  not  constitute  a  deductive  proof  of  the  theorem. 
The  Greek  mathematician,  Pythagoras,  is  believed  to  have  given  the  first 
deductive  proof.  The  story  is  told  that  he  was  so  elated  over  his  discovery 
that  he  sacrificed  an  ox  to  the  muses  for  his  inspiration. 

According  to  tradition,  Pythagoras  was  the  first  European  to  insist 
that,  in  developing  geometry,  postulates  must  be  set  down  first,  so 
that  the  development  thereafter  would  proceed  by  the  application  of 
deductive  reasoning  directly  to  the  postulates.  This  introduction  of 
proof  into  mathematics  is  considered  to  be  Pythagoras’  greatest  con¬ 
tribution  to  learning. 

Pythagoras  was  born  at  Samos  about  580  b.c.  It  is  believed  that  as  a 
young  student  he  visited  many  of  the  Mediterranean  countries  including 
Egypt,  Gaul,  Arabia,  Persia,  Palestine,  Phoenicia,  and  India.  Having 
absorbed  much  of  the  mathematical  knowledge  of  his  day,  he  eventually 
settled  at  Crotona,  a  city  in  southern  Italy,  about  529  b.c.  There  he  estab¬ 
lished  a  new  school  which  was  similar  to  a  secret  society,  or  brotherhood, 
in  which  members  were  united  for  life.  He  gathered  around  him  three 
hundred  promising  young  men,  most  of  whom  came  from  prosperous 
families.  Acting  in  the  capacity  of  a  moral  reformer,  Pythagoras  believed 
that  pure  thinking,  mathematics,  philosophy,  and  natural  science  provided 
the  best  way  to  purify  the  soul.  However,  the  religious  mysticism,  the 
secret  observances,  and  the  aristocratic  tendencies  of  his  society  caused  it 
to  become  an  object  of  suspicion.  A  democratic  group  of  lower  Italy 
destroyed  the  school.  Pythagoras  fled  to  Metapontum  where,  at  the  age 
of  almost  eighty,  he  died. 

Because  of  the  secret  nature  of  the  Pythagorean  Society,  no  record  of 
Pythagoras’  proof  was  ever  discovered.  Over  the  centuries  many  different 
deductive  proofs  have  been  given  for  this  famous  theorem. 


Fig.  14-27 

A  square  is  often  named  by  referring  to  its  side.  Thus,  the  symbol 
AB2  means  the  square  with  AB  as  one  of  its  sides  and  is  read,  “the  square 
on  AB'1.  In  Fig.  14-27,  the  square  DEFG  may  be  referred  to  as  DE2  (the 
square  on  DE)  or  EF2  or  FG2  or  DG 2;  the  square  MNOP  as  MN2  or  NO2 
or  OP2  or  MP2. 
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THEOREM  18 

The  Pythagorean  Theorem 
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In  a  right  triangle,  the  area  of  the  square  on  the  hypotenuse  is  equal 
to  the  sum  of  the  areas  of  the  squares  on  the  other  two  sides. 


Fig.  14-28 

Hypothesis:  A  ABC  in  which  ABAC  is  a  right  angle,  BDEC,  AFGB,  and 
ACHK  are  the  squares  on  BC,  AB,  and  AC,  respectively. 

Conclusion:  BC 2  =  AB2  +  AC2 

Proof : 


STATEMENTS  AUTHORITIES 


1.  AXY  is  a  line  segment  intersecting 

1.  Existence 

BC  on  X  and  DE  on  Y  such  that 

2.  Z  GBA  =  Z  CBD  =  90° 

2.  Definition 

3.  AGBA+AABC=  acbd+aabc 

3.  Addition 

4.  Z  GBC  =  Z  ABD 

4.  Completion 

In  A’s  GBC  and  ABD 

5.  (  GB  =  AB 

5.  Definition 

6.  <  BC  =  BD 

6.  Definition 

7.  [Z  GBC  =  Z  ABD 

7.  4 

8.  <£GBC  ^  A  ABD 

8.  sas 

9.  ZFAB  =  Z  BAC  =  90° 

9.  Definition,  hypothesis 

10.  Square  AFGB  =  2  A  GBC 

10.  Parallelogram-Triangle  Area 

Theorem 
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11.  Rectangle  BDYX  =  2  A ABD 
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12.  A  ABD  =  AGBC 

13.  Square  AFGB  =  rectangle  BDYX 

14.  Square  AC///C  =  rectangle  XYEC 

15.  Rectangle  BDYX  +  rectangle 
XYEC  =  square  AFCR  +  square 
ACHK 

16.  BC2  =  AB 2  +  AC2 


11.  Parallelogram-Triangle  Area 

Theorem 

12.  Area  postulate 

13.  Replacement 

14.  Similar  to  2  to  13 

15.  Addition 


16.  Completion 


b.  Alternate  proof  of  the  Pythagorean  Theorem. 


Hypothesis:  Square  ADFH  with  side 
of  length  (6  +  c )  units; 
right  A’s  ABC,  DEB, 
FGE,  HCG  with  sides 
about  the  right  angles  of 
lengths  b  units  and  c 
units,  BC  of  length  a 
units 

Conclusion:  a2  =  5 2  +  c2 
Proof : 


STATEMENTS 

1.  A  ARC  ^  A  DEB  ^  A  FGE 

^  A  HCG 

2.  BC  =  EB  =  GE  =  CG  =  a 

3.  Z1  +  A  2  =  90° 

4.  Z 1  =  Z3 

5.  Z3  +  Z2  =  90° 

6.  ZCBE  =  90° 

7.  BEGC  is  a  square. 

8.  ADFH  =  BEGC  +  4  A  ABC 

9.  (5  +  c) 2  =  a2  +  4(i'c) 

10.  b2  +  26c  +  c2  =  a2  +  26c 

11.  62  +  c2  =  a2 


AUTHORITIES 

1.  sas 

2.  Definition 

3.  Triangle  Angle  Sum  Theorem 

4.  Definition 

5.  Replacement 

6.  Completion,  definition 

7.  Definition 

8.  Completion 

9.  Area  of  triangle 

10.  Number  axioms 

11.  Subtraction 
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Example  1.  In  Fig.  1^-30,  calculate  the  length  of  BC,  if  b  =  13  in.,  c  =  5  in. 


A 


Solution.  b2  =  a2  +  c2 

13 2  =  a2  + 52 
/.  169  =  a2  +  25 
/.  a2  =  169  -  25 
=  144 
a  =  12 

The  length  of  BC  is  12  in. 


Example  2.  In  each  of  the  following  find  x,  the  number  of  units  in  the 
length  of  the  side  indicated.  The  solution  for  (i)  is  given;  compare  your 
solutions  to  the  others  with  those  on  page  499. 


Example  3.  A  rectangular  lot,  Fig.  14-32,  has  dimensions  100  ft.  and  40  ft. 

(i)  Calculate,  to  the  nearest  foot,  the  length  of  a  “short-cut”  along  a 
diagonal  path. 

(ii)  Find  by  how  much  this  path  is  shorter  than  the  normal  route  around 
the  corner. 

Solution.  x2  =  1 00 2  +  40 2 

=  10,000  +  1,600 
=  11,600 
X  =  y/\  1,600 
=  107.7 

the  length  of  the  “short-cut”  is  108  feet; 
shorter  by  32  feet. 


B  100  C 
Fig.  14-32 
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Example  4.  A  building  36.0  feet  wide  has  a  gable  roof  with  a  rise  of  10.0 
feet,  Fig.  14-33.  Find  the  rafter  length  correct  to  the  nearest  tenth  of  a 
foot. 


Solution.  x2  =  (18.0) 2  +  (10.0) 2 
=  324.0  +  100.0 
=  424.0 
.'.  x  =  \/424.0 
=  20.59 

.*.  the  rafter  length  is  20.6  feet. 


A 


Example  5.  If,  in  Fig.  14-34,  PR  _L  QS,  then 
a2  +  b2  =  c2  +  d2 . 

Hypothesis:  Quadrilateral  PQRS  in  which 
PR  J_  QS 

Conclusion:  a2  +  b2  =  c2  +  d2 


Fig.  14-34 

Analysis : 

I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  a2  +  b2  =  c2  +  d2 

2.  x2  +  y2  +  z2  +  w2 
=  x2  +  w2  +  y2  +  z2 
by  the  number  axioms. 

1.  x2  +  y2  +  z2  +  w 2 

=  x2  +  w2  +  y2  +  z2 . 

Proof:  Write  a  complete  proof;  compare  your  proof  with  that  on  page  499. 


Exercise  14-6 


(A) 


1.  In  each  of  the  following,  state  the  length  of  the  hypotenuse: 
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2.  Find  the  length  of  the  third  side  in  each  of  the  following: 


3.  In  the  diagram  below,  AB  =  BC  =  CD  =  DE  =  EF  —  FG  =  1  unit. 
State  the  lengths  of  AC,  AD,  AE,  AF,  AG. 


(B) 

4.  A  ladder  25  feet  long  rests  against  a  wall  at  a  point  20  feet  above  the 
ground.  How  far  is  the  foot  of  the  ladder  from  the  wall  ? 

5.  The  diagonal  of  a  rectangular  field  is  65  rods  and  the  width  is  25  rods. 
Find  the  length  of  the  field. 

6.  To  find  the  length  of  the  lake  in  the  diagram  at  left  below,  stakes  A 
and  B  were  placed  at  each  end  of  the  lake.  A  third  stake  C  was  placed 
so  that  AACB  =  90°.  AC  =  20  rods,  BC  =  21  rods.  Find  the 
length  of  AB. 


A 


7.  For  the  diagram,  right  above,  calculate  the  length  of  AC. 
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8.  Two  automobiles  leave  a  highway  intersection  at  the  same  time. 
One  travels  north  at  36  miles  per  hour  and  the  other  travels  west  at 
48  miles  per  hour.  How  far  apart  are  they  after  \\  hours? 

9.  In  A  ABC,  AB  =  52  in.,  AC  =  25  in.,  and  the  altitude  AD  =  20  in. 
Find  the  length  of  BC. 

10.  The  diagonals  of  a  rhombus  have  lengths  48  cm.  and  14  cm.  Find  the 
perimeter  of  the  rhombus. 

11.  In  an  isosceles  right  triangle,  prove  that  the  square  on  the  hypotenuse 
is  double  the  square  on  either  of  the  equal  sides. 

12.  Construct  a  square  whose  area  is  double  the  area 
of  a  given  square. 

13.  Draw  a  right  triangle  which  has  one  of  its  sides 
\/10  inches  in  length. 

14.  Draw  a  right  triangle  which  has  one  of  its  sides 
\/l5  units  in  length. 

15.  For  the  diagram  at  the  right,  prove  that  a 2  = 


A 


For  each  of  the  following ,  find  x  in  terms  of  a,  b,  and  c: 


18. 


19. 


20. 


21. 


Construct  a  square  whose  area  is  three  times  the  area  of  a  given 
square. 

Construct  a  square  whose  area  is  half  the  area  of  a  given  square. 

In  the  diagram  at  the  right,  ABC  is  a  right 
triangle  with  hypotenuse  BC.  EBCD  is  a  square. 

DF  is  parallel  to  AB,  meeting  CA  extended  on  F. 

EG  is  parallel  to  AC  meeting  BA  on  G  and  DF 
extended  on  H.  The  lengths  of  BC,  CA,  AB  are 
a,  b,  c  units,  respectively.  Prove  that  HGAF  is 
a  square  of  area  (c  —  b) 2  square  units,  and  hence 
obtain  a  proof  of  the  Pythagorean  Theorem. 

XY  is  a  given  line  segment.  Find  a  point  P  on.  XY  such  that  the  sum 
of  the  areas  of  the  squares  on  XP  and  PI'  is  equal  to  the  area  of  the 
square  on  a  second  given  line  segment. 
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22. 

23. 


24. 


Divide  a  given  line  segment  into  two  parts  such  that  the  area  of  the 
square  on  one  part  is  equal  to  twice  the  area  of  the  square  on  the 
other  part. 

A  room  has  a  length  of  24  feet,  a  width  of  10  feet,  and  a  height  of  9 
feet. 

(i)  Draw  a  diagram  and  calculate  the  length  of  a  diagonal  of  the  floor, 
correct  to  one  decimal  place. 

(ii)  Using  the  result  of  (i),  calculate  the  length  of  a  diagonal  of  the 
room,  correct  to  one  decimal  place. 

A  flagpole  A  B  is  supported  by  two  guy  wires.  One  wire  is  fastened 
to  the  ground  at  a  point  C,  6  feet  due  south  of  B,  the  base  of  the  flag¬ 
pole.  The  other  wire  is  fastened  to  the  ground  at  a  point  D,  8  feet  due 
west  of  C.  The  length  of  guy  wire  AD  is  26  feet.  Draw  a  diagram 
and  calculate:  (i)  BD  (ii)  AB  (iii)  AC,  to  the  nearest  tenth  of  afoot. 


14*12  Converse  of  the  Pythagorean  Theorem. 

THEOREM  19 

Pythagorean  Converse 

If  the  area  of  the  square  on  one  side  of  a  triangle  is  equal  to  the  sum 
of  the  areas  of  the  squares  on  the  other  two  sides,  then  the  angle  contained 
by  these  sides  is  a  right  angle. 


v  x 


A 

E 


Hypothesis:  AABC  with  lengths  of  sides  a,  b,  and  c  units  such  that 
a1 2  =  b2  -f-  c2 

Conclusion:  A  A  =  90° 

Proof : 


STATEMENTS 


AUTHORITIES 


1 .  DEF  is  a  triangle  such  that 
AD  =  90°  and  the  lengths 
of  DF,  DE,  EF  are  b,  c,  x 
units  respectively. 

2.  x2  =  b2  +  c2 


1.  Existence  postulate 


2.  Pythagorean  Theorem 
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3.  a2  =  b2  +  c2 

4.  x2  =  a2 

5 .  x  =  a 

6.  AARC  =  ADEF 

7.  AA  =  AD  =  90° 


3.  Hypothesis 

4.  Replacement 

5.  Definition 

6.  sss 

7.  Definition 
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Example  1.  Determine  which  of  the  following  sets  of  numbers  could  be 
the  number  of  units  in  the  lengths  of  the  sides  of  a  right  triangle.  The 
solution  of  (i)  is  given ;  compare  your  solutions  for  the  others  with  those 
on  page  499. 

(i)  G,  8,  10  (ii)  7,  9,  3  (iii)  1.5,  2,  2.5 

(iv)  7,  24,  25  (v)  42,  40,  58  (vi)  2.5,  G,  6.5 

Solution,  (i)  6 2  =  36,  8 2  =  64,  10 2  =  100 
v  102  =  62  +  82 

.*.  6,  8,  10  units  could  be  lengths  of  sides  of  a  right  triangle. 


Example  2.  If  in  APQR,  Fig.  14-36,  the  number  of  units  in  the  lengths  of 
the  sides  are  2mn,  m2  +  n2,  m2  —  n2,  (m,  n  e+I,  m  >  n)  as  indicated, 
then  AQ  =  90°. 


Hypothesis:  APQR  with  sides  of  lengths 
2 mn,  m2  +  n2,  m2  —  n 2 
(m,  n  e+I,  m  >  n)  units 

Conclusion:  AQ  =  90° 

Proof : 


P 


STATEMENTS  AUTHORITIES 


1.  {in2  +  n2)2  =  m4  +  2 m2n2  +  nA 

1.  Number  axioms 

2.  (2 mn)2  =  4 m2n2 

2.  Definition 

3.  (m2  —  n2)2  =  m4  —  2 m2n2  +  n4 

3.  Number  axioms 

4.  (2 mn)2  +  (?n2  —  n2)2  =  m4 

4.  Addition 

+  2  m2n2  +  nA 

5.  (m2+n2)2=  (2?nn)2  +  (m2— 7i2)2 

5.  Replacement 

6.  AQ  =  90° 

6.  Pythagorean  Converse 

Sets  of  positive  integers  like  {3,  4,  5}  ,  {6,  8,  10}  ,  {5,  12,  13}  which 
satisfy  the  Pythagorean  relation,  a2  =  b2  +  c2,  are  called  Pythagorean 
triples. 
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From  Example  2  above,  it  may  be  seen  that  Pythagorean  triples  may 
be  determined  by  substituting  particular  positive  integers  for  m  and  n. 
A  few  Pythagorean  triples  obtained  in  this  way  are  listed  in  the  table 
below. 


m 

n 

PYTHAGOREAN 

TRIPLES 

m2  —  n2 

2  mn 

m2  +  n2 

2 

1 

3 

4 

5 

3 

1 

8 

6 

10 

4 

1 

15 

8 

17 

5 

1 

24 

10 

26 

3 

2 

5 

12 

13 

4 

2 

12 

16 

20 

5 

2 

21 

20 

29 

4 

3 

7 

24 

25 

Exercise  14-7 

(A) 

The  following  sets  of  numbers  represent  the  number  of  units  in  the 
lengths  of  the  sides  of  a  triangle.  State  whether  or  not  the  triangle  is  a  right 
triangle;  justify  your  answer: 

1.  6,  8,  10  2.  30,  40,  50  3.  2,  2,  3 

4.  2,  2,  V8  5.  2,  3,  V*2  6.  1,  2,  ^/5 

7.  1,  3,  V10  8.  5,  6,  V60  9.  5,  12,  13 

(B) 

10.  A  concrete  abutment  for  a  bridge  requires  a  base,  ABCD,  66  in.  by 
112  in.  (diagram  at  left  below).  The  length  of  the  diagonal  of  the 
base  is  130  in.  Show  that  Z.B  =  90°. 


11.  A  cylindrical  shaft  1 .00  in.  in  diameter,  diagram  right  above,  is  to  be 
milled  so  that  the  end  is  square.  If  BC  =  .70  in.,  AB  =  .70  in., 
and  AC  =  1 .00  in.,  is  A  ABC  equal  to,  greater  than,  or  less  than  90°  ? 
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1  he  following  sets  of  numbers  represent  the  number  of  units  in  the  measure¬ 
ments  oj  the  sides  of  a  triangle.  In  each  case  determine  if  the  triangle  is  a 
right  triangle;  justify  your  answers: 

12.  11,60,61  13.  1,1,  14.  21,20,28 

16.  3,  5,  V34  16.  12,  13,  18  17.  2.1,  1.5,  2.5 

18.  In  parallelogram  ABCD,  BD  =  48  cm.,  AC  =  14  cm.,  and  BC  = 
25  cm.  Prove  that  ABCD  is  a  rhombus. 

19.  In  A PQR,  D  is  on  QR  so  that  PD  J_  QR.  QD  =  16  units,  PD  =  12 
units,  DR  =  5  units.  Is  AQPR  acute,  obtuse,  or  a  right  angle? 


14*13  Area  of  a  trapezoid  (supplementary). 

definition  :  A  trapezoid  is  a  quadrilateral  with  one  pair  of  opposite 
sides  parallel. 


THEOREM  20 

Trapezoid  Area  Theorem 

If  the  lengths  of  the  parallel  sides  of  a  trapezoid  are  a  units  and  b  units 
and  the  perpendicular  distance  between  these  sides  is  h  units,  then  the 
area  of  the  trapezoid  is  £(a  -f  b)h  square  units. 


b 

Fig.  U-37 


Hypothesis:  Trapezoid  ABCD  having  AD  ||  BC ;  the  lengths  of  AD  and 
BC,  a,  b  units,  respectively;  the  perpendicular  distance 
between  AD  and  BC,  h  units. 

Conclusion:  Area  trapezoid  ABCD  =  i{a  +  b)  h  square  units 

Proof : 


STATEMENTS 


AUTHORITIES 


1.  Trapezoid  ABCD  =  A  ABC  +  A  ADC 

2.  A  ABC  =  ibh  sq.  units 

3.  A  ADC  =  iah  sq.  units 

4.  Trapezoid  ABCD  =  {hah  +  ibh)  sq.  units 

5.  Trapezoid  ABCD  =  i(a  +  b)h  sq.  units 


1.  Area  postulate 

2.  Area  of  triangle 

3.  Area  of  triangle 

4.  Replacement 

5.  Number  axioms 
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Example  1.  In  Fig.  14-38,  calculate 
solution  with  that  on  page  500. 


Fig.  14-38 


the  area  of  A  ABC.  Compare  your 


C 


Example  2.  The  Pythagorean  Theorem. 

Use  the  diagram  of  Fig.  14-89  to  prove  the  Pythagorean  Theorem;  com¬ 
pare  your  proof  with  that  on  page  500.  This  proof  is  accredited  to  Presi¬ 
dent  Garfield  (President  of  the  United  States,  1881). 

Hypothesis:  Trapezoid  ADEC  in  which  A  A  =  AD  =  90°, 

AB  =  DE  =  c  units,  AC  =  DB  =  b  units 

Conclusion:  a2  =  6 2  +  c2 


Exercise  14-8 

(A) 

1.  State  the  area  of  a  trapezoid  which  has  parallel  sides  of  lengths  l\  and 
l2  units,  respectively,  and  distance  between  parallel  sides,  d  units. 

Find  the  area  of  each  of  the  following  trapezoids: 

2.  3.  4. 


(B) 

5.  The  diagram,  on  the  left  at  the  top  of  page  423,  shows  a  cross-section 
of  a  highway  open  cut.  Find  the  area  of  the  cross-section. 

6.  The  cross-sectional  dimensions  of  a  concrete  dam  are  as  shown  in  the 
diagram  on  the  right  at  the  top  of  page  423.  Find  the  area  of  this 
cross-section. 
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40  ft. 
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50  ft. 


Find  the  area  of  A.ABC  in  each  of  the  following: 


9.  A  piece  of  sheet  iron  placed  on  squared  paper  produced  the  tracing 
shown  in  the  diagram  at  the  left  below.  Find  its  area  by  adding  to  the 
number  of  whole  squares,  one-half  of  the  number  of  cut  squares. 


10.  The  diagram  at  the  right  above  illustrates  lake-front  property  on  a 
peninsula  having  one  boundary,  AH,  28  rods  long.  At  4-rod  intervals 
on  AH,  perpendicular  lines  drawn  to  the  shore  have  lengths  as  shown. 
Regard  AJ,  JK,  KL,  etc.,  as  line  segments  and  find  the  area  of  the 
property  to  the  nearest  tenth  of  an  acre  (1  acre  =160  square  rods). 

11.  What  is  the  area  of  an  equilateral  triangle,  if  each  side  is  8.0  inches? 
Give  the  answer  correct  to  the  nearest 

square  inch. 

12.  In  the  diagram  at  the  right,  show  that 
the  area  of  rectangle  ABCD  is  equal  to 
the  area  of  trapezoid  EFGH  and  hence 
deduce  the  formula  for  the  area  of  a 
trapezoid. 


4  24 

14*14  Summary. 
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Congruence 

Undefined  Existence  Completion  Number  Postulates  Parallel 

Terms  Definitions  Postulates  Postulates  Axioms  (sas,  sss,  asa)  Postulate 

(Page  449)  (Page  452)  (Page  453)  (Page  275)  (Page  453)  (Page  453) 

L ! j | ! | i 

Deductive  Reasoning 


Area 

Postulates 
(Page  453) 


Theorems 


Deductions 


Cl.  Complementary  Angle  Theorem 
Angle <2.  Supplementary  Angle  Theorem 
(3.  Vertical  Angle  Theorem 


Basic 

Biconditional 


Isosceles  Triangle  Theorem 
Right  Bisector  Theorem 
Angle  Bisector  Theorem 


Inequality 


{ 6.  Exterior  Angle  Theorem 


Parallel 


7.  Parallel  Line  Theorem 

8.  Quadrilateral-Parallelogram  Theorem 

9.  Parallelogram  Theorem 

10.  Triangle  Angle  Sum  Theorem 


Congruence 


Area 


11.  aas  Congruence  Theorem 

12.  Right  Triangle  Congruence  Theorem 

14.  Parallelogram  Area  Theorem 

15.  Parallelogram-Diagonal  Theorem 

16.  Parallelogram-Triangle  Area  Theorem 

17.  Equal  Triangle-Parallel  Line  Theorem 

18.  Pythagorean  Theorem 

19.  Pythagorean  Converse 

20.  Trapezoid  Area  Theorem 


Exercise  14-9 

(. Numerical  Problems) 

Draw  a  representative  sketch ,  mark  on  all  given  data,  and  complete  the 
required  calculations  for  each  of  the  following: 

1.  In  A  ABC,  X  and  Y  are  on  AC  and  AB,  respectively,  so  that  BX  A.  AC 
and  CY  _L  AB.  If  AC  =  16  cm.,  BX  =  9  cm.,  and  CY  =  12  cm., 
find  AB. 
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2.  The  lengths  of  the  diagonals  of  a  rhombus  are  20  and  24  units.  What 
is  the  area  of  the  rhombus? 

3.  In  trapezoid  ABCD,  AB  ||  CD,  AB  =  G  in.,  CD  =  8  in.  If  the  dist¬ 
ance  between  AB  and  CD  is  2  in.,  find  the  area  of  ABCD. 

4.  The  medians  BD  and  CE  of  A  ABC  intersect  at  F.  The  area  of 
A’s  DEC  and  FBC  are  5  sq.  cm.  and  10  sq.  cm.,  respectively.  Find  the 
area  of  (i)  A EBF  (ii)  figure  AEFD. 

5.  P  is  any  point  on  AB  of  ||gm  ABCD.  The  altitude  of  ABCD  drawn 
to  BC  is  6  in.;  BC  is  8  in.  What  is  the  area  of  A  PCD? 

6.  In  ||fim  ABCD,  base  BC  =  20  in.  and  the  length  of  the  altitude  to 
BC  is  15  in.  P  is  any  point  on  AC  so  that  AP  —  \AC.  What  is  the 
area  of  A  PDC? 

7.  In  ||  gm  ABCD  the  lengths  of  the  base  and  the  altitude  drawn  to  this 
base  are  16  and  15  units,  respectively.  F  is  the  midpoint  of  AD  and 
E  is  the  midpoint  of  AB.  Find  the  area  of  A AEF . 

8.  AD  is  a  median  of  A  ABC.  E  is  on  AD  so  that  AE  —  |  AD.  If 
BC  =  20  in.  and  the  area  of  A EDC  is  30  sq.  in.,  find  the  altitude  of 
A  A  DC  drawn  from  A  to  DC. 

9.  In  A  ABC,  BC  —  16  in.  and  the  altitude  to  DC  is  8  in.  D  is  any 
point  on  DC;  E  is  the  midpoint  of  AD.  Find  the  area  of  (A AEC 
+  A  BDE). 

10.  The  diagonal  AC  of  quadrilateral  ABCD  bisects  the  other  diagonal 
DD.  X  is  on  AC  so  that  DX  _L  AC.  DX  is  3  in.  and  AC  is  6  in. 
Find  the  area  of  ABCD. 

11.  Calculate  the  area  of  the  unshaded  portion  of  each  of  the  following 
regions : 
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RATIO  AND  PROPORTION 
SIMILAR  FIGURES 


25*2  Ratio  and  proportion.  The  numbers  6,  3,  2  are  said  to  be  in  the 
ratio  6  to  3  to  2  which  is  written  6:3:2.  The  ratio  6  : 3  : 2  is  called  a 
three-term,  ratio. 

Since  24  =  6(4) 

12  =  3(4) 

8  =  2(4) 

the  ratio  24  :  12  :  8  is  said  to  be  equivalent  to  the  ratio  6  :  3  :  2;  that  is, 

24  :  12  : 8  =  6  : 3  : 2  . 

Also,  60  :  30  :  20  =  6(10)  :  3(10)  :  2(10) 

60  :  30  :  20  =  6  :  3  :  2  . 

Similarly,  30  :  15  :  10  =  6(5)  :  3(5)  :  2(5) 

30  :  15  :  10  =  6  : 3  :  2 

and  600  :  300  :  200  =  6(100)  :  3(100)  :  2(100) 

600  :  300  :  200  =  6  :  3  :  2  . 


In  general, 

x  :y :z  =  a :b  :c 

if  and  only  if  there  is  a  real  number ,  k  (k  ^  0)  such  that 

x  =  ka 

y  =  kb 
z  =  kc. 

The  statement  x  :y  :z  =  a  :b  :c  is  called  a  proportion.  Each  of  the 
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numbers  x,  y,  z,  a,  b,  c  is  called  a  proportional ,  and  k  is  the  proportionality 
factor. 

definition  :  A  proportion  is  the  statement  of  equality  of  two  ratios . 

Example  1.  Are  3,  8,  10  proportional  to  12,  32,  40?  Justify  your  answer. 

Solution .  Since  12  =  4(3),  32  =  4(8),  40  =  4(10),  then 

12  :  32  :  40  =  3  : 8  :  10  . 

The  proportionality  factor  is  4  . 

a.  Two-term  ratios.  The  two-term  ratio  60  :  30  is  equivalent  to  the  two- 
term  ratio  2  :  1,  since  60  : 30  =  30(2)  :  30(1)  =  2:1. 

This  proportion  may  also  be  written,  —  =  -  . 

30  1 

In  general , 

if  b  ^  0,  the  ratio  a  :  b  may  be  expressed  in  the  form  - . 


15 •  2  Ratios  of  line  segments  and  areas. 


definition:  The  ratio  of  line  segments  AB  and  CD  means  the 
ratio  of  the  lengths  of  the  line  segments  and  is  expressed  AB :  CD 


or 


AB 
CD  * 


A 


Fig.  15-1 


E  39  mm.  F 


The  ratio  of  the  sides  of  A  ABC,  Fig.  15-1  (a),  is  50  :  65  :  35,  or  10  :  13  :  7. 
The  ratio  of  the  sides  of  A DEF,  Fig. 15-1  (6),  is  30  :  39  :  21,  or  10  :  13  :  7. 
Thus,  AB  :  BC  :  CA  =  DE  :  EF  :  FD ;  that  is,  the  sides  of  A  ABC  are 
proportional  to  the  sides  of  A  DEF. 


definition:  The  ratio  of  the  areas  of  two  triangles  ABC  and  DEF 

A  A  BC 

is  expressed  A  ABC :  A  DEF  or  — "  _  -  and  is  the  ratio  of  the 
^  A  DEF 

number  of  square  units  in  the  areas  of  the  triangles. 
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Exercise  15-1 


(A) 


1.  In  the  diagram  below,  AD  is  divided  at  B  and  C  into  segments  with 
measurements  as  indicated. 


2. 


A  BCD 

State  the  ratio  of : 

(i)  AC  to  CD  (ii)  BD  to  AB  (iii)  CD  to  AB 

(iv)  AB  to  AD  (v)  AB  to  CD  (vi)  AD  to  BC 

State  the  numbers  represented  by  a  and  b  in  each  of  the  following 
proportions : 

(ii)  1 


(i)  2  :  4  :  6  =  6 


a 


(iii) 

(v) 


1 

2 

x 


1 

3 

y 


l 

i=i 

Z  —  X‘ 


a  :  b 


a  :  b 


(iv)  \  : 
(vi)  m 


1 

3 
1 
3 
:  mn 


1 

4  ~  ° 


b  :  1 


1 

4  “  a 


=  a  :  1 


n 


mn 


:  b 

2  :a  :b 


(B) 

3.  (a)  List  pairs  of  the  following  ratios  which  are  equal: 

(i)  5:7:9  (ii)  12:18: 24  (iii)  2:3:4 

(iv)  y  :  y  :  6  (v)  jj  :  2  ;  y  (vi)  2:0:0 

(b)  What  is  the  proportionality  factor  of  each  proportion  in  (a)  ? 

4.  A XYZ  has  a  base  whose  length  is  8  feet  and  an  altitude  whose  length 
is  6  feet.  A PQR  has  a  base  whose  length  is  4  feet  and  an  altitude 
whose  length  is  15  feet.  Find  the  ratio  of  A  XYZ  to  A  PQR. 

5.  C  is  a  point  on  line  segment  AB  such  that  AC  :  CB  =  3:2.  If  the 
length  of  AB  is  30  inches,  find  the  lengths  of  AC  and  CB. 

6.  Two  triangles  have  equal  altitudes,  and  their  areas  are  in  the  ratio 
5  : 3.  What  is  the  ratio  of  the  longer  base  to  the  shorter  base? 

7.  Two  circles  have  radii  of  lengths  8  cm.  and  12  cm.,  respectively. 
Find  (i)  the  ratio  of  their  circumferences  (ii)  the  ratio  of  their  areas. 


75*3  Properties  of  proportions  involving  two-term  ratios. 

In  the  proportion  a  :b  =  c  :  d,  a,  b,  c,  d  e  R, 

a  and  d  are  called  the  extremes; 

b  and  c  are  called  the  means; 

d  is  called  the  fourth  proportioiial  to  a,  b,  and  c. 
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a  q 

a.  theorem.  If  a,b,  c,  d  5*  0  and  -  =  -  , 

b  d 


then  (i) 

ad  — 

be 

(Cross  multiplication) 

a 

b 

(ii) 

c 

d 

(Alternation  of  the  means) 

b 

d 

aii) 

a 

c 

(Inversion) 

a  -f~  b 

c  T"  d 

(iv) 

b 

d 

(Adding  unity) 

a  —  b 

c  —  d 

(v) 

b 

d  ' 

(Subtracting  unity) 

CL  C 

(i)  Hypothesis :  a,  b,  c,  d  ^  0  and  -  =  - 

b  d 

Conclusion:  ad  =  be 
Proof : 

STATEMENTS  AUTHORITIES 


2.  ^  (bd)  =  -  ( bd ) 

b  d 

3.  ad  =  be 


1.  Hypothesis 

2.  Multiplication 

3.  Definition,  (CM) 


Write  a  proof  of  the  conclusions  (ii),  (iii),  (iv),  and  (v)  and  compare 
your  proofs  with  those  on  page  500. 

b.  If  -  =  -  and  a,  b,  c  9^  0,  then  a,  b,  c  are  in  continued  proportion  and 
b  c 

b  is  the  geometric  mean  (mean  proportional)  of  a  and  c,  and  c  is  the 
third  proportional  to  a  and  b. 

Example  1.  Find  the  fourth  proportional  to  3,  5,  and  8. 

Solution.  Represent  the  fourth  proportional  by  x. 


Then 


3  _  8 
5  x 
3z  =  40 
40 


(Definition) 

(Cross  multiplication) 
(Division) 


The  fourth  proportional  to  3,  5,  and  8  is 


40 
3  ’ 


430 


Chapter  XV 


Example  2.  Find  the  positive  mean  proportional  of  4  and  64. 


Solution.  Represent  the  mean  proportional  by  x. 

4  x 
Then  -  =  — 
x  64 

z2  =  256 


(Definition) 

(Cross  multiplication) 


x  =  +  16 

The  positive  mean  proportional  of  4  and  64  is  16, 

_4  _  16 
16  ~  64  ’ 


that  is, 


c.  If 


AB 

CD 


PQ_ 

XY 


then  AB  •  XY  =  CD  •  PQ  by  cross  multiplication.  Geo¬ 


metrically,  AB  •  XY  represents  the  number  of  square  units  in  the  area  of 
a  rectangle  with  adjacent  sides  equal  to  AB  and  XY .  AB  •  XY  is  read, 
“the  rectangle  AB  times  XY 


Exercise  15-2 

(A) 


State  the  equation  obtained  by  (i)  cross  multiplication  (ii)  alternation  of 
the  means  (iii)  inversion  (iv)  adding  unity  and  (v)  subtracting  unity  for  each 
of  the  following  proportions: 


1. 

3  9 

,4  12 

2.  -  =  — 

1  3 

n  64  10 

3-  3i  =  T 

5  “  15 

4. 

x  _  y 

2  ~  3 

6  x 

5.  -  =  — 
x  150 

6.  -  =  - 
5  x 

7. 

2:3=  18  : 27 

8.  5  :  x  =  x  :  125 

9.  4  :  7  =  15  :  x 

10. 

State  the  number  (or  numbers)  represented  by 

x  in  each  of  the  follow 

ing  proportions : 

x  3 

1  2  =  4 

/••x  3  21 

(n)  -  =  — 
x  14 

(iii)  x  :  5  =  10  : 25 

(iv)  f  - 

a  x 
(V)  3  =  5 

(vi)  12  :  3  =  44  :  x 

,  ~x  1  3 

(vn)  "  =  “ 

x  16 

,  ...x  2  3 

(vm)  -  =  - 
3  x 

(ix)  a  :b  —  b  :x 

11. 

What  conclusion 

can  be  drawn  in  each  of  the  following? 

<i)£-2 

b  c 

....  a  ma 

(u)  -  =  — 

b  c 

a  c 

(iii)  7  =  - 

0  c 
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What  conclusion  can  be  drawn  in  each  of  the  following? 


(iv) 


A ABC  AX 
A DEF  ~  AX 


(v) 


A  ABC  _  2  BC 
A  DEF  ~  BC 


,  .AB  2  CD 
(vl)  c3=landPQ 


3 

2 


12.  If  AB  •  XY  =  CD  •  PQ,  find: 

AP  XF 

W  CB  (11)  CD 

13.  If  XF2  =  AB  •  CD,  find: 


(i) 


(hi) 

XF 

AP 


PQ 

AB 


(iv) 


PQ 

XF 


(ii) 


XF 

CP 


(B) 


14.  If  m  represents  the  fourth  proportional  to  2,  6,  10,  find  m. 

15.  Find  the  fourth  proportional  to: 

(i)  3,  2J,  9  (ii)  x,  y,  xy 

(hi)  x  +  y,x  —  y,  (x  +  y) 2  (iv)  a2,  a  +  b,  a 

16.  If  x  represents  the  geometric  means  of  1  and  100,  find  x. 

17.  Find  the  geometric  means  of : 


(i)  9,  16  (ii)  9,  -4 


/  •  •  •  \  3  4 
On)  -  j 


(iv)  a,  ar 2 


(v)  Or  +  yY,  {x  -  y)2 

18.  If  x  represents  the  third  proportional  to  1  and  2,  find  x. 

19.  Find  the  third  proportional  to : 

(i)  3,  9  (ii)  3,  2  (iii)  a,  ar  (iv)  x2,  xy 

20.  Find  the  ratio  x:  y  from  each  of  the  following: 

(i)  5x  =  7 y  (ii)  2x  =  3 y 

(iii)  x  —  2y  =  0  (iv)  ax  —  by  =  0 

x  +  y 


(v)  Evaluate 

(vi)  Evaluate 


y 

x  -  y 
V 


for  each  of  (i)  to  (iv)  . 


for  each  of  (i)  to  (iv)  . 


21.  A  line  segment  AB  is  extended  to  a  point  C  beyond  B,  so  that 
BC  =  f AB  .  Find  each  of  the  following  ratios: 


(i) 


AB 

BC 


(ii) 


AC 

AB 


(hi) 


BC 

AC 


22.  A  line  segment  PQ  is  extended  beyond  Q  to  R  so  that 
If  PQ  =  24  cm.,  find  the  length  of  PR  . 


PQ 

QR 


4 

3 
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S  is  a  point  between  R  and  T  in  the  line  segment  RT.  Find  what  fraction 
(i)  RS  is  of  RT  (ii)  ST  is  of  RT,  if  RS  :  ST  equals: 

23.  2  :  3  24.  1  :  4  25.  5  :  2 

26.  m  :  n  27.  2m  :3s  28.  a  +  b  :  a  —  b 

15*4  Triangle  Area  Ratio  Theorem. 

THEOREM  21 

Triangle  Area  Ratio  Theorem 

If  two  triangles  have  equal  altitudes,  then  their  areas  are  proportional 
to  their  bases. 


A 


Fig.  15-2 


Hypothesis:  A  ABC  and  A  DEF  with  altitudes  of  length  h  units  and 
bases  of  length  b  i  and  b2  units,  respectively 


Conclusion : 


A  ABC 
adef 


bi 

b2 


Proof : 


STATEMENTS 

1.  A  ABC  =  %b  \h  sq.  units 

2.  ADEF  =  %b2h  sq.  units 

3.  A  ABC  _  %bxh 

ADEF  Ijr b2h 

4.  A  ABC  _ 

ADEF  5  2 


AUTHORITIES 

1 .  Area  of  triangle 

2.  Area  of  triangle 

3.  Division 

4.  Principle  of  equivalent 
fractions 


Corollary :  If  two  triangles  have  equal  bases,  then  their  areas  are  propor¬ 
tional  to  their  altitudes. 


Write  a  complete  proof  of  this  corollary  and  compare  your  proof  with 
that  on  page  50 1 . 
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Exercise  15-3 

(A) 

1.  In  the  diagram  at  the  left  below,  what  is  the  ratio  of : 
(i)  A  ABC  to  A  ACD  (ii)  A  ABC  to  A  ABD 

(iii)  A  ACD  to  A  ABD 


2.  In  the  diagram  at  the  right  above,  what  is  the  ratio  of : 

(i)  A PQR  to  APRS  (ii)  A PQS  to  APRS 

(iii)  A  PQR  to  A  PQS 

3.  In  the  diagram  at  the  left  below,  what  is  the  ratio  A  ABC  A  ABD? 


2 


4.  In  the  diagram  at  the  right  above,  what  is  the  ratio  of : 

(i)  A  QTS  to  AT  SR  (ii)  A  QTS  to  A  QPS 

(iii)  A  TRS  to  APSR  (iv)  A  TQR  to  A  PQS 

(v)  A  QSP  to  A  SRP  (vi)  A  PQR  to  A  PQS 

(vii)  A PTQ  to  A  TQS  (viii)  A  TSR  to  A PTR 

(ix)  A  PRT  to  A  PQT  (x)  A  PTR  to  A  QTS 

(xi)  A  TSR  to  A  PQT  (xii)  A  QTS  to  APSR 

5.  In  the  diagram  at  the  right,  A  BCD  is  a 
parallelogram. 

What  fraction  is  (i)  A  ABE  of  A  ABC 

(ii)  A  ABE  of  parallelogram  ABCD 

(iii)  quadrilateral  AECF  of 
parallelogram  ABCD  ? 
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6.  In  the  diagram  at  the  left  below,  what  is  the  ratio  of : 

(i)  AABH  to  A  ABD  (ii)  AABD  to  A  ABC 

(iii)  AABH  to  A  ABC 


A 


7.  In  the  diagram  at  the  right  above,  find : 


(i) 


A  ABD 
A  ABC 


(ii) 


A  ADC 
A  ABE 


(iii) 


A  AGO 
A  ABC 


(iv) 


A  ABD 
A  BGC 


(B) 

8.  PQRS  is  a  parallelogram  and  X  is  a  point  on  QS  such  that 


QX 

xs 


1 

4 


Prove  that  A PXS  =  f  parallelogram  PQRS. 

9.  ABCD  is  a  quadrilateral.  The  diagonals  AC  and  BD  intersect  on  E 
such  that  AE  —  EC.  Prove  that  AACD  =  ABCD. 


10.  Prove  that  the  areas  of  the  four  non-overlapping  triangles  into  which 
a  quadrilateral  is  divided  by  its  diagonals  are  proportional. 

11.  State  and  prove  the  converse  of  the  Triangle  Area  Ratio  Theorem. 


15*5  Triangle  Proportionality  Theorem. 

THEOREM  22 

Triangle  Proportionality  Theorem 

If  a  line  parallel  to  one  side  of  a  triangle  intersects  the  other  two  sides 
at  distinct  points,  then  the  segments  of  these  sides  are  proportional. 


Fig.  15-3 
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Hypothesis:  A  ABC  and  a  line  l  parallel  to  BC,  such  that  l  intersects 
AB  on  D  and  AC  on  E 


Conclusion : 


AD 

DB 


Analysis : 


AE 

EC 


I  CAN  PROVE 

AD  AE 
h  DB  ~  EC 


2.  The  areas  of  two  triangles  with 
AD  and  DB  as  bases  and  with 
equal  altitudes  are  proportional 
to  the  areas  of  two  triangles  with 
AE  and  EC  as  bases  and  with 
equal  altitudes 
A  AED  A  AED 

3'  A  DEB  =  A  DEC 

4.  A  DEB  =  A  DEC 

5.  BC  1 1 DE  by  hypothesis. 


IF  I  CAN  PROVE 

1.  The  areas  of  two  triangles  with 
AD  and  DB  as  bases  and  with 
equal  altitudes  are  proportional 
to  the  areas  of  two  triangles 
with  AE  and  EC  as  bases  and 
with  equal  altitudes. 

0  A  AED  A  AED 
'  A  DEB  =  A  DEC  * 

3.  A  DEB  =  A  DEC  . 

4.  BC  1 1  DE  . 


Proof:  Write  a  complete  proof  of  this  theorem  and  compare  your  proof 
with  that  on  page  502. 

Corollary:  If  a  straight  line  parallel  to  one  side  of  a  triangle  intersects 
the  other  two  sides  at  distinct  points,  then  the  sides  are 
proportional  to  corresponding  segments. 

Write  a  complete  proof  of  this  corollary  and  compare  your  proof  with 
that  on  page  502.  (hint:  Refer  to  section  15*3,  a.  (iv)  page  429.) 

Example.  In  A PQR  (Fig.  15-4),  S  is  o 
and  T  on  PR  so  that  ST  ||  QR.  V  is  o 

so  that  TV  ||  PQ.  Prove  that 

QS  R\ 

Hypothesis:  In  the  diagram  (Fig.  15-4 ) 

ST  ||  QR,  TV\\PQ. 

PQ  =  RQ 
QS  ~  RV 


PQ 

QR  P 


Conclusion : 


Fig.  15-4 
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I  CAN  PROVE 


IF  I  CAN  PROVE 


PQ  =  RQ 
'  QS  RV 

PQ  -  ™  RQ  _  RP 
2'  QS  ~  RT  and  RV  ~  RT 
by  the  Triangle  Proportionality 
Theorem. 


PR  RQ  _  RP 
RT  and  RV~  RT' 


Proof:  Write  a  complete  proof  and  compare  it  with  that  on  page  503. 


Exercise  16-4 


(A) 


1.  For  each  of  the  following  diagrams,  find  the  numbers  represented  by 
x  and  y : 


(i) 


(ii) 


2.  With  reference  to  the  accompanying 
diagram,  complete  the  proportions: 


(i) 

(iii) 


PS 

SQ  ~ 

-  (ii) 

QR 

QT 

RT 

-  (iv) 

QP 

TQ 

SP 

3.  With  reference  to  the  accompanying 
diagram,  what  is  the  ratio  of: 


(i)  AB  to  BC 
(iii)  GH  to  HF 
(v)  CH  to  HD 


(ii)  AE  to  ED 
(iv)  AG  to  GH 
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4. 


In  each  of  the  diagrams  below, 


AX 
XI 3 


sented  by  x  in  each  case: 


Find  the  number  repre¬ 


ss 


X 


(B) 


5.  Copy  the  following  proof  and  complete 
the  authorities  column: 

Hypothesis:  In  the  diagram  at  the  right 
DE  ||  BC. 

Conclusion :  A ADF  —  A AEF 
Proof: 


A 


STATEMENTS 


AUTHORITIES 


AADF  AD 
■  A  DBF  ~  DB 
o  A AEF  AE 
'  A ECF  =  EC 
3.  DE\\BC 
,  AD  _AE 
4’  DB  ~  EC 

A ADF  A AEF 
5‘  A  DBF  =  A  ECF 

6.  ADBC  =  A EBC 

7.  ADBC  -  A FBC  =  A BEC  -  A FBC 

8.  A  DBF  =  A  ECF 
A  ADF  A  AEF 

9‘  A  DBF  =  A  ECF 
10.  AADF  =  A  AEF 


1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 


6.  Use  the  Triangle  Proportionality  Theorem  to  prove  that  the  line  on 
the  midpoint  of  one  side  of  a  triangle,  parallel  to  a  second  side,  bisects 
the  third  side. 
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7.  In  the  diagram  at  the  left  below,  AB  =  BC  =  CD  =  DE  and 
BP  ||  CQ  ||  DR  ||  ES. 

Prove  AP  =  PQ  =  QR  =  RS . 


8. 


9. 


In  the  diagram  at  the  right  above,  three  parallel  lines  are  intersected 
by  two  transversals  at  X,  Y,  Z,  and  P,  Q,  R,  respectively. 

XY  PQ 


Prove 


FZ  QR  ' 


In  parallelogram  A  BCD,  X  and  F  are  the  midpoints  of  AD  and  BC, 
respectively.  BX  and  DY  intersect  AC  on  M  and  N,  respectively. 
Prove  AM  =  MN  =  NC,  that  is,  BX  and  DY  trisect  AC. 


Fig.  15-5 


If  a  picture  of  a  quadrilateral  A  BCD  (Fig.  15-5 )  is  projected  on  a  screen, 
in  a  plane  parallel  to  the  plane  of  the  slide,  the  image  A'  B'  C'  D'  will 
be  a  uniform  enlargement  of  the  original  quadrilateral.  Quadrilateral 
ABCD  can  be  considered  a  uniform  reduction  of  quadrilateral  A'  B' 
C'  D'.  Two  such  geometric  figures  are  said  to  be  similar,  that  is,  they  have 
the  same  shape  but  not  the  same  size.  This  means  that  the  angles  of 
one  figure  are  respectively  equal  to  the  corresponding  angles  of  the  other, 
and  the  lengths  of  the  sides  of  one  are  proportional  to  the  lengths  of  the 
corresponding  sides  of  the  other. 
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definition  :  Geometric  figures  are  similar  if: 

(i)  corresponding  angles  are  equal, 
and  (ii)  corresponding  sides  are  proportional. 


D 


A 


B' 


3 - 

- C 

□ _ 

_ L 

D 


Fig.  15-6 


c 

(b) 


C' 


Corresponding  angles  of  square  ABCD  and  rectangle  A'  B'  C'  F>'  (Fig. 
15-6 )  are  equal,  but  corresponding  sides  are  not  proportional,  since 
a  :  a  :  a  :  a  9^  b  :  c  :b  :  c  .  Thus,  quadrilaterals  ABCD  and  A'  B'  C'  D' 
are  not  similar.  In  Fig.  15-7,  quadrilaterals  PQRS  and  P'Q'R'S'  do  not 
have  corresponding  angles  equal,  but  corresponding  sides  are  proportional, 
since  a  :  a  :  a  :  a  —  b  :b  :b  :b  =  1:1:1  : 1  .  Thus,  quadrilaterals  PQRS 
and  P'  Q'  R'  S'  are  not  similar. 


In  Fig.  15-8,  corresponding  angles  of  quadrilaterals  WXYZ  and 
W  X'  Y'  Z'  are  equal,  and  corresponding  sides  are  proportional,  since 
a  :  b  :  c  :  d  =  2a  :  2b  :  2c  :  2d  .  Thus,  quadrilateral  WXYZ  is  similar  to 
quadrilateral  W'  X'  Y'  Z'.  The  symbol  ^  means  is  similar  to.  Thus,  we 
write  quadrilateral  WXYZ  ~  quadrilateral  W  X'  Y'  Z' . 


Fig.  15-8 
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The  correspondences  between  the  parts  of  the  similar  quadrilaterals 
in  Fig.  15-9  are  as  follows: 


ZA  =  ZQ 

A  <->  Q 

AB  <-*  QP 

LB  =  ZP 

B^P 

BC  <->  PS 

ZC  =  ZS 

C^S 

CD  *->  SR 

ZD  =  ZR 

D  R 

DA  <-»  RQ 

If  care  is  taken  in  listing  corresponding  vertices  in  order,  all  of  the 
above  correspondences  are  contained  in  the  statement: 


Quadrilateral  A  B  C  D  ~  quadrilateral  Q  P  S  R 


< — 

<- 

A  . .  t  |  ^  “ 

Exercise  15-5 

(A) 

1.  Name  corresponding  vertices  and  corresponding  sides  in  each  of  the 
following: 

0) 
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2.  Quadrilateral  DGHM  ~  quadrilateral  PRTS.  Without  referring  to  a 
diagram,  name  (i)  corresponding  sides  (ii)  corresponding  angles. 


3. 


(B) 

In  each  of  the  following,  which  figure  is  not  similar  to  the  other  two  ? 
Give  reasons. 


4.  In  each  of  the  following,  wu’ite  the  proportion  obtained  from  the 
lengths  of  corresponding  sides  of  the  similar  triangles: 
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5.  Prove  that  all  equilateral  triangles  are  similar. 

15*7  The  aaa  Similar  Triangle  Theorem.  Suppose  a  correspondence 
exists  between  two  sets  of  non-collinear  points  {A,  B,  C}  and  [D,  E,  F\ 
so  that  A  <r+  D,  B  <r-±  E,  C  <-»  F.  Under  what  conditions  are  the  triangles 
determined  by  these  points  similar?  By  the  definition  of  similar  figures 
it  is  necessary  that  corresponding  angles  be  equal  and  corresponding  sides 
be  proportional. 


However,  we  are  now  interested  in  the  conditions  that  are  sufficient  to 
determine  similar  triangles.  It  has  been  proved  that  equilateral  triangles 
are  equiangular,  and  since  corresponding  sides  of  equilateral  triangles 
are  proportional,  then  all  equilateral  triangles  are  similar.  This  suggests 
that  equiangular  triangles  are  similar  and  leads  to  the  aaa  Similar 
Triangle  Theorem  which  follows. 

THEOREM  23 

The  aaa  Similar  Triangle  Theorem 

If  two  triangles  are  equiangular,  then  the  corresponding  sides  are 
proportional  and  hence  the  triangles  are  similar. 


D 


(b) 


Ratio  and  Proportion,  Similar  Figures 

Hypothesis:  A’s  ABC  and  DEF  such  that  A  A  =  AD,  AB 
AC  =  AF  {Fig.  15-11) 


Conclusion : 


(i) 


AB 

DE 


BC___AC 
EF  DF 


(ii)  AABC~ADEF 
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Analysis:  Recall  that  the  Triangle  Proportionality  Theorem  and  its 
corollary  are  the  only  authorities  available  for  proving  line 
segments  proportional. 


I  CAN  PROVE 


IF  I  CAN  PROVE 


AB  BC  AC 
W  L  DE~  EF~  DF 
AB  AC 
2'  DE  ~  DF 

AC  AB 
3'  AX  ~  AY 

4.  XY  ||  BC 

5.  ZAXY  =  ZACB 

6.  ZAXY  —  ZDFE 

7.  A AXY  =  A DFE  by  the 
sas  postulate. 

AB  BC  . 

S'DE  =  EFma  Slmllar 
manner. 

(ii)  9.  A  ARC  —  A  DEF 


10. 


AB  CA  BC 


by  part  (i)  ; 


DE  FD  EF 
ZA  =  AD,  AB  =  AE, 
AC  =  AF  by  hypothesis. 


AB  AC  ,  AB  BC 
1-  —  ttv:  and  — — -  =  — -  . 

DE  DF  DE  EF 

AC  AB 

2'  AX  ~  AY 

where  AX  =  DF  and  AY  —  DE. 

3.  XY  ||  BC  . 

4.  A  AXY  =  AACB. 

5.  A  AXY  =  A  DFE. 

6.  A  AXY  ^  A  DFE  . 


AB  CA  BC 

J'  DE  ~  FD  ~  EF 

and  ZA  =  AD,  AB  =  AE, 
AC  =  AF  . 


Proof:  Write  a  complete  proof  for  this  theorem  and  compare  it  with 

that  on  page  503. 

Corollary:  State  and  prove  a  corollary  of  the  aaa  Similar  Triangle 
Theorem  which  makes  use  of  Corollary  3  of  the  Triangle  Angle 
Sum  Theorem  (page  376).  Compare  your  statement  and  proof 
with  that  on  page  503. 
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Example  1. 

Hypothesis:  In  Fig.  15-12,  Z.ABD  =  Z.BDC  . 
Conclusion:  A  EBA  ~  A  EDO 


A 


B 


D 


C 


Fig.  15-12 


Analysis : 


I  CAN  PROVE 


IF  I  CAN  PROVE 


1.  AEBA~AEDC 


1.  Two  angles  of  A  EBA  equal  to 
two  angles  of  A  EDO  . 


2.  Z  A EB  —  Z  CED  by  the 
Vertical  Angle  Theorem  and 
Z  EDC  =  Z  EBA  by 
hypothesis. 

Proof:  Write  a  complete  proof  for  this  deduction  and  compare  it  with 
that  on  page  504. 

A 

Example  2. 

Hypothesis:  In  Fig.  15-13,  BX  and  CY 


are  altitudes  of  A  ABC  . 
Conclusion:  AB  •  AY  =  AC  •  AX 


B 


C 


Fig.  15-13 


Analysis : 


I  CAN  PROVE 


IF  I  CAN  PROVE 


1.  AB*  AY  =  AC  •  AX 


2.  A  ABC  equiangular  to  A  AXY. 


3.  A  A  BC  equiangular  to 
A  AXY  (insufficient 
information). 
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(ii)  4. 


AB 

AC 


AX 

AY 


4.  A ABX  equiangular  to  A ACY. 


5.  ZBAX  =  AC  AY  by  the 
reflexive  property  and 
ZAXB  =  AAYC  by 
hypothesis. 


Proof:  Write  a  complete  proof  for  this  deduction  and  compare  your  proof 
with  that  on  page  504. 


Exercise  15-6 


(A) 


1.  Name  pairs  of  similar  triangles  in  each  of  the  following  diagrams;  give 
reasons  in  each  case: 


2.  For  each  diagram  in  question  1,  state  the  pro¬ 
portion  obtained  from  corresponding  sides  of 
similar  triangles. 

3.  In  the  following,  state  the  authorities  required 
to  complete  the  proof. 

Hypothesis:  In  the  diagram  at  the  right, 

AE  =  BE,  EC  =  ED 

Conclusion:  A  ABE  ~  A  DCE 
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Proof: 

STATEMENTS  AUTHORITIES 


1.  In  A  ABE,  AE  =  BE 

1. 

2.  ZEAB  =  ZEBA 

2. 

3.  In  A EDC,  ED  =  EC 

3. 

4.  ZEDC  =  ZECD 

4. 

5.  ZAEB  =  ZDEC 

5. 

6.  ZAEB  +  ZEBA  +  ZEAB  =  180° 

6. 

7.  ZDEC  +  ZECD  +  ZEDC  =  180° 

7. 

8.  ZEBA  +  ZEAB  =  ZECD  +  ZEDC 

8. 

9.  ZEBA  =  ZECD 

9. 

10.  AABE  ™  A  EDC 

10. 

(B) 

Write  an  analysis  for  the  following  deductions : 

4.  ABCD  is  a  trapezoid  with  AB  ||  CD.  The  diagonals  AC  and  DB  meet 
at  E.  Prove  that  A  ABE  ~  A  CDE  . 

5.  D  is  a  point  on  side  AB  in  AABC.  The  line  on  D  parallel  to  BC  meets 
AC  at  E)  the  line  on  D  parallel  to  AC  meets  BC  at  F.  Prove 
AADE  ~  A  DBF  . 

Write  a  complete  proof  for  each  of  the  following: 

6.  In  the  diagram  at  the  left  below,  Z  ABP  =  A  PAD. 

Prove  AP2  =  BP  •  PD  . 


7.  In  the  diagram  at  the  right  above,  FG  \  \  BC,  GH  1 1  CD,  II K  1 1  DE, 
AF  =  FB.  Prove  figure  ABCDE  ~  figure  AFGHK  . 

8.  A PQR  is  right-angled  at  Q.  QM  is  the  altitude  from  Q  to  PR.  Prove 
that  QM  is  the  geometric  mean  between  PM  and  MR  . 

9.  D  is  the  midpoint  of  side  AB  in  A  ABC.  The  line  on  D  parallel  to 
BC  meets  AC  at  E.  Prove  (i)  AE  =  EC  (ii)  DE  =  %BC  . 

10.  In  similar  triangles,  prove  that  corresponding  altitudes  are  propor¬ 
tional  to  corresponding  sides. 
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11. 


Any  three  straight  lines  are  drawn  on  a  point  P.  Two  other  parallel 
lines,  neither  of  which  lies  on  P  nor  is  parallel  to  any  of  the  lines  on 
P,  meet  the  lines  on  P  at  the  points  A,  B,  C  and  X,  Y,  Z,  respectively. 


Prove 


AB 

IF 


BC 
YZ  ’ 


15*8  An  alternate  proof  of  the  Pythagorean  Theorem  (supplementary). 

Copy  the  following  proof  and  complete  the  authorities  column ;  compare 
your  solution  with  that  on  page  504. 


A 


Hypothesis:  A  ABC,  right-angled  at  A,  with  the  lengths  of  AB,  BC,  CA 
represented  by  c,  a,  b  units,  respectively 
Conclusion:  5 2  +  c2  =  a2 
Proof : 


STATEMENTS  AUTHORITIES 


1.  AM  is  the  altitude  from  A  to  BC. 

1. 

2.  Let  x,  y  units  represent  the  lengths  of  BM 

2. 

and  MC,  respectively. 

3.  In  A’s  AMC  and  BAC 

f  ZAMC  =  ABAC 

3. 

4. 

\ZMCA  =  ZACB 

4. 

„  y  b 

5.  f  =  - 

5. 

b  a 

6.  b2  =  ay 

6. 

7.  In  A’s  AMB  and  CAB\ 

'  ZAMB  =  ZCAB 

7. 

8.  1 

AM  BA  =  A  ABC 

8. 

9. 

c  a 

10.  c2  =  ax 

10. 

11.  b2  +  c2  =  ay  +  ax 

11. 

12.  62  +  c2  =  a(y  +  x) 

12. 

13.  b2  +  c2  =  a2 

13. 
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Congruence 

Undefined  Existence  Completion  Number  Postulates  Parallel  Area 

Terms  Definitions  Postulates  Postulates  Axioms  sas,  sss,  asa  Postulate  Postulates 

(page  449)  (page  452)  (page  453)  (page  275)  (page  453)  (page  453)  (page  453) 

I _  I  I  I  I  I  II 


Deductive  Reasoning 


Theorems  Deductions 


Angles 


1.  Complementary  Angle  Theorem 

2.  Supplementary  Angle  Theorem 

3.  Vertical  Angle  Theorem 


Basic 
Biconditional 


4.  Isosceles  Triangle  Theorem 

5.  Right  Bisector  Theorem 
13.  Angle  Bisector  Theorem 


Inequality  { 6.  Exterior  Angle  Theorem 


Parallels 


7.  Parallel  Line  Theorem 

8.  Quadrilateral-Parallelogram  Theorem 

9.  Parallelogram  Theorem 

10.  Triangle  Angle  Sum  Theorem 


Congruence 


/  a.  aas  Congruence  Theorem 

\l2.  Right  Triangle  Congruence  Theorem 


Area 


/ 14.  Parallelogram  Area  Theorem 
15.  Parallelogram-Diagonal  Theorem 
\l6.  Parallelogram-Triangle  Area  Th. 

17.  Equal  Triangle-Parallel  Line  Th. 

18.  Pythagorean  Theorem 

19.  Pythagorean  Converse 
\20.  Trapezoid  Area  Theorem 


Proportionality 


(21.  Triangle  Area  Ratio  Th. 

1 22.  Triangle  Proportionality  Th. 


Similar  Triangles  {23.  aaa  Similar  Triangle  Th. 


DEFINITIONS 


Acute  angle.  An  acute  angle  is  an  angle  with  degree  measure  less  than  90. 

Acute  triangle.  An  acute  triangle  is  a  triangle  determining  three  acute 
angles. 

Altitude  of  a  triangle.  The  altitude  of  a  triangle  is  the  line  segment  drawn 
from  a  vertex  perpendicular  to  the  opposite  side  and  terminating  on  the 
opposite  side. 

Angle.  An  angle  is  the  set  of  all  points  on  two  distinct  rays  with  a  common 
end  point. 

Angle  sum  of  two  angles.  The  angle  sum  of  two  angles  is  the  sum  of 
the  measurements  of  the  two  angles. 

Betweeness  on  a  line.  If  A,  B,  C  are  three  points  on  a  line,  B  is  between 
A  and  C  if  AC  =  AB  +  BC  . 

Bisect.  To  bisect  is  to  divide  into  two  equal  parts. 

Centroid.  The  centroid  of  a  triangle  is  the  point  of  intersection  of  the 
medians. 

Circle.  A  circle  is  a  point  set  such  that  each  member  of  the  set  is  the 
same  distance  (radius)  from  a  fixed  point  (centre). 

Circumcentre.  The  circumcentre  of  a  triangle  is  the  point  of  intersection 
of  the  right  bisectors  of  the  sides  of  a  triangle. 

Circumscribed  circle  of  a  triangle.  The  circumscribed  circle  of  a  triangle 
is  the  circle  on  the  three  vertices. 

Collinear  points.  Collinear  points  are  points  on  the  same  straight  line. 
Complementary  angles.  Two  angles  whose  angle  sum  is  90°  are  comple¬ 
mentary  angles. 

Concurrent  lines.  Concurrent  lines  are  three  or  more  lines  on  the 
same  point. 

Congruence  of  triangles.  If  a  correspondence  ABC  <->  DEF  between 
the  vertices  of  two  triangles  is  such  that  every  pair  of  corresponding  sides 
is  congruent  and  every  pair  of  corresponding  angles  is  congruent,  then 
this  correspondence  is  a  congruence  matching  and  A  ABC  ==  A  DEF. 
Converse  statements.  When  two  conditional  statements  are  so  related 
that  the  hypothesis  and  conclusion  consist  of  single  statements  which  are 
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interchanged,  then  each  conditional  statement  is  said  to  be  the  converse  of 
the  other. 

Converse  theorem.  A  converse  theorem  is  a  theorem  that  is  formed  from 
a  given  theorem  by  interchanging  any  number  of  statements  in  the 
hypothesis  of  the  given  theorem  with  an  equal  number  of  statements  in 
the  conclusion. 

Corollary.  A  corollary  of  a  theorem  is  an  implication  which  follows  as  a 
direct  consequent  of  the  theorem. 

Degree.  A  degree  is  of  a  straight  angle. 

Dihedral  angle.  A  dihedral  angle  is  the  point  set  consisting  of  the  union 
of  a  line  and  two  non-coplanar  half-planes  having  the  line  as  a  common 
edge. 

Equilateral  triangle.  An  equilateral  triangle  is  a  triangle  with  all  sides 
equal. 

Exterior  of  an  angle.  The  exterior  of  an  angle  is  the  point  set  not  con¬ 
tained  in  an  angle  or  its  interior. 

Exterior  angle  of  a  triangle.  See  page  351. 

Half-line.  A  half-line  is  the  point  set  consisting  of  all  points  on  a  line 
which  are  on  one  side  of  a  given  point  on  the  line. 

Half-plane.  A  half-plane  is  the  point  set  consisting  of  all  points  in  a 
given  plane  which  are  on  one  side  of  a  given  line. 

Interior  of  an  angle.  A  point  D  is  in  the  interior  of  Z  A  BC  if  D  is  on  the 
same  side  of  line  BA  as  C  and  on  the  same  side  of  line  BC  as  A. 

Isosceles  triangle.  An  isosceles  triangle  is  a  triangle  with  two  sides  equal. 

Line  segment.  A  line  segment  is  the  point  set  consisting  of  two  distinct 
points  on  a  line  and  all  the  points  between  them. 

Median  of  a  triangle.  The  median  of  a  triangle  is  the  line  segment  joining 
any  vertex  to  the  midpoint  of  the  opposite  side. 

Midpoint  of  a  line  segment.  If  AB  is  a  line  segment  and  C  is  a  point  on 
the  segment,  then  C  is  the  midpoint  if  AC  =  CB. 

Obtuse  angle.  An  obtuse  angle  is  an  angle  with  degree  measure  greater 
than  90  and  less  than  180. 

Obtuse  triangle.  An  obtuse  triangle  is  a  triangle  with  one  angle  an 
obtuse  angle. 

Orthocentre.  The  orthocentre  of  a  triangle  is  the  point  of  intersection  of 
the  altitudes. 

Parallel  lines.  If  two  distinct  lines  lie  in  the  same  plane  and  have  no 
point  in  common,  then  the  two  lines  are  parallel. 

Parallel  line  segments.  If  two  distinct  line  segments  are  segments  of 
parallel  lines,  then  the  two  line  segments  are  parallel. 
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Parallelogram.  If  a  quadrilateral  has  both  pairs  of  opposite  sides  parallel, 
then  it  is  a  parallelogram. 

Perpendicular  distance.  Perpendicular  distance  is  the  length  of  a  line 
segment  from  a  point  to  a  line  (or  segment)  at  right  angles  to  the  line. 

Polygon.  If  the  beginning  and  end  of  a  polygonal  path  consisting  of  three 
or  more  line  segments  coincide,  then  the  path  is  called  a  polygon. 

Postulate.  A  postulate  is  an  assumption. 

Proportion.  A  proportion  is  the  statement  of  equality  of  two  ratios. 
Radius  of  a  circle.  The  radius  of  a  circle  is  a  line  segment  with  end  points, 
the  centre,  and  a  point  on  the  circle. 

Ratio  of  line  segments.  The  ratio  of  line  segments  is  the  ratio  of  the 
number  of  units  in  the  lengths  of  the  line  segments. 

Ratio  of  areas  of  triangles.  The  ratio  of  the  areas  of  triangles  is  the  ratio 
of  the  number  of  square  units  in  the  areas  of  the  triangles. 

Ray.  A  ray  is  the  point  set  consisting  of  a  point  on  a  line  and  all  the 
points  on  the  line  on  one  side  of  the  given  point. 

Remote  interior  angles.  See  page  351. 

Right  angle.  A  right  angle  is  an  angle  whose  degree  measure  is  90. 

Right  bisector  of  a  line  segment.  The  right  bisector  of  a  given  line  segment 
is  the  line  which  bisects  the  line  segment  at  right  angles. 

Rhombus.  A  rhombus  is  a  parallelogram  with  a  pair  of  adjacent  sides 
equal. 

Scalene  triangle.  A  scalene  triangle  is  a  triangle  with  no  two  sides  of 
equal  length. 

Similar  figures.  Geometric  figures  are  similar  if: 

(i)  corresponding  angles  are  equal,  and 

(ii)  corresponding  sides  are  proportional. 

Simple  polygon.  If  the  beginning  and  end  of  a  polygonal  path  consisting 
of  three  or  more  line  segments  coincide  and  no  two  sides  intersect,  then 
the  path  is  called  a  simple  polygon. 

Simple  polygonal  region.  A  simple  polygonal  region  is  the  union  of 
triangular  regions  such  that  if  any  two  of  these  intersect,  the  intersection 
is  a  line  segment  or  a  point. 

Straight  angle.  A  straight  angle  is  an  angle  whose  degree  measure  is  180. 
Supplementary  angles.  Supplementary  angles  are  angles  whose  angle 
sum  is  180°. 

Transversal.  A  transversal  is  a  line  intersecting  two  or  more  lines  or 
line  segments  at  distinct  points. 

Trapezoid.  A  trapezoid  is  a  quadrilateral  with  one  pair  of  opposite  sides 
parallel. 
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Triangle.  A  triangle  is  the  set  of  all  points  on  the  line  segments  deter¬ 
mined  by  three  points  which  are  not  all  on  one  line. 

Triangular  region.  A  triangular  region  is  the  union  of  a  triangle  and  its 
interior. 

Vertical  angles.  Two  angles  are  vertical  angles  if  their  sides  form  two 
pairs  of  opposite  rays. 


SUMMARY  OF  POSTULATES 


In  our  study  of  geometry,  we  made  many  assumptions;  this  summary  is  a 
partial  list  of  these. 

Existence  Postulates. 

1.  An  unlimited  number  of  lines  in  one  plane  may  lie  on  one  point 
in  the  plane. 

2.  There  exists  one  and  only  one  line  which  lies  on  two  distinct 
points. 

3.  Two  distinct  lines  intersect  on,  at  most,  one  point. 

4.  A  plane  contains  at  least  three  non-collinear  points. 

5.  Any  three  non-collinear  points  determine  a  plane. 

6.  If  two  distinct  planes  intersect,  they  intersect  on  a  line. 

7.  If  two  distinct  points  lie  in  a  plane,  then  the  line  containing  these 
points  lies  in  the  same  plane. 

8.  Two  intersecting  straight  lines  determine  a  plane. 

9.  A  line  intersects  a  plane  not  containing  the  line  in,  at  most,  one 
point. 

10.  There  exists  an  unlimited  number  of  angles  equal  to  an  angle. 

11.  There  exists  one  and  only  one  ray  which  bisects  an  angle. 

12.  There  exists  one  and  only  one  right  bisector  of  a  line  segment. 

Measurement  Postulates. 

13.  There  is  a  one-to-one  correspondence  between  the  points  on  a  line 
and  the  real  numbers. 

14.  To  every  line  segment  there  corresponds  a  unique  positive  real 
number  of  units  called  the  length  of  the  line  segment  or  the 
distance  between  its  end  points. 

15.  To  each  geometric  angle  there  corresponds  a  unique  positive  real 
number  of  degrees;  the  degree  measure  of  an  angle  is  greater 
than  zero  and  equal  to  or  less  than  180. 
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Summary  of  Postulates 

Betweeness  Postulates. 

16.  If  three  distinct  points  lie  on  a  line,  one  and  only  one  of  the 
points  is  between  the  other  two. 

17.  Between  the  two  end  points  on  a  line  segment  A  B ,  there  is  one 
and  only  one  point  C  such  that  AC  =  CB.  (C  is  the  midpoint 
of  AB.) 

18.  Between  any  two  distinct  points  on  a  line  there  exists  at  least 
one  point. 

Completion  Postulates. 

19.  Line  segments.  See  page  241. 

20.  Angles.  See  page  245. 

21.  Areas.  See  area  postulate  28,  below. 

Congruence  Postulates. 

22.  Equal  line  segments  are  congruent;  congruent  line  segments  are 
equal. 

23.  Equal  angles  are  congruent;  congruent  angles  are  equal. 

24.  If  two  sides  and  the  contained  angle  of  one  triangle  are  respec¬ 
tively  equal  to  two  sides  and  the  contained  angle  of  another 
triangle,  the  two  triangles  are  congruent  (sas). 

25.  If  two  triangles  have  the  three  sides  of  one  respectively  equal  to 
the  three  sides  of  the  other,  then  the  triangles  are  congruent  (sss). 

26.  If  two  triangles  have  two  angles  and  the  contained  side  of  one 
respectively  equal  to  two  angles  and  the  corresponding  side  of  the 
other,  then  the  two  triangles  are  congruent  (asa). 

Parallel  Postulate. 

27.  If  l  is  any  line  and  A  is  any  point  not  on  l,  then  there  is  one  and 
only  one  line  on  A  which  is  parallel  to  line  l. 

Area  Postulates. 

28.  The  area  of  a  polygonal  region  is  the  sum  of  the  areas  of  the 
component  regions  whose  union  is  the  polygonal  region. 

29.  If  two  pofygonal  regions  are  congruent,  then  they  have  the 
same  area. 

30.  Two  polygonal  regions  are  equal  in  area  if  they  can  be  separated 
into  a  finite  number  of  polygons  which  are  congruent  in  pairs. 

31.  For  every  polygonal  region,  there  exists  a  unique  positive  real 
number  of  units  which  is  called  the  area  of  the  region. 


MISCELLANEOUS  DEDUCTIONS 

Chapters  8-13 

1.  Prove  that  the  altitudes  of  an  equilateral  triangle  are  equal. 

2.  The  equal  sides  QP  and  RP  of  an  isosceles  A PQR  are  extended  to 
E  and  F,  respectively,  so  that  PE  —  PF.  Join  QF  and  RE  and  prove 
QF  =  RE . 

3.  In  A  ABC,  AB  =  AC.  If  AB  and  AC  are  extended,  the  exterior 
angles  so  formed  are  obtuse. 

4.  If  the  diagonals  of  a  parallelogram  are  equal,  all  of  its  angles  are 
right  angles. 

5.  If  two  altitudes  of  a  triangle  are  equal,  then  two  of  the  medians  are 
equal. 

6.  In  A  ABC  the  bisectors  of  angles  B  and  C  meet  on  0.  A  line  on  0 
parallel  to  BC  meets  AB  on  E  and  AC  on  F.  Prove  EF  —  EB  +  FC . 

7.  In  A  ABC,  D  and  E  are  the  midpoints  of  AB  and  AC,  respectively. 
A  line  on  C  parallel  to  BA  meets  DE  produced  at  F.  Prove  that 
DF  ||  BC  and  DE  =  £  BC  . 

8.  D  is  the  midpoint  of  the  side  AB  of  A  ABC.  Prove  that  a  line  on  D 
parallel  to  BC  bisects  AC. 

9.  In  A  ABC,  A  A  —  AB  -j-  AC.  D  is  the  midpoint  of  BC.  Prove 
BC  =  2  AD . 

10.  A B  is  a  given  line,  and  P  is  any  point  not  on  line  AB.  Prove  that  not 
more  than  two  line  segments  of  a  given  length  can  be  drawn  from  P  to 
line  AB. 

11.  If  in  A  ABC  perpendiculars  drawn  from  B  and  C  to  the  opposite 
sides  meet  at  0,  prove  ABOC  =  A  ABC  A-  AACB  . 

12.  In  any  quadrilateral,  (i)  the  line  segments  on  the  midpoints  of  the 
sides  in  order  form  a  parallelogram  and  (ii)  the  line  segments  on  the 
midpoints  of  opposite  sides  of  the  quadrilateral  bisect  each  other. 

13.  Prove  that  the  bisectors  of  the  angles  of  a  triangle  are  concurrent. 

14.  Prove  that  two  medians  of  a  triangle  intersect  at  a  point  of 
trisection  remote  from  a  vertex;  hence,  prove  that  the  medians  are 
concurrent. 

15.  Prove  that  the  right  bisectors  of  the  sides  of  a  triangle  are  concurrent. 

16.  By  drawing  a  line  through  each  vertex  parallel  to  the  opposite  side, 
prove  that  the  altitudes  of  a  triangle  are  concurrent. 

17.  The  exterior  angles  at  B  and  C  of  A  ABC  are  bisected,  and  the  bisectors 
meet  on  D.  If  the  number  of  degrees  in  angle  A  is  x,  find  the 
number  of  degrees  in  angle  D  in  terms  of  x. 

454 


Miscellaneous  Deductions 


455 


Chapters  8-15 

1.  If  in  ||gm  ABCD,  X  and  Y  are  any  points  on  CD  and  DA,  respectively, 
prove  that  triangles  ABX  and  BCY  are  equal. 

2.  On  the  same  base  with  a  given  triangle,  construct  a  right  triangle 
equal  to  the  given  triangle. 

3.  In  the  trapezoid  ABCD ,  AB  is  parallel  to  CD,  and  P  is  the  midpoint 
of  BC.  A  line  XPY  is  drawn  on  P  parallel  to  AD,  meeting  AB 
extended  on  X  and  DC  on  Y .  Prove  trapezoid  ABCD  =  \\gmAXYD. 

4.  In  ||gm  PQRS,  A  is  any  point  on  PS  extended.  QA  cuts  RS  on  B. 
Prove  A  PBA  =  A  SR  A  . 

5.  P  is  any  point  on  the  side  AB  of  ||gm  ABCD .  Prove  A  PAD  +  A  PBC 
=  A  PDC  . 

6.  P  is  any  point  on  diagonal  DB  of  |  |gm  ABCD.  L  is  on  AD,  and  M  is  on 
BC,  so  that  LPM  ||  DC.  Q  is  on  AB,  and  R  is  on  DC,  so  that  QPR 
||  BC.  Prove  that  figure  AQPL  =  figure  RPMC  . 

7.  E  and  F  are  the  midpoints  of  AC  and  AB,  respectively,  in  A  A  PC. 
Prove  A  BEF  =  A  CEF,  and  hence  EF  ||  BC. 

8.  Prove  that  a  parallelogram  is  bisected  by  any  straight  line  which 
is  on  the  point  of  intersection  of  its  diagonals. 

9.  In  A  ABC,  D  is  a  point  on  BC.  CE  is  drawn  through  C  parallel  to  AD 
meeting  BA  extended  at  E.  Prove  A  ABC  =  AEBD. 

10.  ABC  is  an  equilateral  triangle  in  which  each  side  is  2  units.  Prove  that 
A  ABC  is  \/3  square  units. 

11.  In  A  ABC,  Z  A  =  90°.  E  is  a  point  on  AC,  and  D  is  a  point  on  AB. 
Prove  BE 2  +  CD2  =  ED2  +  BC2 . 

12.  If  from  any  point  P  in  the  interior  of  A  ABC  perpendiculars  PX,  PY, 
PZ  are  drawn  to  BC,  CA,  AB,  respectively,  prove  that  AZ 2  +  BX2 
+  CY2  =  AY2  +  CX2  +  BZ2 . 

13.  A  A  PC  is  right-angled  at  A.  The  altitude  from  A  intersects  BC  on  D. 

„  ...  BD  AD  ....  BD  AB  CD  _  AC 

Prove,  (i)  A]}  DC  (u)  AB  BC  M  AC  BC 

14.  In  A  ABC,  the  bisector  of  ZA  intersects  BC  on  D.  The  line  on  C 
parallel  to  AD  intersects  PA  extended  on  E.  Prove:  (i)  AE  =  AC 
(ii)  BD  :  DC  =  AB  :  AC 

15.  ABCD  is  a  trapezoid  with  AB\\CD.  The  diagonals  AC  and  BD 
intersect  on  P.  If  A APD  ~  A CPB,  prove  AD  =  BC  . 

16.  A  A  PC  and  A  DEF  are  similar  triangles.  AM  and  DN  are  correspond¬ 
ing  altitudes. 

Prove:  (i)  AM  :  DN  =  BC  :  EF  (ii)  A  ABC  :  A  DEF  =  BC 2  :  EF2 


TEST  PAPERS  14 

Chapters  8-13 
TEST  PAPER  1 

THEOREM 

1.  If  two  lines  intersect,  then  the  vertical  angle  pairs  are  equal. 

CALCULATIONS 

2.  Lines  A B  and  CD  intersect  on  0.  OX  and  OY  are  the  bisectors  of 
angles  DOB  and  AOD,  respectively.  Calculate  the  measurement 
of  /XOY. 

3.  ABC  is  an  isosceles  triangle  with  AB  =  AC  and  /ACB  =  70°.  The 
exterior  angles  formed  by  extending  AB  and  AC  are  bisected,  the 
bisectors  meeting  at  D.  Find  the  measurement  of  Z  BDC. 

4.  In  quadrilateral  ABCD,  BD  bisects  /.ABC,  /C  =  50°,  /ADB  — 
40°,  and  /DBC  =  60°.  Calculate  the  measurement  of  the  exterior 
angle  at  A. 

DEDUCTIONS 

5.  If  ABC  and  DBC  are  two  isosceles  triangles  on  the  same  side  of  the 
same  base  BC,  prove  that  AD  extended  is  perpendicular  to  BC. 

6.  ABCD  is  a  square.  Y  is  a  point  on  AB,  and  X  is  a  point  on  BC  such 
that  AY  =  BX.  Piove  that  AX  and  DY  intersect  at  right  angles. 

7.  (a)  Define:  rhombus,  supplementary  angles,  median,  parallelogram. 

(b)  (i)  Explain  the  method  of  proof  in  an  indirect  proof. 

(ii)  How  is  a  converse  theorem  related  to  the  original  theorem? 

(c)  AD,  BE,  and  CF  are  diameters  of  a  circle.  Prove  A  ABC  = 
A  DEF . 

CONSTRUCTION 

Draw  the  figure  using  only  ruler  and  compasses ;  show  all  construction 
lines,  but  do  not  give  proof  or  description  of  construction: 

8.  On  a  straight  line  AB  two  inches  in  length,  construct  a  A  ABC  having 
/A  equal  to  G0°  and  Z  B  equal  to  75°.  Produce  CA  to  D  and  CB  to 
E.  Bisect  /DAB  and  /ABE,  and  let  the  bisectors  meet  on  F. 
From  F  draw  FG  A.  AB,  meeting  AB  on  G.  With  centre  F  and 
radius  FG,  draw  a  circle.  Measure  FG. 
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TEST  PAPER  2 

THEOREM 

1.  State  and  prove  the  Isosceles  Triangle  Theorem. 

CALCULATIONS 

2.  A B  and  CD  are  two  straight  lines  intersecting  at  E  and  such  that 
Z CEB  =  130°.  EF  and  EG  are  the  bisectors  of  angles  AEC  and 
DEB,  respectively.  Calculate  the  measurement  of  Z  FEG. 

3.  Two  circles  with  centres  A  and  B  intersect  on  C  and  D.  A  B  intersects 
CD  on  E.  If  AE  =  2  cm.,  calculate  the  measurement  of  BE. 

4.  In  A  ABC,  Z  A  =  90°  and  the  bisectors  of  angles  B  and  C  meet  on  D. 
Calculate  the  measurement  of  Z  BDC. 

5.  In  quadrilateral  ABCD,  ZB  =  ZC  =  140°,  ZA  =  40°.  Calculate 
the  measurement  of  ZD. 

DEDUCTIONS 

6.  Two  isosceles  triangles,  ABC  and  DBC,  are  on  opposite  sides  of  the 
same  base,  BC.  Prove  that  AD  bisects  BC  at  right  angles. 

7.  BAG  is  an  angle  and  P  is  a  point  on  the  bisector  of  Z  BAC.  The  right 
bisector  of  AP  is  drawn,  cutting  A B  on  X  and  AC  on  Y.  Prove  XP 
is  parallel  to  AFC. 

8.  (a)  Define  a  square. 

(b)  ABCD  is  a  square,  and  E,  F,  G,  H  are  points  on  AB,  BC,  CD, 
DA,  respectively,  such  that  AE  =  BF  =  CG  =  DH .  Show  that 
E,  F,  G,  H  are  the  vertices  of  a  square. 

TEST  PAPER  3 

THEOREM 

1.  State  and  prove  the  Exterior  Angle  Theorem. 

CALCULATIONS 

2.  ABC  is  an  isosceles  triangle  with  AB  =  AC  and  ZA  =  60°.  AD  is 
an  altitude.  If  BD  =  3  cm.,  calculate  the  measurement  of  AB. 

3.  The  side  BA  of  AAJ3C  is  extended  to  D.  AE  bisects  ZD  AC  and  is 
parallel  to  BC.  If  ZBAC  =  70°,  calculate  the  measurements  of  ZB 
and  ZC. 

4.  D  is  the  midpoint  of  the  side  YZ  of  A XYZ.  If  DX  =  DY,  calculate 
the  measurement  of  Z  YXZ. 

5.  In  A  ABC,  the  bisectors  of  angles  A  and  B  meet  on  D.  If  ZC  —  50°, 
calculate  the  measurement  of  Z  ADB. 
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DEDUCTIONS 

6.  ADE  is  an  isosceles  triangle  having  AD  =  AE.  The  base  DE  is 
extended  to  B,  and  ED  is  extended  to  C,  such  that  DB  —  EC. 
Prove  that  ABC  is  an  isosceles  triangle. 

7.  ABCD  is  a  quadrilateral  with  AA  —  AC,  and  AB  —  AD.  Prove 
ABCD  is  a  parallelogram. 

8.  ABC  is  a  triangle.  AB  is  extended  to  D  so  that  BD  =  BC.  A  line 
BE  is  drawn  through  B  parallel  to  DC  and  meeting  AC  on  E.  Prove 
ABDC  =  |  A  ABC,  and  also  that  BE  bisects  A  ABC. 

CONSTRUCTION 

Draw  the  figure  using  only  ruler  and  compasses;  show  all  construction 
lines,  but  do  not  give  proof  or  description  of  construction: 

9.  Construct  a  quadrilateral  ABCD  from  the  following  measurements: 
AB  =  If  inches,  BC  =  2\  inches,  AD  —  2%  inches,  ABAC  =  60°, 
and  AABD  =  22^°.  Circumscribe  a  circle  about  A  A  BD  and  measure 
its  radius. 


TEST  PAPER  4 

THEOREM 

1.  State  and  prove  the  Parallel  Line  Theorem. 

calculations 

2.  The  side  AB  of  A  ABC  is  extended  to  D  so  that  BD  =  BC.  If  AB  = 
AC  and  AD  =  25°,  calculate  the  measurement  of  A  A. 

3.  AB,  CD,  EF  are  diameters  of  a  circle.  If  AC  =  2  cm.,  CE  —  3  cm., 
and  AE  =  6  cm.,  calculate  the  measurements  of  BD,  DF,  and  BF. 

4.  The  bisectors  of  the  exterior  angles  at  A  and  B  of  A  ABC  meet  on  P. 
If  AC  =  50°,  calculate  the  measurement  of  AP. 

5.  Transversal  EH  meets  the  parallel  lines  AB  and  CD  at  F  and  G, 
respectively.  If  AAFG  =  (x  +  15)°.  calculate  the  measurement  of 
ADGH. 

DEDUCTIONS 

6.  In  any  triangle,  show  that  the  ends  of  the  base  are  equally  distant  from 
the  median  drawn  to  the  base. 

7.  DE  is  parallel  to  base  AB  of  isosceles  triangle  CAB  and  meets  CA  and 
CB  on  D  and  E,  respectively.  AE  and  BD  intersect  on  F.  Prove 
that  AFB  is  an  isosceles  triangle. 

8.  If  the  diagonal  AC  of  quadrilateral  ABCD  bisects  the  angles  at  A 
and  C,  prove  it  is  perpendicular  to  the  other  diagonal. 


Test  Papers 
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Chapters  8-15 
TEST  PAPER  5 
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THEOREM 

1.  State  and  prove  the  Parallelogram-Triangle  Area  Theorem. 

CALCULATIONS 

2.  BE  and  CF  are  altitudes  of  A  ABC.  If  AC  =  12  cm.,  BE  =  8  cm., 
and  CF  =  10  cm.,  calculate  the  length  of  A B. 

3.  The  area  of  a  right-angled  isosceles  triangle  is  32  square  inches. 
Calculate  the  length  of  each  of  the  sides. 

4.  In  A  ABC,  ZB  =  ZC  =  2  Z  A.  The  bisector  of  ZB  meets  AC  at 
D.  If  BD  =  4  cm.,  calculate  the  length  of  BC. 

5.  Calculate  the  area  of  a  rhombus,  with  length  of  diagonals  4  inches 
and  6  inches,  respectively. 


DEDUCTIONS 

6.  Construct  a  line  segment  of  length  \/20  inches. 

7.  In  AABC,  ZB  —  55°,  ZC  =  45°.  Calculate  the  measurement  of  the 
acute  angle  between  the  bisector  of  ZB  AC  and  the  perpendicular 
from  A  to  BC.  Write  a  complete  proof. 

8.  A  straight  line  drawn  perpendicular  to  BC,  the  base  of  an  isosceles 
A  ABC,  cuts  AB  at  X  and  CA  extended  at  Y.  Prove  that  A  AXY  is 
isosceles. 

CONSTRUCTION 

Draw  the  figure  using  only  ruler  and  compasses ;  show  all  construc¬ 
tion  lines ,  but  do  not  give  proof  or  description  of  construction: 

9.  Construct  a  rectangle  with  sides  of  lengths  8  cm.  and  5  cm.  Measure 
and  record  the  length  of  a  diagonal;  check  this  measurement  by  cal¬ 
culation.  Construct  a  parallelogram  equal  in  area  to  the  rectangle, 
having  one  pair  of  opposite  angles  75°. 


TEST  PAPER  6 

THEOREM 

1.  State  and  prove  the  Pythagorean  Theorem. 


460 


Secondary  School  Mathematics  Grade  Ten 


CALCULATIONS 

2.  A  ladder  25  ft.  long  has  one  end  resting  against  the  wall  of  a  building 
and  the  other  end  on  the  ground  a  distance  of  7  ft.  from  the  wall. 
Calculate  how  high  the  upper  end  of  the  ladder  is  above  the  ground. 

3.  The  distance  between  the  parallel  sides  AD  and  BC  of  a  trapezoid 
ABCD  is  8  cm.  If  AD  —  5  cm.  and  BC  =  8  cm.,  calculate  the  area 
of  the  trapezoid. 

4.  Find  the  diameter  of  the  smallest  log  which  will  provide  a  square 
timber  measuring  12  inches  to  a  side. 

5.  A  ABC  is  right-angled  at  B.  E  is  the  midpoint  of  the  median  AD. 
Calculate  the  area  of  A AEB,  if  AC  —  13  cm.  and  A B  =  12  cm. 

DEDUCTIONS 

6.  P  is  any  point  in  the  interior  of  rectangle  ABCD.  Prove  that  PA2  + 
PC2  =  PB2  4-  PD2 . 

7.  Any  line  through  the  point  of  intersection  of  the  diagonals  of  a 
parallelogram  bisects  the  parallelogram. 

8.  ABCD  is  a  quadrilateral  in  which  /.ABC  is  equal  to  /BCD  and  AD 
is  parallel  to  BC.  Prove  that  AB  is  equal  to  CD. 

TEST  PAPER  7 

THEOREM 

1.  State  and  prove  the  Triangle  Area  Ratio  Theorem. 

calculations 

2.  The  medians  BD  and  CE  of  A  ABC  intersect  at  F.  If  the  area  of 
A DFC  is  3  sq.  cm.  and  that  of  A FBC  is  4  sq.  cm.,  find  the  area  of 
the  triangle  EBF  and  the  quadrilateral  AEFD. 

3.  A  square  has  the  same  area  as  a  rectangle  with  base  15  cm.  and 
diagonal  17  cm.  Calculate  the  length  of  the  side  of  the  square 
correct  to  one  decimal  place. 

4.  The  diagonal  BD  of  quadrilateral  ABCD  bisects  diagonal  AC  on  M. 
AX  X  BD,  and  X  is  on  BD.  If  AX  =  3  cm.  and  BD  —  5  cm.,  find 
the  area  of  quadrilateral  ABCD. 

5.  The  A  ABC  is  right-angled  at  A.  BC  =  13  in.  and  AB  =  5  in.  D  is 
any  point  on  BC,  and  E  is  the  midpoint  of  AD.  Calculate  the  area  of 
A  CEB. 

DEDUCTIONS 

6.  ABC  is  a  right-angled  triangle  with  right  angle  at  B.  P  is  any  point  on 
AB,  and  Q  is  any  point  on  BC.  Prove  that  PC2  +  AQ2  =  PQ2  -j-  AC2. 
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7.  Prove  that  the  diagonals  of  a  quadrilateral  divide  it  into  four  triangles 
whose  areas  are  proportional. 

8.  The  straight  line  drawn  from  the  midpoint  of  one  side  of  a  triangle 
parallel  to  another  side  bisects  the  third  side. 

CONSTRUCTION 

Draiv  the  figure  using  only  ruler  and  compasses;  show  all  construction 
lines ,  but  do  not  give  proof  or  description  of  construction: 

9.  Construct  AABC  with  AB  =  2f  inches,  AC  =  3|  inches,  and  BC  = 
3f  inches.  Circumscribe  a  circle  about  A  ABC.  Take  any  point  on 
the  circle  and  draw  perpendiculars  from  this  point  to  the  three 
sides  of  A  ABC.  Join  the  three  points  where  the  perpendiculars  meet 
the  sides  and  measure  the  angle  so  formed. 

TEST  PAPER  8 

THEOREM 

1.  State  and  prove  the  Triangle  Proportionality  Theorem. 

CALCULATIONS 

2.  P  is  any  point  on  the  side  A  B  of  parallelogram  A  BCD.  If  BC  =  10 
cm.  and  the  length  of  a  perpendicular  drawn  from  A  to  BC  is  8  cm., 
calculate  the  area  of  A  PCD. 

3.  AX  is  an  altitude  of  A  ABC,  and  X  is  between  B  and  C.  If  AB  =  41 
cm.,  BX  =  9  cm.,  and  XC  =  30  cm.,  calculate  the  length  of  AC. 

4.  The  lengths  of  the  diagonals  of  a  rhombus  are  16  cm.  and  30  cm. 
Calculate  the  length  of  a  side  of  the  rhombus. 

5.  The  lengths  of  base  and  altitude  of  parallelogram  A  BCD  are  12  cm. 
and  8  cm.,  respectively.  P  is  any  point  in  the  interior  of  the  parallelo¬ 
gram.  Calculate  the  sum  of  the  areas  of  A  PAD  and  A  PBC  . 

DEDUCTIONS 

6.  Square  ABGE  and  ACHF  are  drawn  externally  on  two  sides  of  a 
triangle  ABC.  Prove  EC  =  BF  . 

7.  PQRS  is  a  trapezoid  with  PS  ||  QR.  A  line  on  M,  the  midpoint  of 
PQ,  parallel  to  QR  meets  SR  on  N.  Prove  SN  =  NR  . 

8.  Prove  that  corresponding  altitudes  of  similar  triangles  are  proportional 
to  corresponding  sides. 
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SOLUTIONS 


Review  A 


Section  A.l  (page  2) 

1.  (i)  A  is  the  set  of  even  whole  numbers  from  two  to  ten  inclusive. 

(ii)  6  €  A 

2.  (i)  The  set  of  odd  whole  numbers  from  three  to  nine  inclusive. 

(ii)  The  set  of  fractions  with  denominators  two  and  numerators  the  odd  whole 
numbers  from  one  to  seven  inclusive. 

3.  (i)  4  members  { 1,  2,  4,  9}  (ii)  4  members  {a,  b,  c,  d} 

(iii)  2  members  { 1,  2 }  (iv)  1  member  { 0 } 

(v)  4  members  { 0,  2,  3,  4 }  (vi)  2  members  {a,  m\ 


Section  A.4  (page  5) 

1.  One  member  sets :  {a},  {&},  { c } ,  {d}, _ 4 

Two  member  sets :  { a,  b } ,  { a,  c } ,  { a,  d } ,  { b,  c } ,  { b,  d } ,  { c,  d } , _ 6 

Three  member  sets:  {a,b,  c},  {a,  b,  d},  {a,  c,  d),  {b,  c,  d}, _ 4 


Is  { a,  b,  c,  d }  a  subset  of  A  ?  Since  every  member  of  { a,  b,  c,  d }  is  also  a  member 
of  A,  the  definition  allows  {a,b,  c,  d)  to  be  considered  a  subset  of  A,  but  it  is  not 
a  proper  subset  of  A.  The  term  proper  subset  is  used  to  refer  to  a  subset  which  does 
not  contain  all  the  elements  of  the  original  set. 

The  null  set ,  0,  is  considered  to  be  a  subset  of  every  set.  Thus  to  complete  the  list  of 


subsets  the  following  must  be  included : 

no  member  subsets:  0, _ _ 1 

four  member  subsets:  {a,  b,  c,  d\,  - - - 1 


Total  16 

By  counting  it  is  observed  that  the  four  member  set,  A,  has  16  or  24  subsets  including 
the  null  set  and  A  itself.  It  may  be  shown,  in  general,  that  if  a  set,  A,  has  n  elements, 
where  n  represents  a  counting  number,  that  the  number  of  subsets  of  A  is  2n. 

Section  A. 6  (page  6) 


(i)  Since  some  members  are  common  to  A  and  to  B,  the  circles  overlap. 

(ii)  A  fl  B  =  { c,  d,  e } ;  c,  d,  and  e  are  the  members  which  belong  to  both  sets 
A  and  B. 

(iii)  Since  no  members  belong  to  both  sets,  the  circles  do  not  overlap. 

(iv)  The  intersection  set  of  A  and  B. 

(v) 5nc  =  \f,g,h) 

(vi)  C  c  B,  or  C  is  a  proper  subset  of  B  because  all  the  members  of  C  are  also 
members  of  B,  but  C  does  not  include  all  the  members  of  B.  Hence  the  circle 
which  represents  the  set  C  must  be  entirely  inside  the  circle  representing  set  B. 
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(i)  (iv) 

(i) ,  (iii)  Since  the  members  3  and  4  belong  to  both  A  and  B,  the  circles  overlap. 

(ii)  A  U  B  —  { 1,  2,  3,  4,  5,  6 } ;  each  member  of  A  and  each  member  of  B  appears 
once  in  the  list. 

(iv)  There  is  no  member  common  to  B  and  C;  hence  the  sets  are  disjoint,  and  the 
circles  do  not  overlap. 

(v)  B  or  C  =  {3,  4,  5,  6,  7,  8,  9} 

(vii)  n(B  U  C)  =  n{B)  +  n(C)  if  B  and  C  are  disjoint  sets. 

(viii)  n(A  U  B)  =6 

It  should  be  noted  that  when  the  intersection  of  two  sets  is  the  null  set,  the  number 
of  members  in  the  union  of  the  sets  is  equal  to  the  sum  of  the  number  of  members 
in  each  set,  but  if  the  intersection  of  two  sets  is  not  the  null  set,  the  number  of 
members  in  the  union  of  the  sets  is  less  than  the  sum  of  the  number  of  members  in 
each  set.  In  the  example  in  this  problem: 

B  (1  C  =  0,  n(BDC)  =  n(B)  +  n(C) 

A  n  B  ^  0,  n{A  U  B)  <  n(A)  +  n(B) 

in  fact,  n(A  U  B)  —  n(A)  +  n(B)  —  n(A  D  B) 


(i)  A  fl  B  —  {a,  c,  e}  (ii)  A  U  B  =  \a,  c,  e,  g,  i,  b,  d,  f } 

4.  (a)  (i )  B  a  A  is  true  because  each  of  the  members  of  B,  i.e.,  1,  3,  5,  7,  9,  is  a 
member  of  A,  but  B  does  not  contain  all  the  members  of  A. 

(ii)  C  c  A  is  true  because  2,  4,  6,  and  8  are  members  of  A. 

(iii)  D  cz  A  is  true  because  2,  3,  5,  and  7  are  members  of  A. 

(iv)  0  c  A  is  true  by  agreement. 

(b)  (i)  A  U  B  =  { 1,  2,  3,  4,  5,  6,  7,  8,  9},  A  0  B  =  { 1,  3,  5,  7,  9} 

(ii)  A  U  C  =  1 1,  2,  3,  4,  5,  6,  7,  8,  9 } ,  A  Cl  C  =  {2,  4,  6,  8} 

(iii)  BUC  =  11,2,3,4,5,6,7,8,9],  B  fl  C  =  0 

(iv)  A  U  D  =  jl,  2,  3,  4,  5,  6,  7,  8,  9},  iflD  =  {2,  3,  5,  7} 

(v)  C  U  D  =  {2,  3,  4,  5,  6,  7,  8},  C  fl  D  =  {2} 

(vi)  (BUC)UD  =  { 1,  2,  3,  4,  5,  6,  7,  8,  9 } 

(c)  (i)  29  =  512  (ii)  2»  =  32  (iii)  24  =  16 


(iv)  24  =  16 


Solutions 
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Review  B 


Section  B.5  (page  16) 

1.  (a)  (i)  (+3)  +  (+4) 
(+4)+(+3) 
(iii)  (-6)+ (+3) 
(+3)  + (-6) 


+  (3+4)  = 
+  (4  +  3)  = 

—  (6  —  3)  = 

-(6  -  3)  = 


+7 

+7 

-3 

-3 


(ii)  (-2)+ (-4) 
(-4)  4- (-2) 


—  (2  +  4)  =  — 6 
-(4  4-2)  =  -6 


(b)  (i) 


+7 


(ii) 


-6 


-+4 - „  -4 

-ioi23456789  -8  -7  -6  -5  -4  -3  -2  -1  6  i  2 


.+3. 

-1 - 1 - 1_ E_ L 


(iii) 


+3 


«...  ~3 


-6 


- -± 1 - ! ! 1 1_ 1 _ I i-  ■  ■ 

8  -7  -6  -5  -4  -3-2-1  0  1  2 


2.  (i)  [(+2)  +  (+3)]  +  (+4) 
=  l+(2  +  3)]  +  (+4) 

=  (+5)  +  (+4) 

=  +(5  +  4) 

=  +9 


+9 


+5 

__  +3 
-±2_» 


— > 


> 


-2  -1  0  1  2  3  4  5  6  7  8  9  10  11 


(+2)  +  [(+3)  +  (+4)] 
=  (+2)  +  [+(3  +4)] 

=  (+2)  +  (+7) 

=  +(2  +  7) 

=  +9 


+9 


+7 


+4 


+2 


-2  -1  6  i  2  3  4  5  6  7  8  9  10  11 


(ii)  [(  — 1)  +  (—3)]  +  (—2) 
=  [“(I  +3)]  +  ( —2) 

-  (-4)  +  ( —2) 

=  ~(4  +  2) 

=  —6 


(-1)  +  [(-3)  +  (-2)] 
=  (-D  +  [-(3  +2)] 

=  (-1)  +(-5) 

=  -(1  +5) 

=  -6 


_ zfi _ - 

«*- -2_  _ 

. zi 

«rJL 

-1  ■  1  ■  ■  ■ _ i  i _ i  .1  i  > ...  i. 

-8  -7-6-5  -4  -3-2-1612 


< ifi 

« _ _ 

*-z3_  _ 

-2_  _ 

«rJL 

■  ■  *  i.  .  .1  — 1 — 1. 1 — 1 — 1 ...  1 

—  8  -7  -6  —5  -4  —3  -2  -1  0  12 
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(in)  [(+2)  +(-Dl  +(-4) 
=  [+(2  -  1)]  +(-4) 

=  (  +  1)  +  (—4) 

=  -(4  -  1) 

=  -3 


(+2)  +  [(-1)  +  ( —4)] 
=  (+2)  +  [-(1  +  4)] 

=  (+2)  +(-5) 

=  -(5  -  2) 

=  -3 


±1* 

+-JL 
_  ±2. 


■  t . t  . 1  .1  — .  I  ■  —  I - 1  I - 1 - 1  1  -  -1  ..  I _ L _ I _ I  I _ I  ,  I _ l .  .  ,  I  ...  i. 

-6  -5  -4  -3  -2  -1  0  1  2  3  4  -6  -5  -4  -3  -2  -1  0  1  2  3  4 


Section  B.12  (page  27) 

1.  7x 2  —  x  +  2  or 
-10x2  +  3x  -  5 

x2  —  2x  +  7 
-2x2  +4" 

2.  5x  +  3y  —  2  or 
3x  —  4y  +  3 

8x  —  y  +  1 
6x  +  3y  —  6 
2x  —  4y  +  7 


(7x2  -  x  +  2)  +  (3x  -  10x2  -  5)  +  (x2  -  2x  +  7) 
=  7x2  —  x  +  2  +  3x  —  10x2  —  5  +  x2  —  2x  +  7 
=  — 2x2  +  4 


(5x  +  3y  -  2)  +  (3x  -  Ay  +  3)  -  (6x  +  3//  -  6) 
=  5x  +  3y  —  2  +  3x  —  4y  +  3  —  6x  —  3y  +  6 
=  2x  —  4y  +  7 


Chapter  I 

Section  1.8  (page  42) 


2  -5 

o  +  ,  - 

7 

5  3  -2 

3  4 

—2 

xy  x?/  xy 

(2  -5\ 

-7 

/  5  3  \  -2 

L  +  , 

+  0 

=  1 - 1  H - 

\3  4  / 

—2 

\xy  xy/  xy 

2(4)  +  (-5X3)  7 

5-3  -2 

—  + 

12 

2 

xy  xy 

8  +  (-15) 

7 

+  ~ 

2  (  -2 

12 

-7  7 

12  +  2 

2 

xy  xy 

2  +  ( —2) 

xy 

(-7)1  +7(6) 

12 

-7  +  42 

0 

xy 

=  0 

12 

35 

12 


Section  1.9  (page  44) 


-4 


1. 


4 


Solutions 
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Then  with  the  elements  arranged  in  increasing  order,  the  set  is: 

—  4  —  ‘ 

1 2  * 


(±  _2  _,i 

\-l’  ’  T’  3  ’  -3’  -5/ 

note:  The  sum  —  1  +  ^  = 


—3  +  ( — 1)  -4 


4 

3 


It  is  sometimes  convenient  to  write  rational  numbers  in  mixed  number  form 
when  the  numerator  is  greater  than  the  denominator. 


Thus,  —  =  —  l-j  where  —  1-^  means 
3 


19 

and  4 —  =  +24  where  +24  means  + 
7 

Section  1.10  (page  47) 

1.  (i)  Let  x  =  .374999  .  .  . 

10,000x  =  3749.99  .  .  . 

1,0003  =  374.99  .  .  . 

.*.  9,000x  =  3,375 
3,375 


-(■4) 

H) 


or  —  1  + 
-  1  or  +2  + 


(4 

(4 


(ii)  .375  = 


375 

1,000 


3 

8 


.*.  both  are  equivalent  to  -  . 


.'.  x  =■ 


X  = 


.*.  .3749 


9,000 
375 
1,000 
375  3 

1,000  “  8 


Section  1.17  (page  56) 

1.  Xi  =  X-X>X*X 

3.  (a263)(a465)  =  a6b 8 

5.  (a263)4  =  a2-463’4 
=  asb12 

7.  32a5610c15  =  25a5610c15 
=  (2a62c3)6 

Section  1.19  (page  58) 

1.  a7  4-  a4  =  a7-4 
=  a3 

4.  6°  X  6°  =  6 0+0 

=  6° 

=  1 


2.  (a-b)5  =  a565 

or  (a*6)(a*6)(a*6)(a*6)(a*6) 

4.  (d3)6  =  d3X6 
=  d15 

6.  (3 abed)2  =  32a262c2d2 
=  9  a262c2d2 

8.  (-a2)3  =  (  — a2)(  — a2)(  —a2) 
=  —a6 


2.  b7  X  b°  —  b7+0 
=  b7 

6.  b°  +  b°  =  b°~° 
=  6° 

-  1 


3.  b7  +  b°  =  b7~° 

=  b7 

c5 

6.c5tc7  =  7 
c 7 

C5  4-  C5 

C7  4-  C6 

1 

**  C7-6 

1 

C=  — - 

c* 
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7.  (x2t/3)  4-  (xy2)  =  x2-1?/3-2  8. 
=  xy 


6 p4q2  2 pi  2 
3  p2q*  q4~2 

2  p2 


9. 


6a866c7  3a8-266-4 


2a254c9 


c 

3a662 


9-7 


14. 


12. 

15. 


Section  1.21  (page  60) 
1.  a-4  =  — r 


a’ 


4.  a~2b~3 


a263 


2. 

5. 


6« 


a  2  63 

3*  ^  = 


6.  a2  X  a~s  =  a2+(“3* 

~  n  - 

8.  4mbi~s  X  3m~3n 8  12m5"’2n”i*8 

®  12m3n° 

*  12m8 


1 

b~6 

a2b3 

-  =  a2.a2*63*64  or  =  ct2- ^~2^63— (— 4) 

a~2b~4 

—  a4b7  ■«  a467 

7.  (6xV8)  -f-  (2x2y~8)  =  3x4-2r6-(“3) 

*=  3 x2y”2 

12a~46~s  12a”42r® 


9. 


(3a"16“a)(4a"86“3)  12a“46-« 

■»  a°6° 

«  1 


Chapter  II 


Section  2.1  (page  70) 

1.  (lOx  +  6)  -  (11  -  15x)  =  20x 
.*.  lOx  +  6  —  11  +  15x  =  20x 
.'.  lOx  +  15x  —  20x  =  11—6 
.'.  5x  =  5 
x  =  1 


By  reversing  the  steps: 

x  =  1 
.*.  5x  =  5 

.'.  lOx  +  15x  —  20x  =  11—6 
.'.  lOx  +  6  —  11  +  15x  =  20x 
(lOx  +  6)  -  (11  -  15x)  =  20x 
the  root  is  1  . 


2.  {x  |  8x  +  (x  —  7)  +  3  =  2x  —  (3  +  x),  x  €  R} 

8x  +  (x  -  7)  +  3  =  2x  -  (3  +  x) 

8x+x  —  7+3  =  2x  —  3  —  x 
.*.  9x  —  4  =  x  —  3 

.*.  9x  —  x  =  4  —  3 

.’.  8x  =  1 
1 


x  = 


8 


{x  |  8x  +  (x  -  7)  +  3  =  2x  -  (3  +  x),  x  €  R]  = 


Verification.  L.S.  =  8x  +  (x  —  7)  +  3  R.S 

1  + 

— 2| 


2x  —  (3  +  x) 
=  l+(-6j)  +  3  =l-(34) 

~2t 


Solutions 
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3.  3(x  -  5)  -  2(3  +  4x)  =  8  -  6(2x  -  1) 

/.  3a;  -  15  -  6  -  8x  =  8  -  12x  +  6 
.*.  -5x  -  21  =  14  -  12x 
.*.  7x  =  35 
x  —  5 

The  solution  set  is  { 5 } . 

Verification.  L.S.  =  3(x  —  5)  —  2(3  +  4x)  R.S. 

=  3(0)  -  2(23) 

=  -46 


8  -  6(2x 
8  -  6(9) 
-46 


-  1) 


Section  2.2  (page  72) 

1.  &2x  -  1)  -  i(4x  -  6)  = 


15 


Multiply  each  term  by  15.  (the  L.C.D.) 

/.  15  X  i(2z  -  1)  -  15  X  i(4z  -  6)  =  15  X 

/.  5(2x  -  1)  -  3(4x  -  6)  =  7 
.*.  lOx  -  5  -  12x  +  18  =  7 

—  2x  =  7+5 
— 2x  =  —6 
.*.  x  =  3 

(  x  —  2  x  +  3  3x+4 

2.  1*1  —  +  —  =— - 2J 

x  —  2  x+3  3x+4 

- -  _{_  - - =  - -  -  2 

2  3  4 

Multiply  each  term  by  12.  (the  L.C.D.) 

6(z  -  2)  +  4(3  +  3)  =  3(3x  +  4)  -  24 

6x  -  12  +  4x  +  12  =  9x  +  12  -  24 

/.  6x  +  4x  -  9x  =  12  -  24 

.'.  x  =  — 12 

3x  +  4 


15 


18 


(  ,  3  —  2  3  +  3 

(3  I  -+— ■  + 


-2}  »  {  -12} 


x  —  2  x  +  3  __  3x+4 

Verification.  L.S.  =  — - 1 - r —  R.S.  = - : - 2 


2  ’  3 

-14  -9 


2 

=  -10 


4 
-32 
4 

=  -10 


-  2 


Section  2.3  (page  74) 


=  x2  +  19,  x  €  7} 
=  x2  +  19 
=  x2  +  19 
=  x2  +  19 
=  57 
,*.x  =  3 

{x  1  3(x  +  2)  (x  -  1)  -  2(x  -  4)2  =  x2  +  19,  X  €  7} 

Verification.  L.S.  =  3(x  +  2)(x  —  1)  —  2(x  —  4)2  R.S. 

=  3(5)(2)  -  2(  —  l)2  =  28 


1.  {x  |  3(x  +  2)(x  -  1)  -  2(x  -  4)2 

3(x  +  2)(x  -  1)  -  2(x  -  4)2 

/.  3(x2  +  x  -  2)  -  2(x2  -  8x  +  16) 

.*.  3x2  +  3x  —  6  —  2x2  +  16x  -  32 

.*.  19x 


=  {3} 

=  x2  +  19 
=  9  +  19  * 


28 
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Section  2.7  (page  83) 

1.  {x  |  21  —  8x  ^  9  —  5x| 

21  —  8x  ^  9  —  5x 
— 8x  +  5x  ^  9  -  21 
—  3x  ^  -12 
x  ^  4 

{x  |  21  -  8x  ^  9  -  5x}  =  {x  |  x  ^  4} 

_ I _ I _ I _ I _  1  1  . llM.—  U 

-2  -1  0  1  2  3  4  5  6 

Graph  of  {x  |  x  4} 

2.  3(  —4  -y)  £  2(2 y  +  3)  -  11 

-12  -  3y  £  4y  +  6  -  11 
-4  y  -  3y  ^12+6-11 
•••  -7  y  ^  7 
y  ^  -1 

The  solution  set  is  { y  |  y  ^  —1,7/6/}. 


4 


Graph  of  [y  \  y  ^  —  1,  y  €  /} 

Section  2.8  (page  85) 

1.  2x* 1 2 * 4  ^  2(2x  -  3)2  -  3(2x  -  5)(x  +  1) 

.-.  2x2  ^  2(4x2  -  12x  +  9)  -  3(2x2  -  3x  -  5) 
.*.  2x2  ^  8x2  -  24x  +  18  -  6x2  +  9x  +  15 
2x2  -  8x2  +  24x  +  6x2  -  9x  ^  18  +  15 

15x  ^  33 
•••  *  ^  2* 

(  .  1  —  2x  x  —  2  , 

2.  {x  |  1 - - —  >  — — ,  x  6  /} 

1  -  2x  x  -  2 
1  ~  4  >  6 

Multiply  each  side  by  12. 

12  -  3(1  -  2x)  >  2(x  -  2) 

/.  12  -  3  +  6x  >  2x  -  4 
,  6x  —  2x  >  —4  —  12  +  3 

4x  >  -13 
.*.  x  >  -3| 

t  .  1  —  2x  x  —  2  ,  ,  ,  ,  „ 

{x  |  1  - - - -  >  — — ,  x  €  1}  =  {x  |  x  >  -3|,  x  €  7} 

4  b 

- 1 - • - • - • - • - • - •  - > 

-4  -3-2-1012 

Graph  of  {x  |  x  >  —3^-,  x  €  /} 


Section  2.11  (page  91) 

1.  |2x  +  1|  =  +1  is  equivalent  to 
(i)  2x  +  1  =  +1  or 

x  =  0 


(ii)  2x  +  1  =  —  1 
x  =  — 1 


Solutions 
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Verification. 

If  x  =  0,  L.S.  =  |0  +  1|  R.S.  =  +1 

=  1+  II 
=  +1 

If  x  =  -1,  L.S.  =  |-2  +  1|  R.S.  =  +1 

=  |-1| 

==  +1 

The  roots  of  the  equation  are  0  and  1. 

2.  Since  the  absolute  value  of  a  real  number  cannot  be  negative,  the  solution  set  is  <f>. 


Chapter  III 

Section  3.3  (page  98) 

Represent  any  integer  by  x. 

Then  4  times  the  integer  decreased  by  5  is  4z  —  5. 
But  this  is  less  than  7. 

4x  -  5  <  7 


Section  3.5  (page  101) 


1.  Represent  the  first  number  by  x  ~  1. 

Then  the  next  two  consecutive  numbers  are  x  and  x  +  1. 
The  sum  of  the  three  numbers  =  (x  —  1)  +  x  +  (x  +  1) 

=  3x. 

But  this  sum  is  27. 

3x  =  27 
x  =  9 

The  three  numbers  are  8,  9,  and  10. 

Verification.  The  numbers  are  consecutive, 

and  their  sum  =  8  +  9  +  10  =  27. 


2. 


Represent  any  real  number  by  x. 


The  number  decreased  by  2,  then  divided  by  3  is 


x  —  2 


But  this  number  is  greater  than  5. 


.*.  x  —  2  >  15 
x  >  17 

The  required  numbers  are  any  real  numbers  greater  than  17. 

Verification.  Any  real  number  greater  than  17  may  be  represented  by  17  +  d,d  €  +R. 


Thus, 


17  +  d  -  2  15  +  d 


d 

=  5  +  - 
>  5 


Section  3.6  (page  103) 

1.  Depends  on  the  variable(s): 
(i)  distance  and  rate 
(iii)  length  and  width 


(ii)  distance  and  time 
(iv)  radius 
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(v)  length,  width,  depth  (vi)  radius 

(vii)  cost  per  article,  number  of  articles  (viii)  selling  price,  cost  price 


(ix)  resistance,  voltage 
(xi)  principal,  time,  rate 

_  ...  .  ,  A  ,  A 

2.  (1)  A  =  Iw,  w  =  — ,  l  =  — 

l  w 

(iii)  C  =  2 xr 
4 

(v)  V  =  -xr3 

(vn)  C  =  cn,  c  —  n  —  - 
n  c 


(x)  area  of  base,  height 
(xii)  supply  and  demand 

(ii)  V  =  Iwh 

(iv)  A  —  xr2 

,  „  d  d 

(vi)  d  =  rt,  r  =  -,  t  —  — 

t  r 

(viii)  S.P.  -  C.P.  =  G( or  L) 


(ix)  I  =  Prt 


3. 


ASSOCIATED  VARIABLE(s) 

LAW 

EXPRESSION  FOR 

NOT  STATED 

ASSOCIATED  VARIABLE 

(i)  width  of  rectangle 

A 

W  =  T 

w  =  15  (inches) 

(ii)  length  of  rectangle 

^1  S 

II 

l  =  (inches) 

(iii)  circumference  and  area 

(a)  C  =  2xr 

C  =  20x(  inches) 

(b)  A  —  xr2 

A  =  100x(sq.  in.) 

(iv)  number  of  shirts 

C( total) 

30 

c(per  shirt) 

71  — 

X 

(v)  number  of  afternoons 

W{ total  wages) 

V 

w(  wages  /  af  ternoon ) 

n  ~  i  i 

1_2 

(vi)  rate 

d 

V  ~  t 

^  “  4  / 

r  —  (m.p.h.) 

y 

(vii)  interest 

I  =  Prt 

/=(3I+4\I^)(3) 

Section  3.8  (page  109) 

1.  Represent  the  number  of  dollars  invested  by  x. 

Then  the  interest  is  .05x  dollars. 

But  the  interest  is  48  dollars. 

.05z  =  48 
5x  =  4,800 
x  =  960 

The  amount  of  the  investment  is  $960. 

Verification.  The  interest  on  $960  at  5%  is  $(.05  X  960)  =  $48  . 

2.  Represent  the  number  of  c.c.  of  water  added  by  x. 

Then  the  number  of  c.c.  of  acid  in  a  5%  solution  is  .05(z  +  60). 
But  this  number  of  c.c.  of  acid  is  .12  X  60  =  7.2  . 

.05(z  +  60)  =  7.2 
.*.  5(x  +  60)  =  720 
.*.  5x  +  300  =  720 
.*.  5x  =  420 
x  =  84 


Solutions 


Verification.  There  should  be  84  c.c.  of  water  added. 

The  number  of  c.c.  of  acid  in  144  c.c.  of  a  5%  solution  is 
.05(144)  =  7.2,  as  required. 


2. 


Chapter  IV 

Section  4.4  (page  122) 

1.  2x3  -  4x2  -  2x  =  2x(x2  -  2x  -  1) 

2.  a(x  -  y)  -f  6(x  -  y)  =  (o  +  b)( x  -  y ) 

Section  4.5  (page  124) 

1.  ax  +  a  -f-  x  -f  1 
=  (ax  +  a)  +  (x  +  1) 

=  (x  +  l)a  +  (x  +  1) 

=  (x  +  l)(a  -f-  1) 

3.  (a  —  b)2  —  ax  +  bx  =  (a  —  b)2  —  (ax 

=  (a  -  b) 

—  (a  —  b)(a 

Section  4.6  (page  126) 

1.  method  1 

a2  —  5a  —  36  =  (a  —  9)(a  +  4) 


x2  +  y  —  xy  —  x 
=  (x2  —  xy)  +  (y  -  x) 
=  (x  -  y)x  —  (x  -  y) 

=  (x  -  y)(x  -  1) 


bx) 
—  (a  —  b)x 
b  —  x) 


2.  METHOD  1 

x2  +  8  xy  —  20y2 
=  (x  +  lOt/Xx  —  2  y) 


3.  METHOD  1 

2x3  —  16x2  —  18x 
=  2x(x2  —  8x  —  9) 

=  2x(x  —  9)(x  +  1) 


Section  4.7  (page  129) 

1. 

v  6(  — 10)  =  -60 

=  -2  X  2  X  3  X  5 
=  (+4)(-15) 

6a2  -  lla&  -  1062 


METHOD  2 

a2  —  5a  —  36 
=  a2  —  9a  +  4a  —  36 
=  a(a  -  9)  +  4(a  -  9) 

=  (a  +  4)(a  -  9) 

METHOD  2 

x2  +  8  xy  —  20  y2 
—  x2  +  10  xy  —  2  xy  —  20  y2 
=  x(x  +  10?/)  -  2 y(x  +  lOy) 
=  (x  -  2y)(x  +  lOy) 

METHOD  2 

2x3  -  16x2  -  18x 
=  2x(x2  —  8x  —  9) 

=  2x(x2  —  9x  +  x  —  9) 

=  2x|x(x  —  9)  +  (x  —  9)] 

=  2x(x  +  l)(x  —  9) 


-11  =  (+4)  +  (-15) 


6a2  —  15a6  +  4a6  —  1062 
3a(2a  -  56)  +  26(2a  -  56) 
(3a  +  26)(2a  -  56) 


By  inspection: 


(; 


1 


6 a2  -  lla6  -  1062  =  (3a  +  26)(2a  -  56) 
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Section  4.8  (page  130) 

1.  In  the  expression  36x2  —  30x  +  25: 

(i)  36x2  and  25  are  the  squares  of  6x  and  5  respectively; 

(ii)  —  30x  is  not  — 2(6x)(5); 

36x2  —  30x  +  25  is  not  a  trinomial  square. 

2.  36x2  —  60 xy  +  25 y2  =  (6x  —  5 y)2 

Since  a  positive  real  number  has  two  square  roots  which  are  equal  in  magnitude  but 
opposite  in  sign,  .'.  the  square  roots  of  36x2  —  60 xy  -f  25 y2  are  ±(6x  —  5 y).  These 
may  be  written  (6x  —  5 y)  and  (5 y  —  6x). 

3.  The  symbol  V  indicates  the  principal  square  root  which  is  the  positive  square 
root. 

.'.  V9.C2  -f-  60x  +  100  =  |3x  +  10|  (absolute  value  of  (3x  +  10)) 


Section  4.9  (page  132) 

1.  (i)  x4  —  16?/4 

=  (x2  —  4  y2)(x2  +  4  y2) 

=  (x  -  2 y)(x  +  2 y)(x2  +  4 y2) 

2.  (i)  9  -  (x  -  y )2  (ii) 

=  [3  +  (x  -  y)][3  -  (x  -  y)] 

=  (3  +  x  -  y)( 3  -  x  +  y) 


(ii)  (a  —  b)2  —  c2 

=  (a  —  b  —  c)(a  —  b  +  c) 

(a  +  b)2  —  (c  —  d)2 

=  [(a  +  b)  -j-  (c  —  d)][(a  +  b)  —  (c  —  d)| 
=  (a  +  b  +  c  —  d)(a  +  b  —  c  +  d) 


Section  4.10  (page  134) 

1.  The  terms  —2 xy  and  2 zp  suggest  the  following  grouping: 

x2  +  y2  —  z2  —  p2  —  2  xy  +  2  zp 
—  (x2  —  2  xy  +  y2)  —  (z2  —  2  zp  +  p2) 

=  (x  —  y)2  —  (z  —  p)2 
=  [(x  -  y)  +  (z  -  pMx  -  y)  -  (z  -  p)] 

=  (x  -  y  +  z  -  p)(x  -  y  -  z  +  p) 

2.  4 y2  +  6x  -  9x2  -  1 
=  4 y2  -  (9x2  -  6x  +  1) 

=  4 y2  -  (3x  -  l)2 

=  [2 y  +  (3x  -  1)][2 y  -  (3x  -  1)] 

=  (2 y  +  3x  -  1  )(2y  -  3x  +  1) 


Section  4.11  (page  136) 

1.  2x2  +  3x  -  2  =  0 

(2x  -  l)(x  +  2)  =  0 
2x  —  1  =  0  or 

1 

••  1  “  2 

The  roots  are  —2,  and 
Verification. 


=  0 
R.S.  =  0 


x  +  2  =  0 
x  =  —2 


L.S.  =  2(  — 2)2  +  3(  -2)  - 


=8-6-2 

=  0 
R.S.  =  0 


Solutions 

2. 


x2  —  6  =  x 
x2  -  X  -  6  =  0 
/.  (x  -  3)(x  +  2)  =  0 
x  —  3  =  0  or 

x  =  3  | 

The  roots  are  —2  and  3. 

Section  4.12  (page  138) 

1.  a4  +  464  2. 

=  a4  +  4a262  +  464  —  4a262 
=  (a2  +  262)2  -  (2 ab)2 
=  (a2  +  262  +  2a6)(o2  +  2b2  -  2a6) 

=  (a2  +  2a6  +  262)(a2  -  2a6  +  262) 


9 y4  -  51y2  +  49 
=  9y4  -  42y2  +  49  -  9 y2 
=  (3 y2  -  7)2  -  (3y)2 
=  (3y2  -  7  +  3y)(3y2  -7-3 y) 
-  W  +  3y  -  7)(3y2  -  3y  -  7) 


Section  4.13  (page  140) 

1.  2x3  -  llx2  +  5x  +  4 

The  integral  factors  of  4  are  ±1,  ±2,  ±4. 

If  x  =  1,  the  expression  =  2  —  11+5+4=0. 
x  —  1  is  a  factor  of  the  expression. 

2x2  —  9x  —  4 
x  —  1  /  2a;3  —  11a;2  +  5a;  +  4 
2a;3  —  2a;2 

—  9a;2  +  5a; 

—  9a;2  +  9a; 

—  4a;  +  4 

—  4x  +  4 

0 

2a;3  —  11a;2  +  5a;  +  4  =  (x  —  l)(2x2  —  9a;  —  4) 


2.  (i)  a;3  -  y 3 

The  factors  of  y 3  are  ±y,  ±y2,  ±y3. 
If  x  =  y,  the  expression  =  y3  —  y3 

=  0. 

x  —  y  is  a  factor  of  the  expression. 
x2  +  xy  +  y2 

x  -  y 


x ° 

x3  —  x2y 
x2y 


-  y3 


x2y  —  xy2 


xy2  -  y 3 
xy 2  —  y3 

0 


(ii)  a;3  +  y3 

If  x  —  — y,  the  expression  =  a;3  +  (  —y) 

=  0. 

.’.  x  +  y  is  a  factor  of  the  expression. 

x2  -  xy  +  y2 
x  +  y  x3  +  y3 


x3  +  x2y 

-  x2y 

—  a;2?/  —  xy2 

xy2  +  y3 
xy 2  +  y3 

0 


xd 


y3  =  (x  -  y)(x2  +  xy  +  y2)  /.  x3  +  y3  =  (x  +  y)(x2  -  xy  +  y2) 

3.  If  y  =  —  3,  then  y3  +  2y2  —  7y  — 12  =  —27  +  18  +  21  —  12  =  0. 
y  +  3  is  a  factor  of  the  expression. 
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1. 


6x  —  6  y 

2(x2  +  y2)(x  +  y)(x  -  y) 

3  X  2(x  -  y) 

(x2  +  y2)(x  +  y) 

- o - i  *  ^  V 


2. 


3. 


lox2  +  9  (x2 


ax  —  bx  +  ay  —  by 
ax  —  bx  —  ay  +  by 
x(a  —  b)  +  y(a  —  b) 
x(a  —  b)  —  y(a  —  6) 
(x  +  y)(a  ~  6) 

(x  -  y)(a  -  b) 

x  +  y  ,  , 

e=  -  ,  a  7=  0 

x  -  y 

3)2  -  9x2  (x2  -  3x  -  3)(x2  +  3x  -  3) 


3x 


3x 


x2  —  3x 
•  3)  *  0 


3  x2  -  3x  -  3 
s*  x2  4*  3x  "  3f  (x2 

Section  8.4  (page  149) 

2a2  -  ab  ~  b2  (2a  4-  b)(a  -  b)  (2a  4-  b)(a  -  b)(-l) 
(a  4-  &)(&  -  a)  ^  (a  4-  b)(b  -  a)  (a  +  b)(b  -  aj(-l) 

#  (2a  +  b)(g  -  b)(  —  1) 

(a  4*  6)(a  —  6) 

(2a  4*  b) 


a  4"  &  * 


a  6 


Section  6.6  (page  151) 


ax  4-  ay  a2  —  b2 
1.  — X  —7—7  v(x4 -  y) 


a  —  b 


a2  4-  ab 


1 


2. 


q(s  4-  y)  (a  -  b)(q  4-  b)  _ __ 

a  —  b  a(a  4 -  b)  (x  4"  y) 

1,  a  ^  0  or  b  or  —5;  x  ^  —y 

2x 2  —  3x  —  2  x3  —  1  x3  4-  x2  4-  x 
X 


x2  4-  x  —  6  4x2  —  1  2x2  +  5x  —  3 

(2x  4-  l)(s  -  2)  w  (x  -  l)(x2  4-  x  4-  1)  _  (2x  —  l)(x  4-  3) 
X  .  *  „  v .  _  ,  „  v  x 


(x  4-  3)(x  -  2) 


(2x  -  l)(2x  4-  1) 


x(x2  4-  x  +  1) 


— x  ^  ±—  or  2  or  —3;  x2  4-  x  4-  1  ^  0 
x  2 


Section  6.6  (page  153) 


1. 


3x 


2x 


+ 


5x2  -  1 


3x 


2x 


x  —  2  x  4-2  x2  —  4 


4“ 


5x2  -  1 


x  —  2  x  4-2  (x  4-  2)(x  —  2) 
3x(x  4-  2)  -  2x(x  -  2)  4-  5x2  -  1 
(x  4-  2)(x  -  2) 

3x2  4-  6x  —  2x2  4-  4x  4-  5x2  —  1 
(x  4-  2)(x  -  2) 

6x2  4-  10x  -  1 


x2  —  4 


Solutions 


Section  5.7  (page  155) 


x1 2  —  9#  +  20 
X*  x2  -  7z  +  12 


x 


2  _ 


9x  +  18  (x  -  5)(x  -  4)  (x  -  3)(x  -  6) 


x2  —  9 


(x  -  4)(x  -  3) 
x  —  5  x  —  6 


(x  -  3)(x  +  3) 
x  5*  3  or  4 


x  —  3  x  +  3’ 

(x  -  5)(x  +  3)  -  (x  -  3)(x  -  6) 
(x  -  3)(x  +  3) 

(x2  -  2x  -  15)  -  (x2  -  9x  +  18) 


(x  -  3)(x  +  3) 

x2  —  2x  —  15  —  x2  +  9x  —  18 
(x  -  3)(x  +  3) 

7x  -  33 
x2  —  9 
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Chapter  VI 


Section  6.2  (page  163) 

1.  A  X  A  =  1(1,  1),  (3,  1),  (5,  1),  B  =  {(3,  1),  (5,  1),  (5,  3)} 

(1,  3),  (3,  3),  (5,  3), 

(1,  5),  (3,5),  (5,  5)j 

2.  N  =  { 1,  2,  3,  4,  .  .  .  | 

N  X  N  cannot  be  listed,  nor  can  the  required  subset.  The  required  subset  can  be 
indicated  as  follows: 

{(1,3),  (2,  4),  (3,  5),  (4,  6),  (5,  7),  .  .  .| 

3.  A  X  A  =  {(8,  8),  (27,  8),  (64,  8), 

(8,  27),  (27,  27),  (64,  27), 

(8,  64),  (27,  64),  (64,  64)1 


Section  6.5  (page  171) 


1.  A  =  {0,  1,  2,  3,  4,  5} 

if  x  =  0,  y  =  02  +  1  =  1 

if  x  =  1,  y  =  l2  +  1  =2 

ifx  =  2,  ?/  =  22  +  l  =  5 
if  x  =  3,  y  =  32  +  1  =  10 

if  x  =  4,  y  =  42  +  1  =  17 

if  x  =  5,  y  =  52  +  1  =  26 

2.  x,  y  are  elements  of  { 0,  1,  2,  3,  . 

if  x  =  0,  i/  =  2  X  0  -  1  =  — 1 

if  x  =  1,  i/  =  2  X  1  -  1  =  1 

ifx  =  2,  y  =  2X2  —  1=3 
ifx  =  3,  y  =  2X3  —  1=5 

etc. 

Since  —1  is  not  in  the  set  No, 

■  ■  C  =  1(1,  1),(2,  3),  (3,  5),  . 
The  pattern  indicates  that: 
the  domain  of  C  is  { 1,  2,  3,  4,  . 
the  range  of  C  is  { 1,  3,  5,  7,  .  . 


Since  both  x,  y  must  be  elements  of  A, 
/.  B  =  j(0,  1),  (1,2),  (2,  5)[. 

Domain  of  B  is  { 0,  1,  2 } . 

Range  of  B  is  { 1,  2,  5 } . 


I- 


.)• 

,  . }  or  the  domain  of  C  is  N; 

.  j  or  the  set  of  odd  natural  numbers. 
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3.  Since  x,  y  €  R  and  y  =  x,  for  all  x  E  R, 
then  D  =  {(x,  x)  |  x  €  i?}. 

Since  both  x  and  y  may  assume  any  real  value, 
therefore  the  domain  of  D  is  R  or  { x  |  x  6  R } ; 
the  range  of  D  is  R  or  { y  |  y  €  R } . 


4.  E  is  the  set  of  ordered  pairs  represented  by  (x,  y)  which  satisfy  the  defining  sentence 
x2  +  y2  =  25,  x,  y  €  I. 

To  discover  whether  an  ordered  pair  does  or  does  not  belong  to  the  relation,  it  must 
be  shown  that  the  ordered  pair  does  or  does  not  satisfy  the  equation. 


For  the  ordered  pair  (3,  4):  x2  +  y2  =  9  +  16  =  25, 

For  the  ordered  pair  (0,  0):  x2  +  y*  =  0+0  =  0, 

For  the  ordered  pair  (0,  —  5):  x2  +  y2  =  0  +  25  =  25, 

For  the  ordered  pair  (4,  —3):  x2  +  y2  =  16  +  9  =  25, 

For  the  ordered  pair  (5,  0):  x2  +  y2  =  25  +  0  =  25, 

For  the  ordered  pair  (0,  25):  x2  +  y2  =  0  +  625  =  625, 

For  the  ordered  pair  (4,  3):  x2  +  y2  =  16  +  9  =  25, 

For  the  ordered  pair  (6,  —  1):  x2  +  y2  =  36  +  1  =  37, 

The  ordered  pairs  (0,  0),  (0,  25),  (6,  —1)  do  not  satisfy  E. 


(3,  4)  €  E. 
(0,  0)  <t  E. 
(0,  -5)  €  E. 
(4,  -3)  €  E. 
(5,  0)  €  E. 
(0,  25)  i  E. 
(4,  3)  €  E. 
(6,  -1)  i  E. 


Section  6.6  (page  177) 

1.  M  =  {(x,  y)  |  2x  +  y  =  3,  x,  y  E  R] 

For  ease  in  constructing  a  table  of  values  the 
defining  equation  may  be  written  in  the  form 
y  =  3  —  2x. 

M  =  {(x,  y)\y  =  3  -  2x,x,y€  R] 
The  relation  may  also  be  written 
M  =  {(x,  3  -  2x)  |  x  €  R\, 
because  y  (or  3  —  2x)  €  R 
for  all  x  E  R. 

For  M : 


X 

-2 

-1 

0 

1 

2 

3 

y 

7 

5 

3 

1 

-1 

-3 

The  partial  graph  is  drawn. 
From  the  graph: 
the  domain  is  { x  |  x  €  R } ; 
the  range  is  { y  |  y  €  R } . 


note:  The  equation  y  =  3  —  2x  expresses  explicitly  what  y  is  equivalent  to  in  terms 

3  -  y 

of  x.  Similarly,  the  equation  x  =  — - —  expresses  explicitly  what  x  is  equivalent  to 


in  terms  of  y.  Equations  written  in  this  manner  are  said  to  be  written  in  explicit  form. 
The  equation  2x+y  =  3or2x  +  y  —  3  =  0  implies  a  relationship  between  x  and  y 
and  some  given  numbers.  Equations  written  in  this  manner  are  said  to  be  written  in 
implicit  form. 


The  following  are  different  forms  of  the  same  equation: 

(i)  2x  +  y  =  3  (ii)  2x  +  y  -  3  =  0 

(iii)  y  =  3  -  2x  3  -  y 

(iv)  x  =  — - — • 

The  explicit  form  of  the  equation  is  particularly  useful  if  a  table  of  values  is  to  be 
constructed. 


Solutions 
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2.  N  =  {(x,  y)  \  x  =  3,  x,  y  £  R] 

Since  y  does  not  appear  in  the  equation 
x  =  3,  then  since  y  €  R,  y  may  have  any 
real  value,  but  x  must  always  be  3. 


For  N: 


X 

3 

3 

3 

3 

3 

y 

-2 

-1 

0 

1 

2 

-2 


The  partial  graph  is  drawn. 

From  the  graph  or  otherwise: 
the  domain  of  N  is  { 3 } ; 
the  range  of  N  is  { y  \  y  €  R } . 
note:  A  table  of  values  is  really  not  nec¬ 
essary  for  the  drawing  of  this  graph.  If  x 
must  always  be  3  and  y  may  be  any  real 
number,  then  all  the  points  on  the  graph 

must  be  3  units  to  the  right  of  the  y-axis,  and  the  graph  must  be  the  line  parallel 
to  the  y-axis  and  three  units  to  the  right  of  it. 

In  a  similar  manner,  it  may  be  argued  that  the  graphs  of  the  relations  with  the 
following  defining  sentences  are  as  indicated: 

(i)  x  =  —  3,  x,  y  €  R:  line  parallel  to  y-axis,  3  units  to  the  left  of  it; 

(ii)  x  =  0,  x,  y  €  R:  the  y- axis; 

(iii)  y  =  4,  x,  y  €  R:  line  parallel  to  z-axis,  4  units  above  it; 

(iv)  y  =  —7,  x,  y  €  R:  line  parallel  to  x-axis,  7  units  below  it; 

(v)  y  =  0,  x,  y  €  R:  the  z-axis. 


Section  6.9  (page  185) 

1.  F  =  {(*,  y)  |  x  ^  3,  *,  y  6 

The  corresponding  equality  is  x  =  3, 
x,  y  €  R. 

The  graph  of  the  relation  defined  by 
x  =  3,  x,  y  €  R  is  the  straight  line 
parallel  to  the  y-axis  and  three  units 
to  the  right  of  it. 

The  graph  of  the  relation  defined  by 
x  ^  3,  x,  y  €  R  is,  then,  all  the  points 
on  this  line  and  (together  with)  all  the 
points  on  the  plane  to  the  right  of  it 
(all  the  points  with  abscissa  greater 
than  3). 

The  partial  graph  of  F  is  shown. 

The  domain  of  F  is  { x  |  x  ^  3,  x  €  R 
the  range  of  F  is  { y  |  y  €  R } . 


!; 


Section  7.1  (page  203) 

1. 


Chapter  VII 

x  +  y  =  3  (1) 

2x  +  3y  =  8  (2) 

y  =  3  —  x  (3) 

8  -  2x 
V  = 


From  (1) 
From  (2) 


3 


(4) 
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By  comparison 


Substitute  in  (3) 


9  —  3x  =  8  —  2x 


(5) 


—  x  =  —1 

x  -  1  (6) 

y  =  2  (7) 

The  solution  set  of  the  system  is  {(1,  2)}. 


Verification.  L.S.  (1)  =  1  +  2 

=  3 

L.S.  (2)  =  2  +  6 
=  8 


2. 


Clear  of  fractions 
4  X  (1) 

12  X  (2) 

From  (3) 

From  (4) 

By  comparison 


Substitute  in  (3) 


It*  +  h  =  7 
+  \v  =  6 

x  +  2y  =  28 
4x  +  Sy  =  72 

28  -  x 
y  2 
72  -  4x 

y  =  3 

28  -  x  _  72  -  4x 

2  "  3 

84  —  3x  =  144  —  8x 
5x  =  60 
x  =  12 
12+2  y  =  28 
2  y  =  16 

y  =  8 

The  solution  set  is  {(12,  8)}. 


R.S.  (1)  =  3 
L.S.  (2)  =  8 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 


(7) 


Section  7.3  (page  208) 

1. 


{ 3x  +  2  y  —  13 

(1) 

(5x  —  2y  =  3 

(2) 

(1)  +(2) 

8x  =  16 

x  =  2 

(3) 

Substitute  in(l)  6+2y  =  13 

2y  =  7 

a  y  =  H 

(4) 

The  solution  set  is  {(2,  3^-)} 

• 

Verification. 

L.S.  (1)  =  3x  +  2 y 

L.S.  (2)  = 

=  6+7 

=  13 

R.S.  (1)  =  13 

R.S.  (2)  = 

5x  — 


2  y 
7 


2. 


i5x  +  2  y  =  9 
[2x  +  3j/  =»  8 


(1) 

(2) 


Solutions 


To  eliminate  x  or  To  eliminate  y 


2  X  (1)  103  + 

4*. 

«si 

II 

1— » 

00 

(3) 

3  X  (1)  153  -f"  6 y  —  27 

(3) 

5  X  (2)  103  +  1 5y  =  40 

(4) 

2  X  (2)  43  +  6 y  =  16 

(4) 

(3)  -  (4) 

11  y  =  -22 

(3)  -  (4)  II3  =  11 

y  =  2 

(5) 

.'.3  =  1 

(5) 

Substitute  in  (2) 

Substitute  in  (2) 

23  =  2 

2  +  Sy  =  8 

.'.3  =  1 

(6) 

.'.  3y  =  6 

y  =  2 

(6) 

The  solution  set  is  {(1,  2)}. 


Verification.  L.S.  (1)  =  5  +4  R.S.  (1)  =  9 

=  9 

L.S.  (2)  =  2  +  6  R.S.  (2)  =  8 

=  8 

fb  —  4-2/  =  0  (1) 

lb  -  f y  =  -4  (2) 

Clear  the  equations  of  fractions 
6  X  (1)  3x  -  2y  =  0  (3) 

4  X  (2)  z-6 y  =  -16  (4) 

3  X  (3)  9x  —  Oy  =  0  (5) 

(4)  -(5)  -83  =-16 

.‘.3  =  2  (6) 

Substitute  in  (3)  6  —  2y  =  0 

•••  y  =  3  (7) 

{(x,  y)  |  J3  -  %y  =  0  and  \x  -  f y  =  -4,  3,  y  €  72  j  =  {(2,  3)} 


Verification.  L.S.  (1)  =  1  —  1 

=  0 

R.S. (1)  =  0 


Section  7.4  (page  212) 


1.  f  3  -(-  2?/  “f~  3s  =  26 

a  43  —  5?/  +  62  =  29 
(73  +  8y  —  92  =  —16 
Eliminate  2  from  (1)  and  (2) 

2  X  (1)  23  +  4y  +  62  =  52 

43  —  by  +  62  =  29 
(4)  -  (2)  -23  +  9 y  =  23 

Eliminate  2  from  (1)  and  (3) 

3  X  (1)  33  +  6y  +  92  =  78 

73  +  8y  -  92  =  —16 

(6)  +  (3)  103  +  Uy  =  62 

Eliminate  3  from  (5)  and  (7) 

5  X  (5)  -103  +  45 y  =  115 

10  x  +  14y  =  62 

59  y  =  177 

y  =  3 


R.S.  (2)  =  -4 


(1) 

(2) 

(3) 

(4) 
(2) 

(5) 

(6) 
(3) 

(7) 

(8) 
(7) 

(9) 
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(8)  +  (7) 
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To  obtain  the  corresponding  value  of  x  substitute  in  (5)  or  (7). 

Substitute  in  (5)  —  2x  +  27  =  23 

—2x  =  —4 

x  =  2  (10) 

To  obtain  the  corresponding  value  of  z,  substitute  in  (1)  or  (2)  or  (3). 
Substitute  in  (1)  2  +  6  +  3z  =  26 


. .  OZ  —  1  o 

2  =  6 

The  solution  is  (2,  3,  6). 

(ID 

Verification. 

L.S.  (1)  =  2  +  6  +  18  =  26 

R.S.  (1)  =  26 

L.S.  (2)  =  8  -  15  +  36  =  29 

R.S.  (2)  =  29 

L.S.  (3)  =  14  +  24  -  54  =  -16 

R.S.  (3)  =  -16 

(5  + 4z  =  i/  +  3 

(1) 

-  x  4-  y  =  32 

(2) 

[  7z  =  x  4-  2 

(3) 

Arrange  the  equations  with  the  variables  on  the  left  side 

y  —  42  =  2 

(4) 

x  +  y  —  32  =  0 

(5) 

x  —7  2  =  —2 

(6) 

Eliminate  x  from  (5)  and  (6) 

(5)  -  (6) 

y  4-  42  =  2 

(7) 

y  —  42  =  2 

(4) 

(7)  +  (4) 

22/  =  4 

y  =  2 

(8) 

(7)  -  (4) 

82  =  0 

.'.2  =  0 

(9) 

Substitute  in 

(6)  x  -  0  =  -2 

x  =  —  2 

The  solution  is  ( —  2,  2,  0). 

GO) 

f  0  4  &  =  3 

(1) 

I  6  4-  c  =  5 

(2) 

|  c  +  d  =  7 

(3) 

(a  4-  3d  =  17 

(4) 

Add 

2d  4"  26  4*  2c  4"  4<2  =  32 

a  4~  6  4"  c  4~  2d  =  16 

(5) 

a  4-  6  =3 

(1) 

(5)  -  (1) 

c  4-  2(2  =  13 

(6) 

c  4-  d  =  7 

(3) 

(6)  -  (3) 

<2  =  6 

(7) 

Substitute  in 

(3)  c  4-  6  =  7 

c  =  1 

(8) 

Substitute  in 

(2)  6  +  1=5 

.*.6  =  4 

(9) 

Substitute  in 

(1)  a  +  4  =  3 

.‘.  a  =  —1 

The  solution  is  (  —  1,  4,  1,  6). 

(10) 

Solutions 


483 


Review  D 

Section  D.2  (page  249) 

Construction  2. 

Construction:  With  centre  B  and  any  radius  draw  an  arc  cutting  BA  and  BC  on  D  and 
E,  respectively. 

With  centres  D  and  E  and  equal  radii,  draw'  arcs  intersecting  on  F. 

Draw  ray  BG  on  F. 

Then  ray  BG  bisects  Z  ABC. 

Construction  3. 

Construction:  With  centre  C  and  any  radius  draw"  an  arc  cutting  AB  on  D  and  E, 
respectively. 

With  centres  D  and  E  and  equal  radii,  draw"  arcs  intersecting  on  F. 

Draw  ray  CG  on  F. 

Then  ray  CG  is  perpendicular  to  AB  at  C. 

Section  D.3  (page  252) 

Construction  4. 

Construction :  With  centre  C  and  any  suitable  radius,  draw  an  arc  to  cut  AB  on  D  and  E. 
With  centres  D  and  E  and  equal  radii,  draw  arcs  to  intersect  on  F. 

Join  CF,  cutting  AB  on  G. 

Then  CG  _L  AB. 

Construction  6. 

Construction :  With  centres  A  and  B  and  equal  radii,  construct  arcs  intersecting  on  C 
and  D. 

Draw  line  FG  on  C  and  D. 

Then  line  FG  is  the  right  bisector  of  AB. 

Construction  6. 

Construction:  Mark  two  points  C  and  D  on  AB. 

With  centre  P  and  radius  CD,  construct  an  arc. 

With  centre  D  and  radius  CP,  draw  an  arc  cutting  the  former  arc  on  Q. 

Draw  line  PQ. 

Then  line  PQ  is  parallel  to  line  AB. 


Chapter  VIII 


Section  8.3  (page  267) 
Example  1. 

Proof : 


STATEMENTS  AUTHORITIES 


1.  A  —>  B 

1.  Hypothesis 

2.  A 

2.  Hypothesis 

3.  B 

3.  Law  of  Detachment  1,  2 

4 .  B  ->C 

4.  Hypothesis 

5.  C 

5.  Law  of  Detachment  3,  4 

6 .  C  ->  D 

6.  Hypothesis 

7.  D 

7.  Law"  of  Detachment  5,  6 
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Section  8.4  (page  269) 
Example  1. 


Proof : 

STATEMENTS 

AUTHORITIES 

1.  (A  and  B)  —*  C 

2.  A  and  B 

3.  C 

4.  C  —>  (D  or  E) 

5.  DovE 

1.  Hypothesis 

2.  Hypothesis 

3.  Law  of  Detachment  1,  2 

4.  Hypothesis 

5.  Law  of  Detachment  3,  4 

Example  2. 

Analysis : 

I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  B 

2.  D 

3 .  ~C 

4.  ~  E  by  hypothesis. 

1.  D ,  v  D  —>  B. 

2.  ' — '  C,  v  ~  C  — >  D. 

3.  ~  E,  v  r^f  E  — ►  ~  C. 

Proof: 

STATEMENTS 

AUTHORITIES 

1.  ~  E  — >  ~  C 

2.  ~  £ 

3.  ~C 

4.  ~  C  ->  Z) 

5.  Z) 

6.  Z)  ->  B 

7.  £ 

1.  Hypothesis 

2.  Hypothesis 

3.  Law  of  Detachment  1,  2 

4.  Hypothesis 

5.  Law  of  Detachment  3,  4 

6.  Hypothesis 

7.  Law  of  Detachment  5,  6 

Section  8.5  (page  270) 

Example. 

(i)  Polly  flies. 

(ii)  A  and  B  are  equal  angles. 

(iii)  No  logical  consequent. 

(iv)  ZP  is  less  than  90°. 

(v)  DE  ||  BC  and  DE  =  ±  BC 

(vi)  ZABD  and  Z  DBC  are  complementary  angles. 

(vii)  ZABD  and  Z DBC  are  supplementary  angles. 

Section  8.6  (page  275) 

Example  1. 


Proof : 

STATEMENTS 

AUTHORITIES 

1.  AD  = 

2.  Z)B  = 

3.  AD  +  DB  =  AE  +  £C 

4.  A5  =  AC 

1.  Hypothesis 

2.  Hypothesis 

3.  Addition 

4.  Completion 

Example  2. 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  AD  = 

2.  BC  =  BP 

3.  AD  =  BP 

1.  Hypothesis 

2.  Hypothesis 

3.  Transitive 

Solutions 
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Example  3. 
Proof : 


STATEMENTS 

AUTHORITIES 

1.  AD  =  AC 

2.  DR  =  DC 

3.  AR  -  DR  =  AC  -  DC 

4.  AD  =  AD 

1.  Hypothesis 

2.  Hypothesis 

3.  Subtraction 

4.  Completion 

Example  4. 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  /.ABC  =  Z1  +  Z2  +  Z3 

2.  Z1  =  Z2  =  Z3  =  30° 

3.  /ABC  =  (30  +  30  +  30)° 

4.  /ABC  =  90° 

1.  Completion 

2.  Hypothesis 

3.  Replacement 

4.  Completion 

Example  0, 

Proof! 

STATEMENTS 

AUTHORITIES 

1.  Z1  +  Z3  «  180° 

2.  Z1  Z2 

3.  Z2  +  Z3  *  180® 

1.  Hypothesis 

2.  Hypothesis 

3.  Replacement 

Section  8.7  (page  280) 

Example  1. 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  /ABC  =  180° 

2.  2x  +  2y  =  180 

3.  x  +  y  —  90 

4.  /EBF  =  90° 

1.  Hypothesis,  definition 

2.  Completion 

3.  Division 

4.  Completion 

Example  2. 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  M  &  &  -  /  &  c  •=- 

2.  Z1  +  Z4  =  Z2  +  Z3 

3.  Z 1  =  Z2 

4.  Z4  =  Z3 

1.  Hypothesis 

2.  Completion 

3.  Hypothesis 

4.  Subtraction 

Example  3. 

Analysis : 

I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  AB  =  CD 

2.  OB  -  OA  =  OD  -  OC 

3.  OD  =  OD  and  OA  =  OC 
by  hypothesis  and 
definition  of  circle. 

1.  OB  —  OA  =  OD  —  OC. 

2.  OB  =  OD  and  OA  =  OC. 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 
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Proof : 


STATEMENTS 

AUTHORITIES 

1.  OB  =  OD 

1.  Hypothesis  and  definition  of  circle 

2.  OA  =  OC 

2.  Hypothesis  and  definition  of  circle 

3.  OB  —  OA  =  OD  —  OC 

3.  Subtraction 

4.  AB  =  CD 

4.  Replacement 

Chapter  IX 

Section  9.2  (page  285) 

Complementary  Angle  Theorem 

Corollary : 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  Z 2  is  the  complement  Zl. 

1.  Hypothesis 

2.  Z3  is  the  complement  Z 1. 

2.  Hypothesis 

3.  Z2  =  Z3 

3.  Complementary  Angle  Theorem 

Section  9.4  (page  287) 

Supplementary  Angle  Theorem 

Corollary : 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  Z 2  is  the  supplement  Zl. 

1.  Hypothesis 

2.  Z3  is  the  supplement  Z 1. 

2.  Hypothesis 

3.  Z2  =  Z3 

3.  Supplementary  Angle  Theorem 

Example. 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  ZABD  =  ZDBC  =  90° 

1.  Hypothesis 

2.  Z ABE  =  ZCBF 

2.  Hypothesis 

3.  ZEBD  =  Z  DBF 

3.  Complementary  Angle  Theorem 

4.  2x  -  60  =  x  +  10 

4.  Replacement 

5.  z  =  70 

5.  Subtraction,  addition 

6.  z  +  10  =  80 

6.  Addition 

7.  y  =  10 

7.  Definition 

8.  ZABE  =  10° 

8.  Replacement 

Chapter  X 

Section  10.1  (page  299) 

1.  P  ~  L,Q  ~  N,R  ~  M;  PQ  =  LN,  PR  =  LM,  QR  =  NM; 
ZQPR  =  Z NLM,  ZPQR  =  ZLNM,  ZQRP  =  ZNML 

2.  X  ~  X,  Y  +-+  Z,  K  +-*  K;  XY  =  XZ,  XK  =  XK ,  YK  =  ZK ; 
ZXYK  =  ZXZKy  ZXKY  =  ZXKZ,  ZYXK  =  ZZXK 

3.  K  ~  E,  G  ~  G,  R  ~  S\  KG  =  EG,  KR  =  GS,  GR  =  GS ; 
ZKGR  =  ZEGS,  ZGRK  =  ZGSE,  ZRKG  =  ZSEG 

4.  Each  of  the  triangles  is  congruent  to  each  of  the  others, 

5.  ZB  AC  -  ZEDF,  ZBCA  =  ZEFD,  AC  =  DF 


Solutions 
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6.  /QRP  =  /TMP,  /QPR  =  /.TPM,  /PQR  =  /PTM 

7.  Z  GHL  =  Z  GKL,  HL  =  KL,  GL  =  GL 

Section  10.3  (page  309) 

Example  1. 

Proof : 


STATEMENTS  AUTHORITIES 


1.  P  — »  ~  Q 

1.  Hypothesis 

2.  P 

2.  Hypothesis 

3.  ~  Q 

3.  Law  of  Detachment  1,  2 

4.  ~  Q  —*  R 

4.  Hypothesis 

5.  R 

5.  Law  of  Detachment  3,  4 

6.  R  — >  ~  S 

6.  Hypothesis 

7 .  ~S 

7.  Law  of  Detachment  5,  6 

Example  2. 
Proof : 


STATEMENTS 

AUTHORITIES 

1.  /BDE  is  the  supplement  /ADE. 

1.  Definition 

2.  /CED  is  the  supplement  /AED. 

2.  Definition 

3.  /ADE  =  /AED 

3.  Hypothesis 

4.  /BDE  =  /CED 

4.  Supplementary  Angle  Theorem 

5.  In  A’s  BED  and  CDE  (BD  =  CE 

5.  Hypothesis 

6.  <DE  =  ED 

6.  Reflexive 

7.  (  /BDE  =  /CED 

7.  4,  above 

8.  ABED  ~  A  CDE 

8.  sas 

9.  BE  =  CD 

9.  Definition 

Section  10.4  (page  315) 
Example  2. 

Proof : 


STATEMENTS 

AUTHORITIES 

1.  In  A’s  APB  and  AQB  i 

tPR  =  QB 

1.  Definition 

2.  i 

\AB  =  AB 

2.  Reflexive 

3.  1 

[PA  =  QA 

3.  Definition 

4.  A  APB  ^  AAQB 

4.  sss 

5.  ZPAR  =  ZQAR 

5.  Definition 

Section  10.6  (page  317) 

Example. 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  In  A’s  DBC  and  ACB  ( 

DC  =  AP 

1.  Hypothesis 

2.  ] 

CP  =  PC 

2.  Reflexive 

3.  1 

ZDCP  -  Z  ABC 

3.  Hypothesis 

4.  A  DBC  S  A  ACB 

4.  sas 

5.  DB  =  AC 

5.  Definition 

6.  In  A's  DAB  and  ADC 

( AB  =  DC 

6.  Hypothesis 

7. 

Ida  =  ad 

7.  Reflexive 

8. 

[DB  =  AC 

8.  5 

9.  A  DAB  A  ADC 

9.  sss 

10.  /DAB  =  ZADC 

10.  Definition 
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Chapter  XI 

Section  11.4  (page  337) 

Example. 

Proof : 


STATEMENTS  AUTHORITIES 


1.  AD  =  BD 

1.  Hypothesis 

2.  Z1  =  Z2 

2.  Isosceles  Triangle  Theorem 

3.  AD  =  CD 

3.  Hypothesis 

4.  Z4  =  Z  3 

4.  Isosceles  Triangle  Theorem 

5.  Z1  +  Z4  =  Z2  +  Z3 

5.  Addition 

6.  ABAC  =  Z1  +  Z4 

6.  Completion 

Section  11.6  (page  340) 

Right  Bisector  Theorem  part  i 

Proof : 


STATEMENTS  AUTHORITIES 


1.  Join  PA  and  PB. 

1.  Existence 

2.  In  A’s  PAE  and  PBE  t  AE  =  BE 

2.  Hypothesis 

3.  <PE  =  PE 

3.  Reflexive 

4.  /  A  PE  A  =  APEB 

4.  Definition 

5.  A  PAE  ££  A  PBE 

5.  sas 

6.  PA  =  PB 

6.  Definition 

Right  Bisector  Theorem  part  ii 

Proof : 


STATEMENTS  AUTHORITIES 


1.  Q  is  the  midpoint  of  AB. 

1.  Existence 

2.  In  A’s  PAQ  and  PBQ  (PA  =  PB 

2.  Hjrpothesis 

3.  iAQ  =  BQ 

3.  Definition 

4.  (PQ  =  PQ 

4.  Reflexive 

5.  A  PAQ  ££  A  PBQ 

5.  sss 

6.  APQA  =  APQB 

6.  Definition 

7.  APQA  +  APQB  =  180° 

7.  Definition,  completion 

8.  2  APQA  =  180° 

8.  Replacement,  completion 

9.  APQA  =  90° 

9.  Division 

10.  PQ  _L  AB 

10.  Definition 

11.  P  is  on  the  right  bisector  of  AB. 

11.  Definition 

Chapter  XII 


Section  12.1  (page  346) 

1.  A  ABC  is  not  scalene. 

3.  A  B  is  not  perpendicular  to  CD. 
5.  It  is  raining. 

7.  Z  ABC  >  Z  DEF. 

9.  5  is  not  greater  than  10. 


2.  John  is  not  studying. 

4.  A  ABC  9*  60°.  ' 

6.  A  ABC  =  A  DEF. 

8.  AB  is  parallel  to  CD. 

10.  Jean  is  not  the  sister  of  Betty. 


Solutions 
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Example  3. 
Proof : 


STATEMENTS 

AUTHORITIES 

1.  AB  =  AC 

1.  Assumption  of  negation 

of  conclusion  AB  ^  AC 

2.  In  A’s  ABD  and  ACD  (BD  =  CD 

2.  Hypothesis 

3.  \AD  =  AD 

3.  Hypothesis 

4.  [AB  =  AC 

4.  1,  above 

5.  AABD  ^  AACZ) 

5.  sss 

6.  ZAZ)£  =  ZADC  =  90° 

6.  Definition,  completion 

7.  AZ?  =  AC  is  false. 

7.  Since  6  contradicts  the 

hypothesis 

8.  AB  ^  AC 

8.  Law  of  Contradiction 

Example  4. 

Analysis : 

I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  ZB  ^  ZC 

2.  ZB  —  ZC  is  false 

3.  The  assumption  ZB  =  ZC 
leads  to  the  conclusion  that 

AC  =  AB  by  the  Isosceles 

Triangle  Theorem.  This 
contradicts  the  hypothesis. 

Proof : 

STATEMENTS 

1.  ZB  =  ZC  is  false. 

2.  The  assumption  ZB  =  ZC 
leads  to  a  conclusion  which 
contradicts  a  known  fact. 

AUTHORITIES 

1.  ZB  =  ZC 

1.  Assumption  of  negation  of 

conclusion  ZB  ^  ZC 

2.  AC  =  AB 

2.  Isosceles  Triangle  Theorem 

3.  ZB  —  Z C  is  false. 

3.  Since  2  contradicts  the 

hypothesis 

4.  ZB  ZC 

4.  Law  of  Contradiction 

Chapter  XIH 

Section  13.4  (page  359) 

Parallel  Line  Theorem  part  i  (i) 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  1  JT  m 

1.  Assumption  of  negation 

of  conclusion 

2.  1  and  m  have  a  point  in  common. 

2.  Definition 

3.  Z1  ^  Z2 

3.  Exterior  Angle  Theorem 

4.  1  X  m  is  false. 

4.  3  contradicts  hypothesis 

5.  1  ||  m 

5.  Law  of  Contradiction 
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Parallel  Line  Theorem  part  i  (ii) 

Proof : 


STATEMENTS 

AUTHORITIES 

1.  Z3  =  Z2 

1.  Hypothesis 

2.  Z3  =  Z1 

2.  Vertical  Angle  Theorem 

3.  Z1  =  Z2 

3.  Replacement 

4.  1  ||  m 

4.  Parallel  Line  Theorem 

Parallel  Line  Theorem  part  i  (iii) 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  Z4  +  Z2  =  180° 

1.  Hypothesis 

2.  Z1  +  Z4  =  180° 

2.  Definition,  completion 

3.  Z1  +  Z4  =  Z4  +  Z2 

3.  Replacement 

4.  Z1  =  Z2 

4.  Subtraction 

5.  l\\m 

5.  Parallel  Line  Theorem  (i) 

Parallel  Line  Theorem 

Corollary : 

Analysis : 


E 


F 


D 


I  CAN  PROVE 

1.  EB  ||  CF 


2.  (ii)  or  (iii)  by 

hypothesis,  using  AD  as 
a  transversal. 


IF  I  CAN  PROVE 

1.  (i)  A  pair  of  alternate  angles  equal. 

(ii)  A  pair  of  corresponding  angles 
equal. 

(iii)  A  pair  of  interior  angles  on 
the  same  side  of  the 
transversal  supplementary. 


Proof : 

STATEMENTS 

1.  AEBC  =  AFCD  =  90° 

2.  BE  ||  CF 


AUTHORITIES 

1.  Hypothesis  and  definition 

2.  Corresponding  angles 


Example  3. 
Proof : 


STATEMENTS  AUTHORITIES 


1.  In  A’s  ADC  and  CBA  ( CD  =  BA 

1.  Hypothesis 

2.  <AC  =  CA 

2.  Reflexive 

3.  (AD  =  CB 

3.  Hypothesis 

4.  A  ADC  ^  A  CBA 

4.  sss 

5.  ABAC  =  A  DC  A,  ABC  A  =  AD  AC 

5.  Definition 

6.  AB  ||  DC,  BC  ||  AD 

6.  Equal  alternate  angles 

7.  ABCD  is  a  parallelogram. 

7.  Definition 

Solutions 


493 


Section  13.7  (page  371) 
Quadrilateral-Parallelogram  Theorem 

Proof : 


STATEMENTS  AUTHORITIES 


1.  In  A’s  ADB  and  CBD 

(  DB  =  BD 

1.  Reflexive 

2. 

\  AD  =  CB 

2.  Hypothesis 

3. 

( ZADB = 

ZCBD 

3.  Equal  alternate  angles 

4.  A  ADB  ^  A  CBD 

4.  sas 

5.  ZABD  =  ZCDB 

5.  Definition 

6.  AB  ||  DC 

6.  Equal  alternate  angles 

7.  ABCD  is  a  parallelogram. 

7.  Definition 

Parallelogram  Theorem 

Proof : 

STATEMENTS 

AUTHORITIES 

PAPts  (i)  and  (ii) 

1.  Join  BD. 

1.  Existence 

2.  AD  ||  BC 

2,  Definition 

3.  ZADB  «  ZCBD 

3.  Equal  alternate  angles 

4.  AB  ||  DC 

4.  Definition 

5.  ZABD  «  ZB  DC 

5.  Equal  alternate  angles 

6.  In  A’s  ABD  and  CDB 

{BD  «  DB 

6.  Reflexive 

7. 

< ZABD  - 

ZCDB 

7.  5 

8. 

/ ZADB  = 

ZCBD 

8.  3 

9.  A  ABD  9*  ACDB 

9.  asa 

10.  ZA  =  ZC 

10.  Definition 

11.  AD  =  CB 

11.  Definition 

12.  AD  =  CD 

12.  Definition 

13.  ZADB  +  ZCDB  = 

A ADD  +  ZCDD 

13.  3,  5  Addition 

14.  ZABC  =  ZCDA 

14.  Completion 

part  (iii) 

1.  Join  AC. 

1.  Existence 

2.  ACAD  =  ZACD 

2.  2,  Equal  alternate  angles 

3.  In  A’s  AED  and  CEB 

(AD  =  CD 

3.  Part  (ii) 

4. 

^  ZDAD  = 

ZECB 

4.  2 

5. 

f  ZDDA  = 

ZEBC 

5.  Equal  alternate  angles 

6.  A  AED  ^  ACEB 

6.  asa 

7.  AD  =  CD,  DD  =  DD 

7.  Definition 

8.  AC  and  BD  bisect  each  other. 

8.  Definition 

Section  13.8  (page  375) 

Triangle  Angle  Sum  Theorem 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  Ray  AD  ||  DC 

1.  Existence 

2.  Z2  -  Z4 

2.  Equal  alternate  angles 

3.  ZD  AC  +  A  3  =  180° 

3.  Supplementary  angles 

4.  Zl+Z4+Z3  =  180° 

4.  Completion 

5.  Z1  +  Z2  +  Z3  =  180° 

5.  2  and  Replacement 
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Corollary  1 : 
Proof : 


STATEMENTS 

1.  Z1  +  Z2  +  Z3  =  180° 

2.  Z4  +  Z3  =  180° 

3.  Z1  +  Z2  +  Z3  =  Z4  +  Z3 

4.  Z1  +  Z2  =  Z4 


AUTHORITIES 

1.  Triangle  Angle  Sum  Theorem 

2.  Definition 

3.  Replacement 

4.  Subtraction 


Corollary  2 : 


Hypothesis:  A  ARC  and  ADDR  with  ZA  =  ZD  and  ZC  =  ZF 
Conclusion:  ZB  =  ZD 
Proof : 

STATEMENTS 


AUTHORITIES 


1. 

2. 

3. 

4. 

5. 


ZA  +  ZB  +  ZC  =  180° 

ZD  +  ZE  +  ZF  =  180° 

ZA  +  ZB  +  ZC  =  ZD  +  ZE  +  ZF 
ZA  =  ZD,  ZC  =  ZF 
ZB  =  ZD 


1.  Triangle  Angle  Sum  Theorem 

2.  Triangle  Angle  Sum  Theorem 

3.  Replacement 

4.  Hypothesis 

5.  Subtraction 


Corollary  3 : 

Hypothesis:  A PQR  is  a  right  triangle  with  ZQ  =  90°. 
Conclusion :  Z  P  and  Z  R  are  complementary. 

Proof : 


R 


STATEMENTS 

AUTHORITIES 

1.  ZP  +  ZR  +  ZQ  =  180° 

1.  Triangle  Angle  Sum  Theorem 

2.  ZQ  =  90° 

2.  Hypothesis 

3.  ZP  A-  ZR  +  90°  =  180° 

3.  Replacement 

4.  ZP  +  ZR  =  90° 

4.  Subtraction 

5.  ZR  and  ZR  are  complementary. 

5.  Definition 

Corollary  4 : 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  ZC  =  ZA  A-  ZB 

1.  Hypothesis 

2.  2 ZC  =  ZA  -f  ZR  +  ZC 

2.  Addition 

3.  ZA  +  ZR  +  ZC  =  180° 

3.  Triangle  Angle  Sum  Theorem 

4.  2ZC  =  180° 

4.  Replacement 

5,  ZC  =  90° 

5.  Division 

» 


Solutions 
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Example  1. 
Proof : 


STATEMENTS 

AUTHORITIES 

1.  OA  =  OC 

1.  Definition 

2.  Z 1  =  Z  3 

2.  Isosceles  Triangle  Theorem 

3.  OC  =  OB 

3.  Definition 

4.  Z2  =  Z4 

4.  Isosceles  Triangle  Theorem 

5.  Z1  +  Z2  =  Z3  +  Z4 

5.  2,  4  Addition 

6.  Z1  +  Z2  =  ZACB 

6.  Completion 

7.  ZACB  =  90° 

7.  Triangle  Angle  Sum  Theorem, 

Corollary 

Example  2. 

Analysis : 

I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  ZADC  =  3  Zx 

1.  Zw  +  Zz  =  3Zx 

(  v  ZADC  =  Zz  +  Zw). 

2.  Zz  +  Zw  =  3 Zx 

2.  Zy  A  Zz  +  Zz  =  3Zx 

(  V  Zw  =  Zy  +  Z z). 

3.  Zy+Zz-|-Zz  =  3Zx 

3.  2Zx  +  Zz  =  3  Zx 

(  v  Zy  +  Zz  =  2  Zx). 

4.  2Zx  +  Zz  =  3Zx 

4.  Zz  =  Zx. 

5.  Zz  =  Zx  since  Zz  =  Zy 

and  Zy  -f  Zz  =  2 Zx. 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  Zy  +  Zz  =  2  Zx 

1.  Hypothesis 

2.  Zy  —  Zz 

2.  Hypothesis 

3.  2  Zz  =  2  Zx 

3.  Replacement 

4.  Zz  =  Zx 

4.  Division 

5.  Zw  —  Zy  +  Zz 

5.  Hypothesis 

6.  Zw  —  2  Zz 

6.  2  and  Replacement 

7.  Zw  =  2  Zx 

7.  4  and  Replacement 

8.  ZADC  =  Zw  +  Zz 

8.  Triangle  Angle  Sum  Theorem, 

Corollary 

9.  Z ADC  =  3Zx 

9.  4,  7,  Replacement 

Section  13.9  (page  381) 

The  aas  Congruence  Theorem 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  ZA  =  ZD,  ZB  =  ZE 

1.  Hypothesis 

2.  ZC  =  ZF 

2.  Triangle  Angle  Sum  Theorem, 

Corollary 

3.  In  A’s  ABC  and  DEF  (  BC  =  EF 

3.  Hypothesis 

4.  <  ZB  =  ZF 

4.  Hypothesis 

5.  (  ZC  =  ZF 

5.  2 

6.  A  ABC  ^  A  DEF 

6.  asa 
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Section  13.10  (page  383) 

Right  Triangle  Congruence  Theorem 

Proof: 


STATEMENTS  AUTHORITIES 

1.  Existence 


1.  On  the  ray  opposite  FE,  G  is  the 
point  such  that  FG  =  CB. 

2.  In  A’s  ABC,  DGF  /  AC  =  DE 

3.  )  BC  =  GF 

4.  )AACB=ADFG 

\  =  90° 

5.  AABC  =  ADGF 

6.  DG  =  AB  =  DE 

7.  A DFG  =  AABC  =  ADEF 

8.  A-4PC  =  A DEF 


2.  Hypothesis 

3.  1 

4.  Definition 

5.  sas 

6.  Definition,  Replacement 

7.  Definition,  Isosceles  Triangle  Th. 

8.  aas 


Section  13.11  (page  384) 

Angle  Bisector  Theorem  part  i 

Hypothesis:  PA  is  the  bisector  of  ABAC , 
BP  _|_  AB,  PC  _L  AC. 
Conclusion:  PB  =  PC 
Proof : 

STATEMENTS 

1.  In  A’s  APB  and  APC  i  AP  = 

2.  <  ABAP  = 

3.  (  AABP  = 

4.  A  APB  a*  AAPC 

5.  PR  =  PC 


1.  Reflexive 

2.  Definition 

3.  Definition 

4.  aas 

5.  Definition 


AP 

ACAP 

AACP 


Angle  Bisector  Theorem  part  ii 
Hypothesis:  PB  X  AB,  PC  _L  AC,  PB  =  PC 
Conclusion:  AP  is  the  bisector  of  ABAC. 

Proof : 


STATEMENTS  AUTHORITIES 


1.  In  A’s  4PP  and  APC 

AP  =  AP 

1.  Reflexive 

2.  < 

PB  =  PC 

2.  Hypothesis 

3.  I 

AABP =  AACP 

3.  Definition 

4.  A  APB  ^  A  APC 

4.  Right  Triangle  Congruence 
Theorem 

5.  ABAP  =  ACAP 

5.  Definition 

6.  A  P  is  the  bisector  of  ABAC. 

6.  Definition 

Chapter  XIV 

Section  14.4  (page  398) 

Parallelogram  Area  Theorem 

Proof : 

STATEMENTS 

1.  In  A’s  ADE  and  BCF  (  AD  =  BC 

2.  <  A  DAE  -  ACBF 

3.  /  Z4PD  =  ZPPC 

4.  A  ADE  ^  ABCF 


AUTHORITIES 

1.  Parallelogram  Theorem 

2.  Parallel  Line  Theorem 

3.  Parallel  Line  Theorem 

4.  aas 


Solutions 
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5.  AADE  -  A BCF 

6.  Fig.  A  DCF  -  A BCF 

=  Fig.  A  DCF  -  AADE 

7.  Hgm  ABCD  =  ||gm  EFCD 

Corollary  1 : 

Proof : 

STATEMENTS 

5.  Area  postulate 

6.  Area  postulate 

7.  Completion 

AUTHORITIES 

1.  HG  =  EF 

1.  Parallelogram  Theorem 

2.  HG  =  DC 

2.  Hypothesis 

3.  DC  =  EF 

3.  Replacement 

4.  DC  ||  EF 

4.  Hypothesis 

5.  EFCD  is  a  parallelogram. 

5.  Quadrilateral-Parallelogram  Theorem 

6.  ||gm  ABCD  =  ||gm  EFCD 

6.  Parallelogram  Area  Theorem 

7.  ||gm  EFGH  =  ||gm  EFCD 

7.  Parallelogram  Area  Theorem 

8.  ||gm  ABCD  =  ||gm  EFGH 

8.  Replacement 

Example. 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  ||gm  ABCD  =  ||gm  AHGD 

1.  Parallelogram  Area  Theorem 

2.  ||gm  BEFC  —  ||gm  HEFG 

2.  Parallelogram  Area  Theorem 

3.  \\*m  ABCD  +  ||gm  BEFC 

3.  Addition 

=  ||gm  AHGD  +  ||gm  HEFG 

4.  ||gm  AHCD  +  ||gm  HEFG 

4.  Completion 

=  ||gm  AEFD 

5.  H^ARCD  ~H|gmREFC 

5.  Replacement 

-  |lgm  AEFD 

Section  14.5  (page  401) 
Parallelogram-Diagonal  Theorem 

Proof : 


STATEMENTS  AUTHORITIES 


1.  In  A’s  ABC  and  CD  A 

i  AB  —  CD 

1.  Parallelogram  Theorem 

2. 

<BC  =  DA 

2.  Parallelogram  Theorem 

3. 

(CA  -  AC 

3.  Reflexive 

4.  A  ABC  ^  A  CD  A 

4.  sss 

5.  A  ABC  =  AC  DA 

5.  Definition 

6.  A ABD  =  A CDB 

6.  As  in  1  to  5 

Section  14.6  (page  401) 

Parallelogram-Triangle  Area  Theorem 

Proof : 


STATEMENTS  AUTHORITIES 


1.  CX  is  a  line  segment  terminated 

1.  Existence 

on  AT  such  that  CX  ||  AB. 

2.  2  A  ABC  =  ||gm  ABCX 

2.  Parallelogram-Diagonal  Theorem 

3.  ||gm  ABCX  =  ||gm  DGFE 

3.  Parallelogram  Area  Theorem 

4.  2  AABC  =  ||gm  DGFE 

4.  Replacement 

5.  AABC  =  DGFE 

5.  Division 
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Hypothesis:  A’s  ABC  and  DEF  on  equal  bases  BC  and  EF,  and  between  the  same 
parallel  lines  MN  and  RS. 

Conclusion:  AABC  =  ADEF 

Proof : 


STATEMENTS 


AUTHORITIES 


1.  XC  is  a  line  segment  with  X  on  RS 
such  that  XC  ||  AB. 

2.  ABCX  is  a  parallelogram. 

3.  A  ABC  =  |  ||gm  ABCX 

4.  A  DEF  =  i  ||gm  ABCX 

5.  AABC  =  A  DEF 


1.  Existence 

2.  Definition 

3.  Parallelogram-Diagonal 
Theorem 

4.  Parallelogram-Triangle  Area 
Theorem 

5.  Replacement 


Example  1. 
Proof : 


STATEMENTS  AUTHORITIES 


1.  A  ABD  =  A  ADC 

1.  Parallelogram-Triangle  Area  Theorem 

2.  A  ABE  =  A  EBD 

2.  Parallelogram-Triangle  Area  Theorem 

3.  2  A  ABE  =  A  ADC 

3.  2,  Completion 

4.  2  A  ADC  =  A  ABC 

4.  1,  Completion 

5.  4  A  ABE  =  A  ABC 

5.  Replacement 

6.  A  ABE  =  l  A  ABC 

6.  Division 

Example  2. 
Analysis : 


I  CAN  PROVE 

IF  I  CAN  PROVE 

1.  A  ABD  =  2A  ECD 

1.  A  ECD  =  A  ACD; 

2A  ACD  =  A  ABD. 

2.  A  ECD  =  A  ACD  by 

the  Parallelogram-Triangle 

Area  Theorem. 

3.  2  A  ACD  =  A  ABD  by 

the  Parallelogram-Triangle 

Area  Theorem. 

Solutions  499 

Proof : 


STATEMENTS  AUTHORITIES 


1.  A ECD  =  A  ACD 

1.  Parallelogram-Triangle  Area  Theorem 

2.  A  ACD  =  A  ACB 

2.  Parallelogram-Triangle  Area  Theorem 

3.  2  A  ACD  =  AABD 

3.  Completion 

4.  2  A  ECD  =  AABD 

4.  1,  3,  Replacement 

Section  14.10  (page  407) 

Equal  Triangle-Parallel  Line  Theorem 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  A  ABC  =»  A  DBC 

1.  Hypothesis 

2*  ==  *2‘6/z-2 

2.  Area  of  a  triangle 

3.  hi  —  hi 

3.  Division 

4.  AX  ||  DY 

4.  Parallel  Line  Theorem 

5.  AD  ||  BC 

5.  Parallelogram  Theorem, 

Quadrilateral-Parallelogram  Th. 

Section  14.11  (page  414) 

Example  2. 

(ii)  x2  =  l2  +  l2  (iii) 

x2  = 

32  -f  22  (iv)  52  =  x2  +  22 

/.  x2  =  1  +  1 

.*.  x2  = 

9+4  /.  25  =  x2  +  4 

.*.  x2  =  2 

.*.  X2  = 

13  /.  x2  =  21 

x  =  V2 

X  = 

Vl3  /.  x  =  V21 

Example  5. 

Proof : 

STATEMENTS 

AUTHORITIES 

1.  a2  =  x2  +  y 2 

1.  Pythagorean  Theorem 

Cl 

+ 

<M 

9 

II 

e* 

*C> 

2.  Pythagorean  Theorem 

3.  c2  =  x2  +  w2 

3.  Pythagorean  Theorem 

Cl 

+ 

Cl 

II 

Cl 

4.  Pythagorean  Theorem 

5.  a2  +  62  =  x2  +  y2  +  w2  +  z2 

5.  Addition 

6.  c2  +  d2  =  x2  +  w2  +  y2  +  z2 

6.  Addition 

7.  a2  +  b2  =  c2  +  d2 

7.  Replacement 

Section  14.12  (page  419) 

Example  1. 

(ii)  72  =  49,  92  =  81,  32  =  9, 

(iii)  1.5*  =  2.25,  22  =  4,  2.52  =  6.25 

v  72  +  32  ^  92 

v  1.52  +  22  =  2.52 

/.  7,  3,  9  units  could  not  be 

1 .5,  2,  2.5  units  could  be  the 

the  lengths  of  the  sides 

lengths  of  the  sides  of  a 

of  a  right  triangle. 

right  triangle. 

(iv)  72  =  49,  242  =  576,  252  = 

=  625 

(v)  422  =  1,764,  40 2  =  1,600,  582  =  3,364 

v  72  +  242  =  252 

V  42 2  +  40 2  =  582 

.*.  7,  24,  25  units  could  be  the 

.*.  42,  40,  58  units  could  be  the 

lengths  of  the  sides  of  a 

lengths  of  the  sides  of  a 

right  triangle. 

right  triangle. 

(vi)  2.52  = 

6.25,  6 

2  =  36,  6.5  =  42.25 

v  2.52  +  62  =  6.52 

/.  2.5,  6,  6.5  units  could  be  the  lengths 
of  the  sides  of  a  right  triangle. 
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Section  14.13  (page  422) 

Example  1. 

Trapezoid  ADEB  =  ^  (5  +  3)*2  sq.  units 
=  8  sq.  units 

Trapezoid  BEFC  =  ^  (3  -f  7)* 6  sq.  units 
=  30  sq.  units 

Trapezoid  ADFC  =  ^  (5  +  7)*8  sq.  units 
=  48  sq.  units 

AABC  =  trapezoid  ADFC  —  (trapezoid  ADEB  +  trapezoid  BEFC) 
AABC  =  (48  —  38)  sq.  units 
A  ABC  =  10  sq.  units 

Example  2. 

Proof : 


STATEMENTS  AUTHORITIES 


1.  A  ABC  ^  A  DEB 

1.  sas 

2.  BE  =  a  units 

2.  Definition 

3.  Z1  =  Z3 

3.  Definition 

4.  Z1  +  Z2  =  90° 

4.  Triangle  Angle  Sum  Theorem 

5.  Z3  +  Z2  =  90° 

5.  Replacement 

6.  ZCBE  =  90° 

6.  Completion,  definition 

7.  Trapezoid  CADE  —  A  ABC 

7.  Completion 

-f-  ADEB  -|-  A CBE 

8.  %  (6  +  c)(c  +  b)  =  cb  +  £  cb  +  %  a2 

8.  Trapezoid  Area  Theorem, 

Area  of  Triangle 

9.  62  +  26c  +  c2  =  26c  +  a2 

9.  Number  axioms 

10.  62  +  c2  =  a2 

10.  Subtraction 

Chapter  XV 


Section  15.3  (page  429) 


a 

Hypothesis :  a,  b,  c,  d  ^  0  and  -  = 

b 

a  b 

Conclusion:  (ii)  -  =  - 
c  d 

b  d 
(iii) 


(iv) 

(v) 


a  c 
a  +  b 
~b~ 

a  —  b 
b 


c  +  d 
d 

c  —  d 
d 


c 

d 


Proof : 


STATEMENTS 

AUTHORITIES 

a  c 

(U)  ‘-i-i 

1.  Hypothesis 

2.a--b- 

2.  Multiplication  by  — 

c  d 

c 

Solutions 


m 


(iii) 


c 

d 

1 

c 


a  c 

(iV>  L6“d 

a  c 

2.  r  +  1  =  7  + 1 

(7 

a  +  b  c  +  d 

3.  -  =  — 

/>  d 


1.  Hypothesis 

2.  Division 

3.  Definition 

1.  Hypothesis 

2.  Addition 

3.  Definition 

1.  Hypothesis 

2.  Subtraction 

3.  Definition 


Section  15.4  (page  432) 
Triangle  Area  Ratio  Theorem 


A 


D 


Corollary : 

Hypothesis:  A’s  ABC  and  DEF  with  altitudes  of  lengths  hi  and  hi  units,  respectively, 
and  bases  of  length  b  units 


Conclusion : 


A  ABC 
A  DEF 


Proof : 


_ _ STATEMENTS 

1.  A  ABC  =  ^  bhi  sq.  units 

2.  A  DEF  =  v  bhi  sq.  units 
2  A  ABC  -g-  bhi 

A  DEF  %  bhi 

4  AABC  = 

A  DEF  h2 


AUTHORITIES 

1.  Area  of  Triangle 

2.  Area  of  Triangle 

3.  Division 

4.  Principle  of  Equivalent 
Fractions 
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Section  16.6  (page  435) 

Triangle  Proportionality  Theorem 

Proof : 


STATEMENTS 


AUTHORITIES 


1.  Join  BE,  DC. 

A AED  AD 

2.  -  =  - 

A DEB  DB 

A AED  AE 

‘  A  DEC  =  EC 

4.  DE  ||  BC 

5.  A  DEB  =  A  DEC 

A  AED  A  AED 

A  _  _  ___________ 

‘  A  DEB  ~  A  DEC 
AD  AE 
*  DB  ~  EC 


1.  Existence 

2.  Triangle  Area  Ratio  Th. 

3.  Triangle  Area  Ratio  Th. 

4.  Hypothesis 

5.  Parallelogram-Triangle  Area  Th. 

6.  Replacement 

7.  Replacement 


Triangle  Proportionality  Theorem 


Corollary : 

Hypothesis:  A  ABC,  DE  ||  BC 


Conclusion:  (i)  = 


(ii) 


AB 

AD 


AC 

EC 

AC 

AE 


A 


Proof: 

STATEMENTS  AUTHORITIES 


(i)  1.  DE  ||  BC 

1.  Hypothesis 

AD  AE 

DB  ~  EC 

2.  Triangle  Proportionality  Th. 

AD  +  DB  AE  +  EC 

3.  - 1 -  =  - - 

DB  EC 

3.  Adding  unity 

AB  AC 

4*  DB  ~  EC 

4.  Completion 

DB  EC 

™  AD  ~  AE 

1.  Part  (i)  2,  inversion 

DB  +  AD  EC  +  AE 

AD  ~  AE 

2.  Adding  unity 

AB  AC 

3'  AD  ~  AE 

3.  Completion 

Solutions 
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Example. 
Proof : 


STATEMENTS 

AUTHORITIES 

1.  ST\\QR 

1.  Hypothesis 

„  PQ  PR 
'  QS  RT 

2.  Triangle  Proportionality  Th. 

3.  TV  ||  PQ 

3.  Hypothesis 

RQ  RP 

4*  RV  ~  RT 

4.  Triangle  Proportionality  Th. 

PQ  RQ 

QS  RV 

5.  Replacement 

Section  16.7  (page  443) 

The  aaa  Similar  Triangle  Theorem 

Proof : 


STATEMENTS 

AUTHORITIES 

1.  X  and  Y  are  points  on 

1.  Existence 

AC  and  AB  such  that 

AX  =  DF  and  AY  =  DE. 

2.  In  A’s  AXY  and  DFE  ( AX  =  DF 

2.  1 

3.  <AY  =  DE 

3.  1 

4.  (  AA  =  AD 

4.  Hypothesis 

5.  A  AXY  ^  A  DFE 

5.  sas 

6.  A  AXY  =  A  DFE 

6.  Definition 

7.  A  ACB  =  ZDFE 

7.  Hypothesis 

8.  Z  AXY  =  Z  ACB 

8.  Replacement 

9.  XY  ||  CB 

9.  Parallel  Line  Theorem 

AB  AC 

10‘  AY  ~  AX 

10.  Triangle  Proportionality  Th. 

AB  AC 

11.  1,  Replacement 

DE  DF 

AB  BC 

12.  =  — ■ 

12.  Similar  to  1  to  9  above 

DE  EF 

AB  AC  BC 

i  **  — - 

13.  Replacement 

DE  DF  EF 

Corollary:  If  two  angles  of  one  triangle  are  equal  to  two  angles  of  another  triangle, 
then  the  corresponding  sides  are  proportional. 

Hypothesis:  A’s  ABC  and  DEF  such  that  AB  —  AE  and  AC  =  Ah 


Conclusion : 


AB 

DE 


BC  AC 
EF  ~  DF 
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STATEMENTS 

AUTHORITIES 

1. 

In  A’s  ABC  and  DEF 

i  ZB  =  ZE 

1.  Hypothesis 

2. 

IZC  =  ZF 

2.  Hypothesis 

3. 

[  ZA  =  ZD 

3.  Triangle  Angle  Sum  Th. 

AB  BC  AC 

4. 

-  — =  -  =  - * 

4.  aaa 

DE  EF  DF 

Example  1. 

Proof : 

STATEMENTS 

(i)  1.  In  A’s  ABE  and  CDE  $  Z  ABE  =  ZCDE 

2.  \ZAEB  =  ZCED 

3.  A  ABE  ~  A  CDE 


AUTHORITIES 

1.  Hypothesis 

2.  Vertical  Angle  Theorem 

3.  aaa. 


Example  2. 
Proof : 


STATEMENTS 

AUTHORITIES 

1.  In  A’s  AXB  and  AYC  (  ZB  AX  =  ZCAY 

1.  Reflexive 

2.  \ZAXB  =  ZAYC 

2.  Hypothesis 

AB  AX 

3  -  = - 

AC  AY 

4.  AB-AY  =  AC- AX 

4.  Multiplication 

Section  15.8  (page  448) 

Alternate  proof  for  the  Pythagorean  Theorem 

Proof : 


STATEMENTS  AUTHORITIES 


1. 

1.  Existence 

2. 

2.  Existence 

3. 

3.  Hypothesis,  definition 

4. 

4.  Reflexive 

5. 

5.  aaa 

6. 

6.  Cross-multiplication 

7. 

7.  Hypothesis,  definition 

8. 

8.  Reflexive 

9. 

9.  aaa 

10. 

10.  Cross-multiplication 

11. 

11.  Addition 

12. 

12.  D 

13. 

13.  Replacement 

ANSWERS  TO  EXERCISES 


Exercise  A-l  (page  3) 

17.  (i)  B,  C,  F;  D,  E,  H;  A,  I  (ii)  A,  I 

18.  { 1,  2,  3,  5,  7,  11,  13,  17,  19,  23} 

20.  { 1,  2,  3,  4,  5,  6,  10,  12,  15,  20,  30} 

22.  the  set  of  points  inside  the  circle 
the  set  of  points  on  the  circle 
the  set  of  points  outside  the  circle 

23.  (i)  the  set  of  points  inside  both  the  circle  and  the  rectangle 

(ii)  the  set  of  points  outside  both  the  circle  and  the  rectangle 

(iii)  the  set  of  points  inside  the  rectangle  but  outside  the  circle 

(iv)  the  set  of  points  outside  the  rectangle  but  inside  the  circle 


19.  {  j 

21  h  2  1  i  ±  1\ 

'  V  7’  11’  7’  11’  11  / 


Exercise  A-2  (page  8) 

2. 


3.  (i) 


4.  (i) 
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6.  7 


3.  (i)  (+3)+(+7) 

=  +(3  +  7) 

=  +10 


7.  (i)  332  (ii)  300  8.  41 

10.  (i)  2  (ii)  2  (iii)  4  11.  9 


Exercise  B-l  (page  16) 

(+3)  +  (+7)  -  +10 


(+7) 


(+3) 


-2  -1 


"6  +1  +2  +3  +4  +5  +6  +7  +8  +9" 


(ii)  (-5)+ (-4) 
=  -(5  +  4) 

=  -9 


(iii)  (+7)  +  (  —6) 
=  +(7  -  6) 

=  +1 


(-5)  +  (-4)  -  (-9) 


(-4) 


(-5) 


-11  -10  -9  -8  +  -6  -5  H[  -3  ~2  ^1  0  +T 

(+7)  +  (-6)  -  +1 

. . 

(+7)  _ 


.1-  ■■  ■  1  .  ,  4--  —  4.  ■—  ■  i 


-4  -3  -2  -1  0  +1  +2  +3  +4  +5  +6  +7  +8 


6.  (i)  +5  (ii)  +7  (iii)  -24 

(vii)  0  (viii)  —6  (ix)  0 


6.  (i)  [( +3)  +  (  —4)]  +  (+9) 

=  (-1)  +(+9) 

=  +8 


(iv)  +14  (v)  -9 

(x)  +12 

(-1)  +  (+9)  -  +8 _ 

(+9) 


(vi)  0 


(-4) 


-2  -1  0  +1  +2  +3  +4  +5  +6  +7  +8  +9  +10 


(+5)  +  (+3)  -  +8 


(ii)  (+3)  +  [(—4)  +  (+9)] 
=  (+3)  +(+5) 

=  +8 


(+3) 


(-4)  +  (+9),  -  (+5) 


(+9) 


(-4) 


4.  (i)  +1 


-3  ^2  6  +1  +2  +3  +4  +5  T6  +7  +8  +9" 

Exercise  B-2  (page  19) 

(ii)  -5 


+i. 


+3 


-5 


^2 


— 6_  _ 

_ ■£<_  _ 


+3 


-7 


-4  -3  -2  -1  6  +1  +2  +3  +4  +5  +6  -7  -6  -5  -4  -2  -1  6  +1  +2 


Answers  to  Exercises 
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4.  (iii)  —5  (iv)  0 


-6  -5  -4 

-3  -2  -1 

0  +1 

-6  -5  -4 

~3  -2  -i 

6  +i 

6.  (i)  -5 

(ii)  -1 

(iii)  -2 

(iv)  -4 

(v)  0 

(vi) 

6.  (i)  1 

(ii)  7 

(iii)  -1 

(iv)  -1 

7.  (i)  4 

(ii)  0 

(iii)  6 

(iv)  11 

(v)  0 

(vi)  2 

9.  (i) 

(ii) 

-3  -2  -1  0 

-7  -6  -5  -4 

+1  +2  +3 

-6  -5  -4  -3 

-2  -1  0  +1 

+2  +3  +4 

(iii) 

— • - ' - 

-  • - - 

(iv) 

• - - m - - 

- — . — i - - - 

0 

& 

+i 

b  b 

0  a 

Exercise  B-3  (page  23) 

6.  (i)  abc 

(ii) 

—  12x3 

(iii)  —  8a363  (iv)  0 

(v)  +x3a 2 

(vi)  +a7 8 

6.  (i)  +1 

(ii) 

-1 

(iii)  +1  (iv)  +1 

(v)  -1 

7.  (i)  +7x 

(ii) 

-56 

(iii)  +2x  (iv)  +1 

(v)  — 6a6 

— 62 

(vi)  - 

a 

(vii)  0  (viii) 

+46c 

8.  (i)  5x  +  5 y 
(iv)  3c  —  3d 

(ii)  —6m  —  6a 
(v)  (+3)  +  ( —2) 

(iii)  —2a  —  26 
(vi)  a  —  6 

9.  (i)  ab  —  ac 
(iv)  2x3  —  3 x2y 

(ii)  2m  —  mn 
(v)  6 y2  +  9 yz 

(iii)  —2  xa  — 
(vi)  —2  mn  — 

6  xy 
■  10  mp 

Exercise  B-4  (page  28) 

2.  a  —  6 

3.  2x  —  6y 

4.  3x2  —  3x 

-  1 

5.  a  —  66  +  6c 

6.  4 n  -f  2m  +  3 p 

7.  — 6a  -j-  6 

-  2c 

8.  3 

9.  2 

10.  1 

11.  -2a  +  36 

12.  3x  —  9 y 

13.  0 

14.  —  3a  +  46  15.  x(a  +  36  +  3c)  +  y(a  +  2 6  —  2c) 

16.  x(3p  +  q  —  r)  +  y(r  —  p  —  2 q)  17.  x(m  —  n  —  p)  +  y(n  —  m  +  p) 

18.  x\c  —  3)  +  x\b  —  d)  +  x(a  —  2)  +  8  19.  x3(l  —  k)  +  x\a  +  p)  —  x(h  +  b ) 

20.  x\m  —  n  +  2)  +  x2(p  —  q)  —  x(p  +  2)  +  n 

21.  b  -  d  +  1  22.  a  -  b  -  4c  23.  -3a  -  26  -  1 


Exercise  B-6  (page  29) 


4.  (i)  8a  -  6  +  7c 

(iv)  —4a  —  46  +  12c 

(ii)  equal 

(ii)  3(a  +  26  -  4c) 

8.  (i)  m  —  nx  —  ny  +  5nz 

(iii)  4a2  -  lla6  -  362 


(ii)  lx  —  15 y 
(v)  11m2  +  5  n2 

6.  -2 

(iii)  —4  p(m  +  2  +  3  q) 


(iii)  -14z  +  28 y 

6.  (i)  equal 

7.  (i)  a(a  +  6) 

(iv)  3(  —  4x  +  a  —  56) 


(ii)  3ax  +  2bx  +  3 ay  +  26?/ 

(iv)  2x2  —  5 xy  +  2 y2 
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9.  (i)  6x2  +  13x  +  6  (ii)  25 m*  +  20 m  +  4 

(iii)  81a2  —  256s  (iv)  6a2  +  ab  +  4ac  —  62  +  2 be 

(v)  6m2  —  20?nn  +  7m  —  21n  -f-  6n2  (vi)  8x3  -f-  36x2  +  54x  -f  27 
10.  (i)  16a2  -f  4 ab  (ii)  3m3  —  2m2  —  m  -f-  10 


5.  (i) 


1 
3 

(v)  -  To 

7.  (i)  -- 

a 

8.  (i) 

2 

4 

(vi)  -- 

(v)  - 
a 


10.  (i) 


Exercise  1-1  (page  34) 


(ii)  -  1 5pq 

(vi)  r~- 
6  -f  c 

(ii)  undefined 


(iv)  0 


-? 


(iii)  1 


(IV)  -3- 


9 


(ii)  — 
2 


4 

6 

(iii)  - 

(iv)  1  / 

(v)  undefined 

3 

a 

8 

,..s  2 a  +  36 

/...v  xv 

1 

7 

(11)  2 

(iii)  ~ 

0 

i  ° 

1  <N 

1 

> 

-36 

(vU)  -?S 

a 

(viii)  -- 

(ix)  -- 

zx 

d 

4 

(iii) 

Q 

—  11.  (i) 

1C  '  / 

-18  (u)  • 

-18  12.  0 

Exercise  1-2  (page  39) 


4 

-7 

65 

16 

11.  - 

12.  — 

13.  — 

14.  6 

16. 

5 

5 

42 

5a2 

5 

5 

—Sr 

1 

ab 

16.  — 

17.  — 

18.  - 

19.  - 

20. 

3  p2 

3 

5s 

y 

4 

_  y 

X3 

6 

l 

3 

21.  — 

22.  - 

23.  - 

24.  - 

25. 

X2 

12w2 

5 

2 

2m* 

Exercise  1-3  (page  42) 


1 

1 

13 

0 

20.  - 

21.  - 

22.  — 

23.  - 

2 

8 

16 

1 

1 

1 

9 

( 

— 

25. - 

26.  — 

27.  — 

28. 

4 

10 

X 

X 

1 

_  3 

1 

8 

13 

— 

30.  - 

31.  - 

32.  — 

33.  — 

X 

X 

6 

c 

5x 

34.  0 

5  a2  —  be 


2abc 


2  3 

1.  -  >  - 

3  5 

8  9 

4.  —  > - 

9  10 


35. 

38. 


b  —  3a  —  3 
Sab 
2b  —  a 


26 


36. 

39. 


a4  -  26*  +  3c4 
a262c2 

2a2  —  262  +  a6 
2a6 


Exercise  1-4  (page  44) 

3 

4 


n  1  3 

2'  "2> 


7  5 

5.  —  >  — 
17  13 


3.  -  >  -i 

12  8 
6'  ~5  >  ~3 
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7. 


9. 


5.  3.250 

8.  .48i 

11.  -33.20 


14. 


18. 


23 

99 

2,814 

275 


Exercise  1-5  (page  47) 


8.  8.6 

9.  3.i 

12.  -0.870967741935483 


7.  .076923 
10.  18.571428 


29 

15.  — 

9 


19. 


31,717 

90,000 


16. 


20. 


448 

333 

549 

370 


17. 


27,823 

9,999 


21. 


108,727 

3,333 


PROPERTY 

N 

No 

I 

Q 

Addition:  (1)  Closed 

V 

V 

V 

V 

(2)  Commutative 

V 

V 

V 

V 

(3)  Associative 

V 

V 

V 

V 

(4)  Identity 

V 

V 

V 

(5)  Inverse 

V 

V 

Multiplication:  (6)  Closed 

V 

V 

V 

V 

(7)  Commutative 

V 

V 

V 

V 

(8)  Associative 

V 

V 

V 

V 

(9)  Identity 

V 

V 

V 

V 

(10)  Inverse 

V* 

(11)  Distributive 

V 

V 

V 

V 

*except  0 

Exercise  1-6  (page  54) 


10.  3.14,  3.142,  3.1416 
12.  15.35,  15.346,  15.3457 

14.  2.16,  2.156,  2.1556 
16.  15.24,  15.235,  15.2354 


11.  1.41,  1.414,  1.4143 

13.  17.43,  17.433,  17.4328 

15.  18.23,  18.232,  18.2323 

17.  3.67,  3.673,  3.6726 
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Exercise  1-7  (page  56) 

4.  (i)  12a553 

(ii)  3a466 

(iii)  3 a269 

(iv)  30p10<?16 

(v)  8 x12yls 

(vi)  5 m6p20 

6.  (i)  32xl0y16 

(ii)  1,187x72/14z21 

6.  (i)  4 x6y2z* 

(ii)  65 

(iii)  9 a254c6 

(iv)  5 abc2 

(v)  —  3x2t/2z 

(vi)  6 m2q 

(i)  7a% 
(iv)  lOd 


Exercise  1-8  (page  59) 

(ii)  x1 
lla2d3 

(v)  — 7“ 


4.  Since  5a62  X  Sabc  =  15a263c 
6.  (i)  5  (ii)  2 xy3 

(vi)  0  (vii)  4:X3y5z 2 

6.  (i)  The  length  is  5 xy  inches, 

(iii)  The  number  of  tons  is  6s. 


(iii)  5 y2pi 
(viii)  5 b2c3 


(iii)  5z3?/2z4 

(vi)i^ 

m2y2z6 


(iv)  5a2  (v)  5a 

(ix)  6 x2y3z 
(ii)  The  time  required  is  6n3  hours. 

(iv)  The  price  of  oranges  is  $1  per  dozen. 


(v)  One  side  of  the  square  is  5 m  inches. 


Exercise  1-9  (page  61) 

9.  3  10.  ZQa-Wc-*  11.  5a~1b+4  12.  7xy~l 

13.  45 x2y~3z*  14.  12  15.  9 a4c“4  16.  8 x12y~» 

17.  —5 a6y2  18.  5 xsz~6y~6  19.  12 m-2n8y4  20.  —  lla26-4c-2d-7 

21.  (i)  5 ab~lc~3  (ii)  —3 .t2j/-4z-1  (iii)  —6 m2p~5q6  (iv)  2xz10 

17 

22.  17  23.  — 


Exercise  1-10  (page  63) 


1. 

1. 

0  X 

10- 

"8  cm. 

2. 

1. 

0 

X 

r^. 

1 

o 

r-H 

cm. 

3. 

1.0 

X 

io-5 

cm. 

4. 

3. 

0  X 

10- 

'4  cm. 

6. 

4. 

0 

X 

l 

o 

r-H 

cm. 

6. 

8.0 

X 

10"4 

cm. 

7. 

1. 

0  X 

10- 

‘3  cm. 

8. 

1. 

0 

X 

N 

1 

O 

r-H 

cm. 

9. 

2.5 

X 

10-1 

cm. 

10. 

1. 

8  cm 

L. 

11. 

1. 

71 

)  X  102 

cm. 

12. 

3.3 

X 

104  cm. 

13. 

5. 

0688 

X 

108  cm. 

14. 

5. 

538368  X 

1011  cm. 

15. 

1.3 

X 

1014 

cm. 

16. 

1. 

0  X 

10- 

'16  sec. 

17. 

1. 

0 

X 

b- 

1 

o 

t~H 

sec. 

CO 

tH 

1.0 

X 

IO"5 

sec. 

19. 

1. 

0  X 

10- 

‘3  sec. 

20.  1.0  sec. 

21. 

2.0  X  109  sec. 

22. 

1. 

0  X 

1017  sec. 

23.  6,600,000,000,000,000,000,000  tons 

24.  2,100,000,000,000,000,000,000,000,000  tons 
26.  81,000,000,000,000,000,000  tons 

26.  240,000  miles  27.  0.000,017 

28.  0.000,000,000,000,000,000,000,000,000,9  grams 

29.  0.000,000,000,000,000,000,76  coulombs 

30.  6,300,000,000,000,000,000 

31.  (i)  740,000  cycles/sec.  (ii)  91,000,000  cycles/sec. 

32.  300,000,000  metres/sec.  33.  0.000,000,01  cm. 


1. 

4. 


—5  a3x* 


— 2m 3 


Practice  Exercise  1-11  (page  64) 


2.  270m5 

6.  0 


a3b5 


3.  66s 
6.  1,000a 


7.  9 xbbc 


8. 


2 


9.  3 x2y* 


Answers  to  Exercises 


11.  — 6a468 
13.  27 

15.  12a2  —  8a6  -f-  12ac 


511 


10.  -5 xVz4 

12.  7x6 

14.  —  12ac  —  8  be 

16.  —246m  +  126p  +  166c 

17.  (i)  5 

.  -  -3 

19. 


(ii)  -20 


1. 


-4’  8 

1 

3 


_A  ?  zl\ 

16’  3'  -8 / 


Practice  Exercise  1-12  (page  65) 
2.  —  3a6 


1 

6-  "5 

9.  —  n 


14.  — 


xy6 


6.  -V 


10.  -- 

c 


3.  — 
12 

7.  -* 
3 

11.  — 

12 


4.  -2 

1  —  by  —  4a; 


8. 


12.  ® 

5 


13.  - 

5 


18. 


-340  1  -3 

-2’  3’  2’  -3’  8 


■-!} 


1.  (i) 


Practice  Exercise  1-13  (page  66) 

9 


-27 


(ii)  - 
2 


(iii) 


-8 


(iv) 


< 

2.  (i)^ 


(vi)  1 
(ii)  4 
(viii)  4 


(iii)  4 
(ix)  1 


(vii)  —5 
(iv)  4 
(x)  1 


(viii)  13 
(v)  4 
(xi)  2 


-27 

(ix)  58 

(vi)  256 

(xii)  2 


3.  (i)  554,000,000,000 

(iv)  330  (v)  0.000,1 

(viii)  .000,000,065  (ix)  3 

4.  (i)  6.6  X  109  (ii)  9.3  X  107 

(v)  2.3  X  10-10  (vi)  2.8  X  102 

(ix)  4.286  X  102  (x)  7.25  X  106 


(ii)  13,000 
(vi)  0.82 
(x)  2,000,000 

(iii)  1.0  X  109 
(vii)  2.8  X  10-1 
(xi)  1.8 


(iii)  0.072 
(vii)  25 
(xi)  0.008 

(iv)  7.5  X  lO"6 
(viii)  3.72  X  10"2 
(xii)  5  X  10~9 


20.  9 

21.  6 

26.  2 

27.  2 

CO 

to 

33.  {33} 

10.  2 

11.  3 

16.  1 

17.  7 

22.  {  —5} 

23.  {4} 

28.  {6} 

29.  {-Ii} 

Exercise  2-1  (page  70) 


22.  3 

23.  -5 

1 

28.  - 

2 

29.  0 

34.  {13} 

• 

lO 

CO 

Exercise  2-2  (page  73) 

12.  1 

13.  3 

18.  -7 

19.  -1 

24.  {  — 3f } 

30.  {9} 

jl3) 
25.  <  — > 

l14/ 

24.  3 

25.  -1 

30.  {3} 

31.  {-3} 

14.  7 

15.  6 

CO 

1 

© 

CM 

“•{-?} 

26.  (5i) 

27.  {7} 

512 

13.  4 
18.  4 

23.  3 
28.  {8} 
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Exercise  2-3  (page  74) 


14.  2 

16.  5 

16.  1 

17.  -5 

19'3 

/  \ 

4 

20.  — 

13 

26.  {4^} 

21.  2 £ 

22.  -24| 

24.  Ill 

26.  {2} 

2?-  {-I 

29.  {  —2} 

30.  {3} 

31.  (1| 

32.  {0} 

Exercise  2-4  (page  77) 


-2-1  Oi  1  2  3 

4 


12.  {3f} 

13.  {.  .  .  ,  -4,  -3,  -1,  0, 

14.  {.  .  .  ,  6,  7,  9,  10,  11,  . 

16.  [x  |  x  ^  —4,  x  €  R  j 

16.  {1,2,  4,5,6,  .  .  .} 

17.  {1,2,  3,  4,  .  .  .} 

18.  (i)  {x  |  x  9^  3,  x  €  R] 

(ij)  { .  .  .,  0,  1,  2,  4,  5,  l 
(iii)  {1,2,  4,  5,  6,  ♦  .  ,} 


19.  x  ^  13 
23.  y  =  0.6 
27.  x  £  0 


24.  x 


30.  {x  !  x  ^  2,  x  €  /} 

31.  {x  |  x  ^  —3,  x  £  /} 

32.  {x  |  x  <  —19,  x  €  72} 

33.  {x  |  x  ^  —2,  x  €  72} 

34.  { x  |  x  ^  2£,  x  €  72 } 
36.  {x  |  x  >  1^,  x  €  72} 


10.  {6}  3 

- 1 - ■ - •- 

4  6  6 

7 

8 

0,  •  •  • } 

-5 

-4  -3  -2 

-1 

0 

0 

1  2  3 

Si 

5 

•  .  -1 

A  A 

-4 

—3  -2  -1 

0 

1 

•  1 

A 

5 

6  7  8 

9 

10 

-6 

-5  -4  -3 

-2 

-1 

1 

2  3  4 

6 

6 

1 

2  3  4 

5 

6 

-1 

0  1  2 

3 

4 

•  •  .1 

A 

1 

2  3  4 

5 

t 

1 

2  3  4 

5 

6 

Exercise  2-5  (page  83) 

1 

21.  x 

<  1 

4 

-2 

26.  x 

^  5 

( 

-6£ 

29.  x 

A 

1 

b-L 

-l 

0  12 

3 

4 

-5 

-4  -3  -2 

-1 

0 

-21  -19 


-17 

•¥ 


-4  -3  -2-1  0  1 


-1  0  1 


22T3  4 

■'a 


-l  o 


1 1  2  3  4 

3 


Answers  to  Exercises 

36.  {x  I  *  >  0,  z  €  /} 

37.  {x  |  x  ^  —  4-j, 

38.  [x\x  ^7,xdN} 

39.  (x  j  x  <  14,  x  €  72} 

40.  {x  |  x  ^  5,  x  €  R\ 

41.  {£|x^7,x€72}  42.  {y  \  y 


-1 

0 

1 

2 

T 

-r 

-6 

—  5_ 

4l 

4 

-3 

-2 

-1 

4 

5 

6 

7 

S 

9 

11 

* 

12 

13 

u 

15 

16 

2 

3 

4 

5 

6 

7  * 

^,y€R]  43.  lb  !  b  ^  -2,  6€  72} 


Exercise  2-6  (page  85) 


1*  ®  <  2  2.  £  <  3 

6.  [x  |  x  >  -2f,  x  €  72} 

6.  \x  j  £  >  1,  x  €  7} 

7.  {£  |  £  <  7,  £€  TV} 

8.  { £  |  x  rfS  -4,  £  €  /} 

9.  {£  |  x  <  2f,  £  €  72} 


0  2 
3.  £  >  — 

3 

-5  —4 


4.  y  ^  — 1 


"ai 


fi — 2  -i 


1  o 


-e — e* 


-10  12  3  4 

^  (Si  -fo  ■■■  ^  1  ■ 

1  2  3  4  5  6 

- 9 — — * - - L- 

-6  -5  -4  -3  -2  -1 


| atmmmmim 


o> — — <- 


-1  0  1  2  23  4 


10.  {x  !  X  9s  —1,  £  €  7} 

11.  \x  |  x  ^  1|-,  x  €  72} 
13.  {x  |  x  5a  12,  x  €  72} 


12.  { x  |  x  >  4^-,  £  €  R } 

14.  jx  [  x  >  If,  x  €  72} 


Exercise  2-7  (page  87) 


9. 

11. 

-3  • 

,..,i ... 

-2 

0 

1 

2 

3 

V. 

10. 

-3 

-2 

-1 

0 

1 

+  „ 

2 

1 

3 

»  -  - 

-2  ■ 

-1 

0 

1 

2 

3 

4 

12. 

-1 

0 

1 

2 

3 

4 

6 

13. 

14. 

, 

1 

4+ — 

-3 

-1 

1  2 

. 

3 

_ 

5 

-1 

0 

1 

2 

3 

4 

5 

15. 

17. 

19. 

16. 

-1 

0 

1 

2 

3 

4 

& 

— 

—  6 

-6 

■ — $~ 

—  4 

-3 

-2 

-1 

0 

-6 

-5 

-3 

-1 

1  .  . 

1 

3 

18. 

-3 

-2 

— 

-1 

0 

— ^ — 

1 

-~0~ 

2 

3 

-1 

0 

1 

2 

3 

4 

5 

20. 

— O 

-1 

0 

1 

3 

5 

7  8 

21. 

ill . 

m 

22. 

t 

a 

a  - 

3 

4 

5 

6 

7 

f 

9 

-3  ■ 

-2 

-1 

0 

1 

2 

3  " 

Exercise  2-8  (page  89) 


16.  13 

17.  11 

18.  0 

19.  9 

20.  3 

21. 

16 

22.  7 

23.  22 

24.  4x  +  3 

25.  (x  +  l)2 

26.  = 

27. 

> 

28.  > 

29.  > 

30.  = 

31.  > 

32.  0 

33. 

-3 

34.  12 

35.  14 

36.  -15 
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Exercise  2-9  (page  91) 


10.  {4,  -3 1 


14.  0 


18.  {  -2,  -6} 


12.  0 


21.  0 


24.  {3,1}  -I  o  T  2  f  4 


23.  (-1.  lj 

25.  {  -1,  3} 
27.  (-1,2) 


-2 

1 

HI 

©  - 

1 

2 

3 

A 

-1 

0  1 

2 

1 

3 

4 

-2 

i 

-T  0 

— i - •— 

1 

-V — 

2 

3 

6  6 


Practice  Exercise  2-10  (page  92) 

1.  7  2.  -5  3.  5  4.  12  5.  1 

6.  {10}  7.  {5}  8.  {-5}  9.  {22}  10.  {3|} 


Practice  Exercise  2-11  (page  93) 


1.  3-|- 

2.  3J 

3.  3 

4.  2 

6.  3 

6.  3 

7.  )3j 

8.  (-1} 

’•{!} 

“  8 

11.  {5} 

1. 

4. 

7. 


9. 


11. 


1. 

3. 


5. 


Practice  Exercise  2-12  (page  93) 


{x  |  x  <  17,  x  €  R } 

[x  |  x  ^  12,  x  6  7?} 

J - 1 - 1 - 

2.  {x 
6.  {a 

|  x  x  €  72}  3.  {x  |  x 

5 

a  <  —4,  a  €  72}  6.  {x  |  x 

<  18,  x  €  72} 
^  0,  x  6  R\ 

-4  -3  -2-1  0  1 

1_ L J - L A 1  ..  1  . 

8.  l  3  5  7 

9 

2  3  4  *4  7 

*9 

•19.  5  2  -1  0  °  2 

3 

-2-10123' 

14.  _4  -3  -2  -1  0 

I  ' 

Practice  Exercise  2-13  (page  94) 


-4  - 

» - 

-10  1  ’ 

2. 

-3  -1  1 

2  i 

1 

-2  -1 

0 

1  2  3 

4. 

-3  -2  -1  0 

1 

2 

-A  A 

~-3 

-1 

12  3  4 

6. 

-4  -3  -2  -1 

0 

1 

-7 

-5 

-3  -101 

8. 

-2-1  0  1 

2 

3  * 

7 


Answers  to  Exercises 
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Practice  Exercise  2-14  (page  94) 


1. 

0 

2.  (i)  a  (ii)  0 

(hi)  • 

o  14 

—a  3.  — 

17 

4. 

6 

5. 

2 

6.  7 

7.  — z  -f-  4 

8. 

-22 

9. 

-5 

10.  4a  -  125 

11.  -51 

12. 

36  —  4c 

13. 

U.  -s! 

-5  -3  -1 

— • — *- 

l 

14.  {z  |  x  >  3^  or  x  <  -~2,  x  €  /}  0  '  2  '  J  *  J 


Review  Exercise  2-15  (page  95) 


1.  39 

4.  ?/3  +  3y2  +  3y  +  1 
7.  -z2  -  lOz  +  39 
10.  2z2  —  z  +  3 


2.  0 

5.  2ct  —  2 6  -f-  2c 
8.  — 4a  +  36  —  6c 

11.  2z  +  7  12.  8 


3.  — 5a26  +  4ac2 
6.  8 xy  —  4 y2 

9.  -2 

13.  {  —8} 


14. 


i  i 


-1  o 


4 


♦ 


-i - 1 - 1 ■  ^ 


15.  lx  I  Z  >  3,  Z  €  1}  0  x  2  3  i 

1  fi  **'■'*■  1  • - 1 - ' — 

ID.  _g  _7  _6  -5  -4  -3 


O* 


-k-4- 


17.  (i)  -3  —  2  — 1|  0  1  2 

o 

18.  (i)  {y  |  y  >  6  or  y  <  -2,  y  €  72} 


-2 


Oi')  — 1 — • — •- 
OO  -25  -24  -23 

—1—1 _ I _ I _ L— i-  1 

0  2  4  6 


-2  -1 


(ii)  { z  |  —2  ^  x  ^  1,  x  €  R]  _3  _?  -i 


0  12 


Exercise  3-1  (page  99) 

8.  Represent  any  number  by  z. 

The  number  with  21  added  is  z  +  21. 

Eight  times  the  number  diminished  by  21  is  8z  —  21. 

But  these  numbers  are  equal. 

.-.  z  +  21  =  8z  -  21 

9.  Represent  any  number  by  z. 

Seven  added  to  eight  times  the  number  is  8z  +  7. 

Five  subtracted  from  12  times  the  number  is  12z  —  5. 

But  these  numbers  are  equal. 

.*.  8z  +  7  =  12z  —  5 

10.  Represent  any  number  by  z. 

A  number  which  exceeds  this  number  by  25  is  z  +  25. 

The  sum  of  the  numbers  is  z  +  (z  +  25)  =  2z  +  25. 

But  this  sum  is  83. 

.*.  2z  +  25  =  83 

11.  Represent  any  number  by  z  —  1. 

Then  the  next  two  consecutive  numbers  are  z  and  z  +  1. 
The  sum  of  the  numbers  is(z  —  1)  +  z  +  (z  +  1)  =  3z. 
But  the  sum  is  36. 

.’.  3z  =  36 
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12.  Represent  any  real  number  by  x. 

The  number  decreased  by  ^  is  x  — 

Three-quarters  of  the  number  increased  by  1^  is  f  x  +  1 
But  the  first  of  these  two  numbers  is  less  than  the  second. 
1  3 

x  —  -  <  -x  + 

Exercise  3-2  (page  102) 

1.  23,  48  2.  2,584,  3,840  3.  11,  17,  44 

6.  60  6.  18,  22  7.  39.  28,  65 

9.  14,  16,  18  10.  19,  21,  23  11.  82,  84 


4.  30 
8.  48 

12.  x  >  —4,  x  €  R 


Exercise  3-4  (page  107) 

6.  6£  ft.,  13|  ft.  7.  10  in.  8.  30°,  70°,  80°  9.  20  ft.,  28  ft. 

10.  10  ft.  by  20  ft.,  8  ft.  by  25  ft.  11.  14^  ft.  by  17£  ft. 


Exercise  3-5  (page  109) 

1.  S3, 000,  SI, 000  2.  $5  3.  S900 

6.  S20,000  6.  $2,325,  $3,875  7.  4.8  gal. 


4.  $2,400 
8.  50  gal 


Exercise  3-6  (page  111) 


1.  6  mi.  2. 

6.  1,143  ft.  per  sec.  6. 
9.  125  m.p.h. 

12.  35  m.p.h.,  45  m.p.h. 


3,107.5  ft. 

120  m.p.h. 

10.  2.56  sec. 


3.  300  mi. 
7.  2.4  mi. 


4.  250  mi. 

8.  No  solution 
11.  25  mi. 


13.  365  m.p.h.,  438  m.p.h. 


Exercise  3-7  (page  115) 


2.  42  yrs.,  21  yrs. 

3.  ( d ) 

4.  $200,  $350,  $1 

6.  $10 

7.  (6) 

8.  $240 

10.  $3,200 

11.  (e) 

12.  26  yrs. 

14.  25,  15 

15.  $15 

16.  25 

18.  ( d ) 

19.  41 

20.  $60,  $70,  $45 

22.  $80 

23.  $20 

24.  (c) 

26.  6  mi. 

27.  20,  15 

28.  $4,800,  $5,300 

30.  120  mi. 

31.  $15,  60 

32.  3  pints 

1.  $362,  $181,  $693 
6.  16  yrs.,  8  yrs. 

9.  29  vrs.,  1 1  yrs. 
13.  $22.95,  $7.65 
17.  $2.40 

21.  (a) 

q7 

26.  - - - 

100  -  2 g 

29.  $76.77,  $68.61 


13.  3(x  -  2) 

16.  a(6  —  a) 

19.  3x  (2x  —  y) 

22.  5x2  (2  -  3x) 

26.  6r3(l  +  2r  +  4r2) 

28.  a(x  +  y  +  1) 

31.  (a  -  6)(x  +  2) 

34.  2x(4x  —  y) 

37.  2 (a  +  b)(a  -  b  -  2) 
40.  2a(a  —  2) 


Exercise  4-2  (page  123) 

14.  2a  (3a  —  1) 

17.  a(a  —  b  —  1) 

20.  ax(x  +  a  —  1) 

23.  2a(l  -  2a  +  4a2) 

26.  ab{c  —  d  +  e) 

29.  (x  +  y){a  -  b) 

32.  (V  -  q){2  -  x) 

35.  2(x  —  y)(  1  —  2 z) 

38.  (x  -f  y)(a  —  6  +  1) 


15.  x(x  —  y) 

18.  x(l  —  x  —  y) 

21.  |(x  —  y  —  z ) 

24.  |-r(a  +  b  +  c) 

27.  a2(a2  -  3a  -  6) 

30.  (x  +  y)(a  +  1) 

33.  (x  -  2)(a  -  1) 

36.  (x  -  y)(l  +  x  +  y) 
39.  a(a  —  2) 
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1*  (x  +  y)(h  +  k) 

4.  (a  -  6)(x  -  y ) 

7.  (x  -  y)(x  +  z) 

10.  ( 2  +  y)(y  -  x ) 

13.  (x  —  a)(l  +  x  —  a) 
16.  (2x  -  3y)(a  +  6) 

19.  ( x  —  y)(a  —  b ) 

22.  (a  +  l)(3x  +  ?/) 


Exercise  4-3  (page  124) 

2.  (re  +  y)(h  -f  m) 

6.  ( a  —  x)(a  —  y) 

8.  (x  -  y)(x  -2/  +  1) 

11.  (1  4-*)(l  4-6) 

14.  ( x  —  l)(a  —  1) 

17.  (ab  -  1  )(ab  -  2) 

20.  (2  -  x)(l  -  2/) 

23.  (x2  +  2/2) 

Exercise  4-4  (page  127) 


3.  (x  4-  y)(a  —  6) 

6.  (a  4~  6)(a  4*  6  4~  2) 
9.  (x  -  y)(x  -  y  -  1) 
12.  (x2  4-  1  )(x  -  1) 

16.  (2a  -  d)(Zb  4-  d) 

18.  (1  -  x)(l  -  x  —  y) 
21.  j)(x  -  y)(l  -  x) 

24.  c(l  —  r)2 


9.  (x  4-  1)(*  4-  6) 
12.  (a  -  4)(o  4-  2) 
16.  (x  -f  12y)(x  4-  y) 

18.  (x  -  15 t/)(x  4-  2/) 
21.  (a  —  4)(a  —  4) 
24.  (a  —  12)(a  -f  2) 
27.  (a  -  6 )(a  4-  5) 
30.  (2/  -  7^)(y  4-  z) 
33.  3(a  4-  8)(a  -  1) 
36.  q\V  -  9 )(V  -f  2) 
39.  (x2  -  32)(x2  4-  3) 
-  4)(x  -  y  4-3) 


7.  (x  -  3)(x  -  2)  8. 

10.  (x  -  6)(x  -f  1)  11. 

13.  (b  4-  5)(6  -  4)  14. 

16.  (x  4-  5)(x  -  3)  17. 

19.  (a  4-  2 )(a  4-  9)  20. 

22.  (6  4-  12)(6  -  2)  23. 

26.  (y  4-  8)(y  -  3)  26. 

28.  (x  4-  4)(x  4-  8)  29. 

31.  a(a  -  17 )(a  -  1)  32. 

34.  2x(x  -  13)(x  4-  2)  35. 

37.  (x  -  20)(x  4-  5)  38. 

40.  (a  4-  b  4-  4 )(a  4-6  4-3) 

42.  (a  —  6  —  6)(a  -6  4-2) 


(x  —  3)(x  4-  2) 

(x  4 y)(x  -  2 y) 

(c  -  2b)(c  +  6) 

(x  —  5)(x  —  3) 

(a  4-  8 )(a  -  2) 

(x  4-  6y)(x  4-  4y) 

( y  -  6 )(y  4-  3) 

(x  -  5 y)(x  -  5 y) 
x(x  —  5)(x  4-  2) 

2b(a  -  6 )(a  4-  2) 

(ab  —  15)(a6  4-  4) 

41.  (x  —  y 


1.  (2x  4-  1)(*  +  2) 

4.  (2x  -  1  )(x  -  7) 

7.  (3a  4*  l)(a  4-  5) 

10.  (3a  -  2)(2a  -  1) 
13.  (7x  4-  2 y)(x  -  2 y) 
16.  (4a  -  3)(2a  4-  1) 

19.  (5  4-  3y)(l  -  3 y) 
22.  (3x  -  4y)(2x  4-  y) 

25.  (5  -  2a)(2  -  3a) 

28.  (5x2  -  3)(3x2  4-  4) 
31.  (9  4-  46)(2  -  6) 

34.  (4  -  5x)(3  -  4x) 


39.  (3a  -  36  4-  2)(a  - 
41.  (ax  4-  2)(6x  -f  3) 


Exercise  4-6  (page  129) 

2.  (3a  -  2)(a  -  1) 

5.  (5m  -  2 )(m  -f  1) 

8.  (5x  -  l)(x  4-  3) 

11.  (4x  4-  3)(x  -  1) 

14.  (5a  4-  3)(a  -  2) 

17.  (3 p  +  2q)(2p  4-  3 q) 

20.  (5a  -  l)(5a  -  1) 

23.  (9  -  26)(1  +  36) 

26.  (8x  4-  y)(x  —  4 y) 

29.  (8 y2  4-  5)(2 y2  4-  3) 

32.  (3x  4-  2)(8x  -  1) 

35.  (9a  -  4)(2a  +  3) 


3.  (2 y  -  3)(y  4-  1) 

6.  (7 p  4-  5)(p  -  1) 

9.  (3x  -  y)(x  -  7 y) 

12.  (3a  -  6)(3a  -f  56) 

15.  (3x  -  4y)(x  -  2 y) 

18.  (7  -  3x)(l  4-  2x) 

21.  (2a  4-  36)(2a  4-  36) 

24.  (4y  -  3)(3y  4-  1) 

27.  (5  -  3m)(3  4-  2 m) 

30.  (4x2  -  3y2)(4x2  -  3 y2) 

33.  (6x  —  5y)(x  4-  6 y) 

36.  (166.  -  25 k)(h  4-  k) 


38.  6x  -f 


!)(-!) 


3)  40.  (x  —  m)(x  —  n) 

42.  (ax  4-  c)(6x  4*  d)  43.  (ax  -  m)(6x  4-  n) 


Exercise  4-6  (page  131) 


22.  72x 

26.  49 

30.  ±(2a6  -  11) 

34.  |x  -j-  1 1  —  (x  —  1 1 

ss.  (x  + 


23.  28 y 

27.  25 

31.  1 3a  -  20 1 

35.  2  |a  — 3|  —3  |2  —  a| 

39.  (x  -  i)2 


24.  120y 

28.  i(12x  —  5) 

32.  \7  -  10a| 

36.  9a  2  -  4 

4°.  (|  +  I)’ 


26.  100 


29.  ±(Sy2  4-9) 
33.  |13x  -  1| 
37.  (1  -  8a6)2 
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Exercise  4-7  (page  132) 


16.  (6  +  1)(6  -  1) 

19.  (6a  +  5)(6a  -  5) 
22.  a(a  +  2)(a  —  2) 
26.  10x(x  +  3)(x  -  3) 


17.  (1  T  x)(  1  - 
20.  (12  +  7y)(12 
23.  xy(x  +  y)(x 
26.  3(1  +  4x)(l 


28.  (x2  +  l)(x  +  l)(x  -  1)  29. 

30.  2(9a2  +  62)(3a  +  6)(3a  -  6)  31. 

32.  (a  —  6  +  l)(a  -  6  -  1)  33. 

34.  (x2  +  x  +  l)(x2  —  x  +  1)  36. 

36.  (a2  +  2 ab  +  2 62)(a2  -  2 ab  +  2 62) 

38.  (3a  -  66  -  l)(3a  -  66  +  1)  39. 

40.  (x  —  y  +  p  —  q){x  -  y  -  p  +  q)  41. 

42.  (a  +  6  —  c)(a  —  6  +  c)  43. 

44.  a  —  3  •  45. 


x)  18.  (1  +  4y)(l  -  4 y) 

—  7 y)  21.  {run  +  p)(mn  —  p) 

—  y)  24.  2 (a  +  46)(a  —  46) 

-  4x)  27.  2a(a  +  56)(a  -  56) 

(1  +  4a2)(l  +  2a)(l  -  2a) 

(x  +  y  +  z){x  +  y  -  z) 

(2x  —  3  +  y)(2x  -  3  -  y) 

(x2  +  xy  +  y2)(x2  -  xy  +  y2) 


(a  +  6  +  c  +  d)(a  —  b  —  c  —  d) 

(a  +  6  +  c)(a  —  6  —  c) 

(x  +  3)(x  -  3)(x  +  l)(x  -  1) 

(i)  (a  +  4)(a  +  l)(a  -  4)(a  -  1) 

(ii)  (a4  +  64)(a2  +  62)(a  +  6)(a  —  6) 


Exercise  4-8  (page  134) 


7.  (x  -  3  +  y)(x  -3  -  y) 

9.  (a2  -  1  +  6)(a2  -  1  -  6) 

11.  (3x  +  1  +  2y)(3x  +  1  -  2y) 

13.  (a2  +  a  +  l)(a2  -  a  +  1) 

15.  (4a2  -  1  +  62)(4a2  -  1  -  62) 

17.  (a  +  46  —  c)(a  +  46  +  c) 

19.  (a  —  c  —  6  —  d){a  —  c  +  6  +  d) 


8.  (a  —  5  +  m){a  —  5  —  m) 

10.  (x  +  2  +  y){x  +  2  -  y) 

12.  (5  -  a  +  6)(5  -  a  -  6) 

14.  (5x  —  1  +  y){ 5x  —  1  —  y) 

16.  (3a  +  4c  +  56)(3a  +  4c  -  56) 
18.  (2m  —  p  —  8q)(2m  +  p  +  8 q) 


Exercise  4-9  (page  136) 


7.  1,7 

8.  2,  -3 

9.  2,  -1 

10.  4,  -3 

11.  5,  -4 

12.  5,  3 

13.  7,  -9 

14.  -12,  -1 

15.  -2 

2 

2  5 

16.  --,  — 

5  2 

17.  1,  1 

18.  -3,  -3 

19.  7,  -6 

20.  5,  -2 

21.  1,  -1 

22.  10,  -10 

1  1 

23.  -- 

2  2 

24.  .5,  -.5 

26.  5,  -5 

26.  7,  -7 

27.  6,  1 

28.  10,  -9 

29.  12,  -1 

30.  10,  5 

31.  13,  -13 

2  2 

32.  -,  — 

5  5 

33.  6,  -6 

34.  1  -5- 
7’  7 

35.  5,  -4 

36.  5,  -7 

37.  -1,  -4 

38.  3,  4 

39.  17,  -1 

40.  -17,  -4 

41.  8,  8 

42.  11,  -8 

43.  0,  9 

44.  8,  -7 

45.  --,  1 

2 

46.  2£,  -2 

47.  -l£,2 

48.  -~7,  -  5 

49.  8,-5 

50.  8,  9 

51.  8,  10;  -8,  -10 

52.  56m.p.h.,40m.p.h. 

Exercise  4-10  (page  138) 


1.  (x2  +  x  +  l)(x2  -  x  +  1) 

3.  (2x2  +  2x  +  l)(2x2  -  2x  +  1) 

6.  (62  +  6c  -  4c2)(62  -  6c  -  4c2) 

7.  (x2  +  4x  +  8)(x2  -  4x  +  8) 


2.  (x2  +  x  —  l)(x2  —  x  —  1) 

4.  (a2  +  a6  +  362)(a2  —  a6  +  362) 
6.  (2y2  +  2y  +  3)(2y2  -  2y  +  3) 
8.  (8a2  +  3a  +  3)(8a2  —  3a  +  3) 
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9.  (5a2  +  7 ab  -  462)(5 a2  -  7a6  -  462)  10.  (9x2  +  6x  +  10)(9x2  -  6x  +  10) 

11.  (11  +  12 y  -  y2)(  11  -  12y  -  y2)  12.  (2x2  +  6x  +  9)(2x2  -  6x  +  9) 

13.  (64  —  62  +  1)(62  +  b  +  1  )(62  —  6  +  1)  14.  (4y  +  7)(4y  —  7)(t/  +  1  )(y  —  1) 

15.  (2  +  2a;  +  x2)2(2  -  2a;  +  a;2)2  16.  (a;2  +  4x  +  l)(x2  -  4a;  +  1) 


Exercise  4-11  (page  140) 


15.  (x  -  l)(x  +  2)(x  -  1) 

17.  (a;  -  2)(x2  +  x  +  1) 

19.  (x  -  l)(2x2  +  17a;  +  1) 
21.  ( y  -  2 )(y  -  3 )(y  -  2) 

23.  (a;  +  3)(x2  —  x  —  1) 

26.  (x  -  3)(3x  -  l)(x  -  4) 

27.  (a;  +  2)(3x  -  l)(2x  +  1) 

30.  (x  -  y)(x2  +  xy  -  y 2) 

32.  (x  —  2a)(x2  +  2ax  +  4a2) 

34.  (2a  —  6)(5a  —  6)(a  +  6) 


16.  (x  +  1  )(x  -  2)(x  +  1) 

18.  (x  +  2)(3x  -  l)(2x  -  1) 

20.  (a  —  3)(a2  +  a  +  3) 

22.  (a  —  3)(2a  +  l)(a  +  1) 
24.  (y  -  1  Xy  ~  7 )(y  +  2) 

26.  ( y  -  5 )(y2  +  5 y+  25) 

28.  (x  +  3)(2x  -  l)(2x  -  1) 
31.  (x  +  y)( 2x  +  y)(x  +  y) 
33.  (x  +  3 y)(x2  —  3 xy  +  9 y2) 
36.  (a  —  x)(5a2  —  ax  —  x2) 
38.  6 


37.  (x  -  1  )(x  -  2)(x  -  3)(x  -  4) 

39.-12  40.  -1,  -6,  (2x  +  1)  41.  a=  -4,  6=5,  x2-x+l 


Practice  Exercise  4-12  (page  142) 

1.  (x  -  8)(x  +  7) 


3.  (a2  +  l)(a  +  l)(a  —  1) 

6.  a(a  —  5)(a  +  4) 

7.  3x(3x  +  l)(3x  -  1) 

9.  (2a  -  6  +  2)(2a  -  6  -  2) 

11.  (y  -  l)(x  +  2) 

13.  (x2  —  3 y  —  x)(x2  +  3y  +  x) 

16.  (206 2  +  1)(562  -  1) 

17.  (4 y  +  1 )( 16a/2  -  4y  +  1) 

19.  10(3a2  +  lab  -  362) 

21.  a2(6a  +  l)(4a  -  1) 

23.  (y  +  l)(x  -  1) 

26.  xy{x  —  y  +  xy) 

27.  (4x2  +  x  +  l)(4x2  —  x  +  1) 

29.  (2x  +  l)(2x  -  l)(x  +  2)(x  -  2) 

31.  (3x  +  l)(3x  -  l)(x2  +  4) 

33.  (a2  +  1)(1  +  462) 

35.  (a  -  26  +  l)(a  -  26  -  1) 

37.  3(3x  -  2)(x  +  2) 

39.  (2x2  +  3 xy  +  3y2)(2x2  —  3 xy  +  3 y2) 
41.  y2( 5x  -  4)(2x  +  3) 

43.  (x  +  l)(x  -  1  )(x  +  2)(x  -  2) 


2.  x(x  +  1  )(x  —  1) 

4.  2(x  -  3)2 

6.  (4x  +  l)(x  —  1) 

8.  (3x  -  l)(9x2  +  3x  +  1) 

10.  (x  —  2y  +  xy)(x  -  2y  —  xy) 

12.  (a  —  6  +  c)(a  —  6  —  c) 

14.  (1062  -  l)2 

16.  (1062  +  26  -  1 )( 1062  -  26  -  1) 

18.  (1  -  xy)(l  +  xy  +  x2y2) 

20.  xy(l  +  xy )( 1  -  xy) 

22.  (x  —  4)(x  +  l)(x  —  1) 

24.  (3a  -  106)2 
26.  (x  —  m){m  —  y) 

28.  a(a  —  7)(a  +  6) 

30.  (662  +  26c  -  c2)(662  -  26c  -  c2) 

32.  2(5x  +  l)(2x  -  3) 

34.  (a  +  l)(a  -  1)(1  +  26)(1  -  26) 

36.  (a  +  l)(a  -  1)(1  +  6)(1  -  6) 

38.  2y\\.y  +  3)(2y  -  3) 

40.  (a  +  6)(a  -  6)(2a  +  36)(2a  -  36) 
42.  2y\bxiy2  -  llx2  +  Gy2) 

44.  (x2  +  l)(x  —  l)2 


Practice  Exercise  4-13  (page  143) 


1.  (2x  +  l)(x  —  1) 

3.  (16x  +  l)(x  -  1) 

6.  (1-3 y  +  3y2)(l  -3 y  -  3 y2) 

7.  (a  +  5)(a  +  2)(a  -  2) 

9.  4y(4 y  +  l)(4y  -  1) 

11.  a6(a6  —  3)(a6  +  1) 

13.  (y  -  2 )(y  +  5)(y  -  4) 

16.  5(1  -  26)(1  +  26  +  462) 

17.  (a2  +  3a  +  8)(a2  -  3a  +  8) 


2.  (x  +  l)(x  -  1)(1  -  x) 

4.  5(1  +  4a)(l  -  4a) 

6.  (y  +  l)(2y  -  l)2 

8.  (a  —  6)(a  —  1) 

10.  y(4y  +  l)(16y2  —  Ay  +  1) 

12.  y2( 5x  -  7)(x  +  1) 

14.  (4y  +  5)(3y  -4) 

16.  (x  +  1  )(x  -  l)(a  -  1) 

18.  (a  +  3)2(a  -  3)2 
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Practice  Exercise  4-14  (page  143) 


1.  ax(x  —  a  -f-  1) 

3.  (ax  —  2 )(ax  +  1) 

6.  a2(x2  -f-  ax  —  a2)(x2  —  ax  —  a2) 

7.  2a(5x  —  l)(x  +  4) 

9.  (x  +  2)(ax  —  1) 

11.  (2a  -  9)(a  +  2) 

13.  (1  +  x)(l  -  x)(l  +  4x)(l  -  4x) 
15.  (3a  —  b)(a  —  b) 

17.  (5x2  +  2ax  -f  a2)(5x2  —  2ax  +  a2) 
19.  (a  +  l)(2a  -  l)(a  +  3) 


2.  a(x  —  l)2 

4.  (ax  —  1  +  a)(ax  —  1  —  a) 

6.  x2(a  +  2x)(a  —  2x)(a  +  x)(a  —  x) 
8.  (y  -  2)(2 y  -  3)(3 y  +  1) 

10.  (ax  +  y)(a2x 2  —  axy  +  y 2) 

12.  (8a  -  3)2 

14.  3x(l  +  3x)(l  -  3x) 

16.  (x  -f  y)(x  -  y )2 

18.  (x2  +  a2)(5x  +  3a)(5x  —  3a) 

20.  (x  +  2)(3x  -  2)(x  -  3) 


Practice  Exercise  4-15  (page  144) 


16.  (2x  -  1  )(x  +  2) 

18.  y(4y  -  3 )(y  -  1) 

20.  3(5x  +  4)(2x  -  1) 

22.  (x  -  y)(x  -  y  -  2) 

24.  (a  —  b)(a  —  b  —  1) 

26.  3a(3a  +  l)(9a2  -  3a  +  1) 

28.  (2x  —  y)(a  —  b) 

30.  (9x  +  l)(8x  -  1) 

32.  y(6y  -  !)(?/+  4) 

34.  (1  +  x)(  1  -  x)2 

36.  a(a2  +  9)(a  +  3)(a  -  3) 

38.  (5x  -  3)(3x  +  1) 

40.  5(8  -  3a)(l  +  2a) 

42.  (x  -  y)(a  +  b) 

44.  (b2  +bc  -f  c2)(b2  -  be  +  c2) 

46.  (x2  +  x  —  l)(x2  —  x  —  1) 

48.  4x(l  +  x)(l  —  x  +  x2) 

60.  (8x2  +  4 xy  +  y2)( 8x2  —  4 xy  +  y 2) 
62.  (y  -  1  )(y  +  2 )(y  +  3) 

64.  (y  -  1)(4 y2  +  y  +  1) 

66.  x(6x  —  l)(2x  +  3) 

58.  (y  +  2)(3 y  -  5)(3 y  -  1) 

60.  x(4x  -f  l)(16x2  —  4x  +  1) 


17.  (3  +  x)(l  -  2x) 

19.  2 y(y  +  3 )(y  -  3) 

21.  (5x  -  0>y)2 

23.  (x  -  5y  +  l)(x  -  5 y  —  1) 

25.  (a  -  l)(a  -  3) 

27.  9a2(3a  +  l)(3a  -  1) 

29.  (1  —  d)(c  -f  x) 

31.  3(2 y  -  3 )(y  +  1) 

33.  (ac  —  bd)(ab  —  cd ) 

35.  2(7 x  -  l)2 

37.  (xy  —  1  -f  x)(xy  —  1  —  x) 

39.  (11  +  5y)(  1  -  y ) 

41.  (x  —  a)(l  -{-  a) 

43.  (a  +  l)(a  —  1)(1  +  x)(l  —  x) 
45.  (b2  +  2 c2)(b  +  c)(b  -  c ) 

47.  (x2  +  l)(x  +  2)(x  -  2) 

49.  (1  +  2x  +  2x2)(l  -  2x  -f  2x2) 
61.  (8x2  +  y2)(Sx 2  -  y 2) 

53.  (y  -  1  )(y  +  l)2 
55.  y(4y  +  l)(y  -  1) 

57.  2x(2x  -  9)2 
69.  (9 y  -  4 )(y  -  3) 

61.  (x  -  3)(2x  -  l)2 


Practice  Exercise  4-16  (page  145) 


1.  15x8 

3.  — 2a3  -f-  2a2  -j-  6a 

5.  6a3  — •  5a26  —  Sab2  +  2b3 

7.  -f xy,  x,  y  ^  0 

9.  2a2  -j-  3ai>  —  b2,  2 a  —  36  ^  0 

11.  1  12.  5 

14.  -32  15.  0 


2.  —^x3y3 

4.  8x2  —  10 xy  —  3y2 

6.  4a2,  a,  I;  ^  0 

8.  —a2  +  2a  +  1,  a  0 

10.  -12 

13.  -28 
16.  2  -  4x 


17.  -a3  -}-  2a2  +  4a 

9 


18.  —  12x2  +  15 xy  —  20y2  19.  2a,  a  t6  0 


20.  2x 


Exercise  5-1  (page  147) 


1 


x  +  4 


Answers  to  Exercises 

x  +  y 

16. 


17. 


x  —  3 


19.  x2  -  y 2,  x2  +  y*  -A  0  20. 


x 

x  —  4 

i  +  1 


■,x^4 


,  a:  ^  0  or  1 


22.  1,  x  7*  1  or  2  or  5 


23. 


x  -  o  y 
2(x  -  y ) 


,  x  9*  by 
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**  +  2x  +  4 
18.  f  x  tA  2 

x  +  2 

9a2  +  3ab  +  62  , 

21.  — -  b  9^  3a 

a(3a  +  b)  ’ 

(z2  +  r/2)(x  +  y) 

24.  — - ,  x  9^  v 

x2  4*  x?/  4~  2/2 


26.  1,  in  —3  or  —1  or  2  or  4 


„„  x2  -  2x  +  8 

26.  - ,  x2  +  2x  +  8  ^  0 


x 


27. 

29. 

31. 


a 


b(x-  -  y2) 

z  +  2/  ,  , 

,  a  o 

x  -  y 
a  —  b  —  c 


,  x2  +  y2  ^  0 


28.  a  —  x  +  2,  a  ^  2  —  x 


30. 


x  +  1 


,  X  1,  X2  +  1  9^0 


a 


,  a  b  —  c 


32. 


x  —  7 


x2  +  x  —  4 


,2^1 


x  —  b 

33.  - x  ^  a 

x  -j-  b 

35.  in.  +  3,  m  9^  3,  in2  4*  2  ^  0 
a  —  2b 


37. 

39. 


a  -  2b  4-  4 
1 


,  a  5^  26  4~  4 


a2  4-  &2 


a4  —  a2fr2  +  64  5^  0 


„  x  +  2-  !/ 

34.  -  2  ^  X  —  y 

x  -  z  +  y 

36. - a2  —  a6  4*  62  0 

a  4-  o 

x2  4*  1 

38.  - ,  x  5^  ±1 


40.  x2  -  1,  x4  4-  x2  +  1^-0 


_  2x 

7.  — .  y  7^  0 
y' 


4  2 

8.  — ,  x,  y  0 
5x 


Exercise  6-3  (page  151) 

9.  1,  a,  bf  c  9*-  0 


10.  a,  b,  c  9*  0 
Q 


11. 

13. 

16. 

17. 


1 


(a  4-  2 )(a  -  1) 
y(a  -  6) 


,  a  9±  dbl  or  —2 


12. 


1 


ax 

(x  4-  2)(x  -  4) 


x(x  -  2) 
1 


,x  9*  y,  a  9*  —b 

,  x  9*  —  1  or  3 


x  4-  y 
3  a 


,  x  9*  0  or  ±1/ 


14.  —,x,y  9*  0,  2a  ^  36 
zb 


16. 


xy 


■,y  9*  ±x 


,  a  9*  ±6 


6(a  -  6) 

19.  1,  a  9^  b,  c  9^  d 
21.  1,  x  4  1  or  2  or  3 
b  —  c  —  a 


(y  -  x)(y  4-  x) 

18.  x2  —  x  -f-  1 ,  x  9*  ±1,  x2  4-  x  4*  1  9£  0 

20.  1,  x  5^  —3  or  —1  or  4 

22.  —  1 ,  a  9±  ±5  or  —7  or  —2  or  1  or  3 


23. 

24. 
26. 
26. 


a  —  c  4*  b 
_ l_ 

x2  —  xy  4-  y 2 
(a2  4-  b2)(a  4-  b)2 


a4  4-  a2b2  4-  64 
a(a  —  1) 


,  a  9*  b  —  c,  a  9*  —b  4*  c,  a  b  4*  c 

,  x  9~  ±?/,  x2  —  xy  4-  y2  0,  x2  +  xy  4-  y2  p6  0 

,  a  9*  b,  a4  4-  o,2b 2  4-  &4  ^  0 


a2  —  a  4*  1 


,  a  0  or  ±1,  a2  4“  1  ^  0,  a4  4"  a2  4-  1  ^  0 
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Exercise  5-4  (page  153) 


1. 

4. 

7. 

10. 

13. 

16. 

19. 

22. 

25. 


3a  +  46  —  6c 
12 

3  —  4x  +  5x2 

x2 

z  +  X  +  y 
xyz 

4  a  +  6 

12 

6  -  8a  +  65 
4a2  -  962 
(x2  +  l)2 
x(x2  +  X  +  1) 

5  xy  —  2x  +  4y 

zy(x  -  y) 

4a  —  4 

(a  -  2)2(a  -f  2) 

1 

1  —  x* 


2. 

6. 

8. 

11. 

14. 

17. 


6x2  +  3x  -  2 
30 

pq 2  +  pr2 
rq 

5  ab  —  36  +  2a 
a262 
6x  —  5 


x2  —  1 
—2b3 

a4  +  a262  +  64 

1 


(a  -T  l)(a  +  2)(a  +  3) 
2a3 

20.  - - a  ^  0 

1  —  a4 

4x3 


23. 


81  -  x4 


26. 


5  p 


(2 p  -  l)(p  +  l)(3p  +  1) 


3. 

6. 

9. 

12. 

15. 

18. 

21. 

24. 

27. 


36c  +  4ac  —  2a6 
abc 

a2c  +  a62  -f-  be2 
abc 

x  —  2 
30 

16a  +  56 
a2  —  b2 

9x2  +  10  xy  —  7  y2 
(x  -  y)\x  +  y)2 

1 


a  —  6 
x4  +  y 4 
xy(x4  -  y4) 
m  - f-  2 
(m  +  1  )(m  +  3) 
1 


,  m  —  2 


a  +  2 


,  a  5*  —3  or  —7 


^  x2  -h  t/2  , 

1.  - ,  a,  6  ^  0 


4. 


xy 
36  —  2a 
6a6 


40m  9a 

7.  - - - ,  m  n 


9. 

11. 

13. 


15 

4m  —  10 


(m  -  5)(m  +  2) 
4a2 


x(x  +  2a) 
a  +  56 


,  x  2a 


Exercise  6-6  (page  155) 


2.  x  0 


5.  8x  +  2,  a;  ^  0 


6c  +  ac  +  a6 

3.  - - - ,  a,  6,  c  5^  0 

abc 

6.  26,  a,  m  0 


_  —3a  —  c 
8.  - : - ,  6  ^  aorc 


10. 


a  -j-  c 
2x  -  7 
(x  -f  5)(x  —  5) 


,  X  9*  0 


x2  +  4xy  -f-  8  y2 

12.  - r - — ,  x  0,  x  9^  —4 y 


x2  —  16y2 


,  a2  —  a6  +  62  ^  0,  a2  +  ab  +  62  9*  0 


3a2  +  5 

14.  — - — ,  a  9*  0,  a  9*  ±2 

a4  —  16 


-x2  +  2x  +  25 

15'  _  16  ’  1  *  2  or  3 


Practice  Exercise  5-6  (page  155) 


a  —  6 

1.  — - — ,  a  9^  —b 


„  a  +  6  —  c 

2.  -  ,  a  —(6  +  c) 

a  —  6  —  c 


2(a  —  2)  x2  +  1 

4.  - : — — ,  a  9^  6  5.  - — ,  x  ^  —2 


a  +  6 
2(x  -  3) 

7- TTT’ *  * 0  or  3 


x  —  2 


x(x  +  3) 

O#  j  2/  O 

x  —  4 
a2  -  2 

2(a2  +  4a  +  16) 


6. 


,  a  4 


_  a  —  6 

8.  — - — ,  a,  b  9*  0,  a  9*  —b 
ab 


Answers  to  Exercises 
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_  a  -f  6  —  c 

9.  - - - ,  a  9*  -(6  +  c) 

a  —  b  —  c 

„  (x  +  y)(x2  +  y2) 

11.  - ,  x  7*  y 

x 


13.  x  -f-  1,  x  9*  1 


4x  +  7y 

10'  2(z  +  4j,)’  31  *  % 

4a:2  +  2a;?/  +  y2  „ 

12'  ’  *  V 

14.  a:2  +  xy  +  y2,  x2  -  xy  +  y2  ^  0 


Practice  Exercise  5-7  (page  156) 


a 


1.  b,  c  9^  0 
a 


ax 


2.  ,  a,  b}  x,  y  9^  0 

by 


3.  ,  x  9^  ±  2,  x2  -(-  2a;  +  4^0 
x 


x  (x  -f  y)2 

4-  — “ ;»  x  7*  ±3  or  4  6.  — - -,  x  5^  ±y  6.  1,  ra  ^  0  or  ±3 


x  +  4' 


a:(x  -  y) 


a  —  3 

7.  — : — a  9^  —2  or  1  or  4  or  ±5 


a  +  4 


8.  1,  a  —26,  c  d,  m 


n 


9. 


66 


(a  +  6)(a2  +  62) 


,«^6 


16a;2  +  4xy  +  y2 

10-  (*  +  2if)(i!  +  **2V>V*±** 


_  (a  +  6)2(a2  +  62) 

11.  - : - — - ,  o  ^  6,  a2  +  62  ^  0 


a(a  —  6) 


Practice  Exercise  5-8  (page  157) 


1. 

4. 

7. 

10. 

13. 


pt  +  qr 
qt 

3c  —  6a  +  6 
abc 

I3x  -  13 
~6~ 

5a  +  96 
a2  —  62 

z2  +  17a; 

(x  -  3)(x  +  3)(a;  -  4) 


2. 

6. 

8. 

11. 


56c  —  3ac  -f-  4a6 
abc 

19a:  —  21  y 
15 

—  11  a  —  6 


30 


—4a: 


a:2  —  1 
14.  1,  x  9*  —1  or  2 


3. 

6. 

9. 

12. 


10  y  —  21a; 

6  xy 
9y  —  x 
15 

5a;  +  1 
a:2  —  1 

6a2  -  462 
a2  -  62 


1. 

4. 

7. 


a:2  +  1 
5a:  —  9  y 
x(x2  —  y2) 

1  —  2m 
(m  —  4  )(m  —  5) 


Practice  Exercise  5-9  (page  157) 


2. 


a  —  6 


,  a  9*  —6 


3. 


2a;  -  11 


„  -a2  -  9a  +  1, 

5.  - r - r - ,  6^0  6. 


a2  -  9 


( x  —  3)(x  —  4)(x  —  5) 
2(a;2  -  3a:  +  3) 

( x  —  l)(a:  —  2)(a;  —  3) 


,  m  9^  3  or  4 


8. 


x2  —  6x  16 


1.  1,  a,  6,  c  9^  0 
a;(a  +  2a;) 


3(a;  -  3) 
Practice  Exercise  5-10  (page  158) 

1 

3. 


9. 


3a2  +  46 2 
a4  -  64 


4c 

2.  — ,  a,  6  9*  0 
5a 


4. 


a 1 


„  (a  -  6)2 

7-  iS  +  w- 0  or  _a 


(m  —  1  )(w  +  2) 

,  a  —4a:  or  2a;  6.  a(a2  -f-  62),  a  ±6 

6  y 


,  m  9*  —2  or  ±1 


,  (* -  o* ,  .  9 

D*  ,  _ j  X  7^  ^ 


8. 


(x  +  y)(  x2  +  y2) 


(x  -  3)3 
,x  9*  y 
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„  2 (a  -  3) 

9.  7TT - O  ^  0  or  ±4  or  ±5 

3  a(a  +  6) 

^  6*  +  26c  +  c2  -  a2 

11.  - ; - - - ,  a  9^  —6  ±  c 

a  +  c  —  6 


a2  —  36 

10.  — - — ,  a  ^  2  or  fi 

a(g  —  4) 

12.  1,  x  ^  d=y,  x2  *f  y2  5^  0 


1.  3a62,  a,  b  9±  0  2. 

4.  x6  —  1  6. 

8.  24  9. 


Review  Exercise  6-11  (page  158) 
4y2  +  3x2  +  I2x 


24  xyz 
6a  +  3  b 
2 (a2  -  62) 
-2 


11.  9x4  -  30xJ  +  37x2  -  20x  +  4 
13.  (x  -  2 y)(x  +  2y  +  1) 

16.  x(3x  +  2y)(3x  —  2y) 

17.  (a2  +  4)(a  -  l)(a  +  1) 

19.  (2m  —  l)(m3  +  2) 

22.  28,  17 

26.  a  -f  296  —  11c 
29.  2x  -  9 

31. 


3.  x  +  3,  x  ^  0,  3,  dr4 
7.  6x4  +  7x3  -  34x2  +  34x  -  12 
,  x  1  or  2  10.  0 

(x  —  4)(x  —  6) 

12.  (x  -  2)(x  +  2)(x2  +  2x  +  4)(x2  -  2x  +  4) 
14.  (x  -  y)(2x  -2 y  -  l)(2x  -  2y  +  1) 

16.  (g  b  c)(g  —  6  —  c) 

18.  (3 y  +  l)(2y  -  3) 

20.  1  -  5x  +  10x2  -  20x3 

24.  x2  +  2x  —  3 


23.  1^- 


26.  1 


28. 


a3  +  g2 


,  g  7^  1 


30. 


1 


3g  +  2 


(a  +  l)(g  —  l)(a  —  2) 


g2  —  62 

32.  1,600 


2g2  T  2g  T  1 
,  a,  6  0,  g  j6-  b,  a2  +  62  0 


33. 


a 


a2  +  4 


,  g  ?=  0  or  ±2 


Exercise  6-1  (page  161) 

1.  (Ted,  George),  (Ted,  Andy),  (Ted,  Michael),  (Ted,  Martin),  (George,  Andy),  (George, 
Michael),  (George,  Martin),  (Andy,  Michael),  (Andy,  Martin),  (Michael,  Martin) 

2.  (Aluminum,  Diamond), (Aluminum,  Iron), (Aluminum,  Copper),  (Aluminum,  Gold), 
(Diamond,  Iron),  (Diamond,  Copper),  (Diamond,  Gold),  (Iron,  Copper), 
(Iron,  Gold),  (Copper,  Gold) 

3.  K,  =  ((-1,  -3),  (1,3),  (0,0)( 

Ki  =  ((-3,  —3),  ( -1,  -1),  (0,  0),(1,  1),  (3,  3),  (5,  5)) 

Rt  =  1(0,  0),(-l,  1),  (1,  D) 

R,  =  ((-3,  -1),  (-1,  1),  (1,3),  (3,  5)) 

Ks  =  {(  -3,  5),  (  - 1,  5),  (0,  5),  ( 1,  5),  (3,  5),  (  -3,  3),  (  - 1,  3),  (0,  3), 

(1,  3),  (-3,  1),  (-1,  1),  (0,  1),  (-3,  0),  (-1,  0),  (-3,  -D) 

4.  P 1  =  1(3,  0),  (3,  i),  (3,  i),  (3,  1),  (3,  2),  (2,  0),  (2,  ^),  (2,  ^),  (2,  1), 

(1,  0),  (1,  ^),  (1,  ^),  (i,  0),  (i  i),  (i,  0)1 

P*  =  j(g,  3),  (3,  g),  (|  2),  (2,  (1,  1)|  P s  =  1(0,  1),  (i,  2),  (1,  3) 
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Exercise  6-2  (page  163) 

6.  j(2,  2),  (2,  3),  (2,  4),  (3,  2),  (3,  3),  (3,  4),  (4,  2),  (4,  3),  (4,  4)1 

7.  j(5,  4),  (5,  6),  (5,  8),  (7,  4),  (7,  6),  (7,  8)| 

8.  1(1,  2),  (2,  3),  (3,  4),  (4,  5),  (5,  6),  (6,  7),  (7,  8),  (8,  9)( 

9.  |(1,  2),  (2,  4),  (3,  6),  (4,  8),  .  .  .)  10.  {(1,1) j 

11.  (Ham.,  Mont.),  (Ham.,  Ott.),  (Ham.,  Tor.),  (Mont.,  Ham.),  (Mont.,  Ott.), 
(Mont.,  Tor.),  (Ott.,  Ham.),  (Ott.,  Mont.),  (Ott., Tor.),  (Tor.,  Ham.),  (Tor.,  Mont.), 
(Tor.,  Ott.) 

Exercise  6-3  (page  168) 

2.  A(2,  3),  B(  —3,  3),  C(  —2,  -1),  Z)( 4,  -3),  E(3,  0),  F(0,  2),  G(- 4,  -3),  77(0,  -3), 
7(4,  2),  </(  — 5,  3),  77(-l,  0),  7,(3,  -2),  JI7(l£,  lj),  jV(-2|,  1),  Q(-4,  -Ij) 
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,V(2,- 
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7?(2 
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n 

9.  A  X  A  =  {(1,4),  (2,  4),  (3,  4),  (4,  4), 
(1,3),  (2,  3),  (3,  3),  (4,  3), 
(1,  2),  (2,  2),  (3,  2),  (4,  2), 
(1,  1),  (2,  1),  (3,  1),  (4,  1)| 


10 .1X1=  {(-3,  3),  (-1,  3),  (1,  3),  (3,  3), 

(-3,  1),  (-1,  1),  (1,  1),  (3,  1), 

(-3,  -1),  (-1,  -1),  (1,  — 1),  (3,  -1), 
(-3,  -3),  (-1,  -3),  (1,  -3), (3,  -3){ 


11.  A  X  A  =  {(-2,  2),  (0,2),  (2,  2), 

(-2,  0),  (0,0),  (2,0), 

(-2,  -2),  (0,  -2),  (2,  —2)| 


526 


Secondary  School  Mathematics  Grade  Ten 


Exercise  6-4  (page  171) 


3.  (2,  6),  (18,  3) 

4.  (i)  {(0,  1),  (1,2),  (2,  3)1 

Domain  is  { 0,  1,  2 } . 
Range  is  { 1,  2,  3}. 
(iii)  {(0,  1),  (1,2),  (0,2), 
(1,  3),  (0,  3),  (2,  3)1 
Domain  is  { 0,  1,  2). 
Range  is  { 1,  2,  3 1 . 
(v)  0 

Domain  is  0. 

Range  is  0. 


(ii)  {(3,0),  (3,  1),  (3,  2),  (3,  3)1 
Domain  is  { 3 1 . 

Range  is  { 0,  1,  2,  3 1 . 

(iv)  {(0,0)1 

Domain  is  { 0 1 . 

Range  is  { 0 1 . 

(vi)  {(0,0),  (1,1)1 
Domain  is  { 0,  1 1 . 

Range  is  { 0,  1 1 . 


6. 


6. 


1XB  -  {(-1,2),  (0,2),  (1,2), 

(-1,  0),  (0,  0),  (1,0), 

(-1,  -2),  (0,  —2),  (1,  2)1 
(i)  {x  |  x  €  #) ;  \y  \  y  €  R  j 
(iii)  jx  |  x€  R\;  {3} 


{(-1,  -2),  (0,  0),  (1, 
Domain  is  {  —  1,  0,  1 1 . 
Range  is  {  —2,  0,  2}. 

(ii)  {  -2} ;  {y\yZR} 

(iv)  (0);  {y  |  y  6  #( 


4.  (i)  Typical  tables 


Exercise  6-5  (page  178) 

(ii) 


No  ordered  pairs 


(ii) 


4 

2 

X 

0 

- 2 

L 

rr 

III! 

(iii) 


X 

l 

3 

5 

y 

0 

4 

12 

(xii) 


X 

0 

l 

4 

y 

0 

l 

2 

(iii) 


Y 

X 

-s 

—  4 

0 

i 

-2 

-4 
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(iv) 


Y 

; 

< 

0 

4 

-2 

-4 

-6 

(v) 


Y 

; 

< 

0 

! 

t 

5 

-2 

(vi) 


2 

; 

( 

-i 

0 

4 

4 

-6 

6.  (i) 


(ii) 


(iii) 


(vi) 


7.  8.  (i)  9. 


(ii)  (7,  0),  (0,  7); 

(5,  0),  (0,  -5); 

(6,  1) 

Exercise  6-6  (page  182) 
2.  (i)  3,  2  (ii)  li»  “5 

(iv)  -2*,  -If  (v)  l 


(iii)  0,  0 
(vi)  -3,2 
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6. 


7. 


8. 


-s 


Exercise  6-7  (page  185) 
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Exercise  6-8  (page  188) 


B  =  { (m,  n)  |  m  =  3n  or  2m  —  n,vi,n€  R\ 
Domain  is  {m  \  m  6  R 1. 

Range  is  { n  |  n  €  R } . 


(iv) 


5.  (i) 


1 

8 

Y 

1  / 

* 

7 
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/  r 
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,vV| 
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•i 
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-  . 

s 

r 

V, 

>* 
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0 
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•v 

/ 

* 

r7 

A  =  {(4,2)J 
Domain  is  { 4 } . 
Range  is  { 2 } . 


(iii) 


0 

\ 

/ 

f- 

V 

/ 

V 

.2V 

7 

\  i  ' 

> 

<■! 

r 

\Va 

'■c 

p 

0 

"// 

/  J 

\l 

V- 

.<r 

s 

> 

-1 
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\ 

C  =  {(2,2)} 

Domain  is  { 2 } . 
Range  is  { 2 } . 


6. 


r 

— i — 

"5/ 

r  * 

/ 

t 

_ 

• 

’'X 

—  4 

0 

/ 

✓ 

* 

r 

“  : 

" 

,2 

4 

% 

/ 

Intersection  set  is 


D  =  {(a,  b)  |  2a  +  3 b 
Domain  is  { a  \  a  E  R } . 
Range  is  { b  \  b  €  R } . 


6  or  a  +  46  =  8,  a,  b  6  R } 


8. 


R 

r 

\ 

\ 

✓ 

- 

\ 

✓ 

/ 

V 

y 

\ 

/ 

> 

i 

/ 

K 

/ 

✓ 

\ 

✓ 

S 

✓ 

-  4 

_ 

✓ 

Intersection  set  is 


1(0,  0)). 
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A  fl  D  is  Intersection  set  is  {(3,  —3)}. 

{(x,  y)  |  x  +  y  =  6,  x,  y  €  R] 


Exercise  6-9  (page  191) 


1. 


✓  K/y 

7 

o 

2^ 

V 

7?^ 

& 

F/  <\\\ 
l.  '  Vs  Vsj 

\\ 

s\\va;yv\ 

ss 

Vs 

sn 

Domain  is  { x  |  x  €  R } . 
Range  is  { y  \  y  €  R } . 


Range  is  { y  \  y  %  y,  y  €  R), 


Domain  is  { x  \  x  €  R } . 
Range  is  { y  \  y  >2 ,  y  €  Rj. 


4. 


Domain  is  { x  \  x  €  R } . 
Range  is  [y\y  €  R}. 
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6. 


Domain  is  [x  |  —4  ^  x  5,  x  €  72}.  Domain  is  {x  |  x  €  R}. 

Range  is  {y  |  —3  ^  y  ^  6 ,  y  £  R}.  Range  is  {y\y£R}- 


7. 


Domain  is  { x  \  x  €  R } . 
Range  is  { y  \  y  €  R } . 


Domain  is  {x  \  -  <  x  <6,  x€  R). 

g 

Range  is  {y  j  -1  <  y  <  -,  y  6  R}. 

O 

10. 


Y 

H 

r 

i 

~J 

1 

| 

I  " 

l 

f 

i 

.0 

fu 

1 

\ 

t 

\ 

T- 

■ 

-  4 

H- 

— 

0 

— 

- 

Domain  is  { 2 } . 
Range  is  { 4 } . 


8. 


Domain  is  { z  |  —  2  <  s  <  3 ,x€R}. 
Range  is  { y  |  1  <  y  <  4,  y€  R}. 

(ii) 


Domain  is  { x  |  x  €  R } . 


Range  is  { y  |  y  €  R } . 

11. 


Domain  is  { x  \  x  <  2,  x  €  R } . 
Range  is  { y  \  y  >  0,  y  €  R } . 
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Domain  is  { x  |  x  E  R } 
Range  is  { y  |  y  <j  3,  y  €  R } 


Domain  is  {x  |  —1  rg  x  ^2 ,  x  €  R} 
Range  is  { y  |  y  ^  0,  y  €  R  [ . 


14.  {(x,  y)  I  y  ^  x  -f  2  and  y  ^  2  and  y  ^  x  —  1  and  y  ^  —  1,  x,  y  €  R  j 

15.  j(x,  y)  |  y  ^  3x  and  y  ^  0  and  y  ^  -3x  +  12,  x,  y  € 

16.  {(*,  y)  I  x  ^  0  and  y  ^  0  and  y  < - - ,  x,  y  €  }  or  alternatively 

j  (x,  y)  |  x  ^  0  and  y  ^  0  and  4y  -f  3x  —  12  <  0,  x,  y  6  R } 

17.  j(x,  y)  |  x2  +  y2  9  and  y^x+2,  x,  y  €  72 } 

3X  _l_  g  3^. 

18.  {(x,  y)  |  y  ^  — - —  and  y  ^  — ,  x,  y  €  R]  or  alternatively 

{(x,  y)  |  3x  —  2y  +  6  ^  0  and  3x  —  2y  ^  0,  x,  y  €  72 } 

6  —  3x 

19.  J(x,  y)  I  y  ^  — — —  and  y  <  2x  +  2  and  y  >  1  —  x,  x,  y  €  R }  or  alternatively 


{(a:,  2/)  |  3x  -f-  2y  —  6  ^0  and  2x  —  y  -f-  2  >  0  and  x-fy  —  1>0,  x,  y€R} 


Practice  Exercise  6-10  (page  193) 


• 

% 

4 

k 

.  > 

/ 

✓ 

1* 

 > 

L<- 

\ 

<]/  + 
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Xl 
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-2 

in 

Domain  is  { x  [  —7  <  x  <  4,  x  €  R } . 
4  3 

Range  is  { y  1  —  <  y  <  4,  y  €  R\. 
o 


Range  is  { y  |  0  ^  y  ^4,  y  €  R } . 


Domain  is  {x  |  x  €  R}. 
Range  is  { y  |  y  €  72 } . 
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Domain  is  {  —3,  3}.  Range  is  {  —  1,  11 }. 
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Domain  is  { x  |  —  3^x^3,  x  €  R}. 
Range  is  \y\y  ^  11,  y  €  ft}. 
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Domain  is  {x  |  —  5  fS  x  ^  4,  x  6  72 }. 
Range  is  { y  |  —  3  2S  y  ^  5,  y  €  # } . 
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Domain  is  {  —  4,  4 } . 
Range  is  {  —  3,  3 } . 
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3. 


Exercise  6-11  (page  197) 
2.  (a) 


(a) 


(b)  (i)  1,140  ft.  per  sec.  (ii)  6°C 

4. 


(b)  (i)  60 °F  (ii)  -12°C  (iii)  -40°C 
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5.  (a)  {(/,  v)  |  v  =  32 1,  v,  t  €  +R } 


(b)  {(*,  v)  |  v  =  10  +  20£,  v,  t  € 

(i)  6  secs. 

(ii)  For  car  A: 

{(*,  v)  |  v  =  40,  tt  +R\ 

For  car  B : 

{ (^>  v)  I  v  —  10  — J—  5 ty  l,  v  €  +R  | 


13.  (3,  -2) 
16.  ( -4,  6) 


19.  (7,  9) 

22.  |(1,  -1)} 

26.  (5,  -2) 


7.  (1,  2) 

10.  (2,  1) 

13.  (1,  -2) 
16.  (6,  4) 
19.  {(2,5)} 
22.  {(4,6)} 


7.  (3,  2) 

10.  (-2,  1) 

13.  (8,  3) 


16.  {(5,  -1)} 
19.  {(3,2)} 
22.  {(3,4)} 
25.  (7,  9) 


1.  (1,  2,  3) 
4.  (8,  6,  3) 


10.  (3,  1,  2) 

13.  (2,  -1,  -3,  1) 


Exercise  7-1  (page  203) 
14.  (3,  1) 

17.  (9,  5) 


26.  (7+,  -if) 


15.  (1,5) 
18.  (-2,  4) 

21.  {(3,4)} 

24.  {(4,6)} 
27.  (12,  8) 


Exercise  7-2  (page  206) 
8.  (4,  1) 

11.  (6,  2) 

14.  (li  3) 

17.  (20,  12) 

20.  {(3,4)} 

23.  {(-1,3)1 


9,  (2,  2) 

12.  (9,  4) 

16.  (3,  5) 

18.  (2,  5) 

21.  {(-2,4)} 


Exercise  7-3  (page  209) 
8.  (2,  3) 

11.  (3,  0) 


17.  {(5,3)} 
20.  {(2i,  3f)| 
23.  {(15,3)} 
26.  (4,  3) 


9.  (1,  1) 

12.  (10,  3) 

15.  (4,  6) 

18.  {(2,  -1)} 
21.  {(10,6)} 
24.  {(20,  15)} 
27.  (  -4,  8) 


29.  {(-3,  -3)} 


Exercise  7-4  (page  213) 

2.  (2,3,4)  3.  (1,3,4) 

5.  (11,  9,  1)  6.  (12,  12,  12) 

8.  (4,  0,  5) 


11.  (9,  11,  13) 

14.  (-31,  112,  13,  -92) 


9.  (3,  5,  -2) 

12.  (-2,  2,  0) 
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1.  38,  17 
4.  4^,  13^ 

7.  $6,  $9 

10.  15  doz.,  20  doz. 

13.  20  tons,  60  tons 
16.  $4,000,  $8,000 

19.  24  20.  74 

23.  72  24.  54 


Exercise  7-5  (page  217) 

2.  14,  8 

6.  12,  26 

8.  $1.10,  $.85 

11.  12  ft.  X  15  ft. 

14.  $4,000,  $2,000 
17.  260  m.p.h.,  40  m.p.h. 

21.  63 


3.  8,  5 

6.  4,  8 

9.  $1.20,  $.90 
12.  5  in.,  12  in.,  13  in. 
15.  $13,600 
18.  4  m.p.h.,  2  m.p.h. 
22.  82 

26.  35 
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Exercise  7-6  (page  221) 

2. 


Y 

x 

V 

X 

X 

X 

O 

X 

ft 
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'  X 

.  s 
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-2 
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\ 

3. 


1.  (r,  s) 

4 .  (a  +  6,  a  —  6) 

tj  ( Cl  ~  ^ 1  0,1  ~  ci j 

\ai  —  bi  ai  —  b\J 


Practice  Exercise  7-7  (page  223) 
/  c(a  +  b)  c  \ 

\  a  +  26  cl  -}-  26  J 


6,  (fc,  h) 


8  A  I 

a’  6 


3.  (2rc,  2m) 

c(a  —  6)  c(a  +  6) 


6. 


9.  (6,  a) 


a2  +  62  ’  a2  +  62 

10.  (a,  6) 


1.  (2,  1) 

4.  (3,  2) 

7.  {(-2,1)} 

10.  {(7,3)} 


Practice  Exercise  7-8  (page  223) 


2.  (2,  3) 

5.  (5,  3) 

8.  {(-9,  -2)} 

U.  ((2,  -2)) 


3.  (7,  9) 
6.  (9,  6) 


12.  {(7,  19)| 


1.  (11,  9) 

4.  (3,  7) 

7.  {(13,5)! 

10.  {(5,6)) 


Practice  Exercise  7-9  (page  224) 


2.  (2,  3) 
5.  (6,  4) 


3.  (-1,  3) 

6.  (12,  6) 

9.  {(16,  35)  j 

12.  {(6,  -9)| 
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1.  (3,  2) 

4.  (5,  -2) 

7.  (-8,  10) 

10.  {(-15,8)} 

13.  {(20,  15)} 

16.  (13,  7) 

19.  (5,  3) 

1.  (7,  5,  2) 

4.  (1,  2,  2) 

7.  (5,  6,  7) 

10.  (2,  -1,  1) 

1.  9,  14 

4.  $1,500,  $1,000 
7.  30,  18 
10.  42,  36 


Practice  Exercise  7-10  (page  224) 


6.  (6,  9) 
8.  (3,  8) 


11.  {(-2,3)} 

14.  {(66,32)1 
17.  (30,  6) 


3.  (-1,  1) 
6.  (20,  15) 


15.  (5,  -9) 
18.  (10,  16) 


Practice  Exercise  7-11  (page  225) 

2-  (3,  2,  1)  3.  (1,  0,  -1) 

(5~2“>—  6g-,  8tj)  6.  (1,  3,  2) 

8.  (2,  3,  4)  9.  (1,  -2,  2) 


Practice  Exercise  7-12  (page  226) 

2.  $1.20,  $.10  3.60,24 

6.  60 (i,  80^  6.  100,  120 

8.  $8,  $6  9.  15,  12 

11.  6|  m.p.h.,  2\  m.p.h.  12.  54 


1. 


(a) 

(b) 

(c) 

(d) 

(e) 
(0 

2. 

(a) 

(b) 

(c) 

(d) 

(e) 

3.  (a) 

(b) 


(i) 

geometries 

coins 

writing  instruments 
relations 
relations 
polynomials 

(i) 


Discovery  Exercise  C-l  (page  234) 

(ii) 

in  a  plane 
10  cents 
lead 


5^ 

one  term 


(ii) 


The  point  set  consisting  of  two  distinct  points  on  a  line  and  all 
the  points  between  them  is  a  line  segment. 

The  point  set  cons  sting  of  a  point  on  a  line  and  all  the  points  on 
the  line  on  one  side  of  the  given  point  is  a  ray. 

The  point  set  consisting  of  all  points  on  a  line  which  are  on  one 
side  of  a  given  point  on  the  line  is  a  half-line. 

The  set  of  points  on  two  distinct  rays  with  a  common  end  point 
is  an  angle. 

The  set  of  all  points  on  the  line  segments  determined  by  three 
points  which  are  not  all  on  one  line  is  a  triangle. 

(i)  triangles  (ii)  two  equal  sides 

(iii)  An  isosceles  triangle  is  a  triangle  which  has  two  of  its  sides  equal. 

(iv)  A  triangle  having  two  of  its  sides  equal  is  an  isosceles  triangle. 

(i)  triangles  (ii)  no  sides  equal 

(iii)  A  scalene  triangle  is  a  triangle,  no  two  sides  of  which  have  the  same  length. 

(iv)  A  triangle,  none  of  whose  sides  have  the  same  length,  is  a  scalene  triangle. 


point  set 
point  set 
point  set 
point  set 
point  set 
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(c)  (i)  triangles  (ii)  three  sides  equal 

(iii)  An  equilateral  triangle  is  a  triangle  all  of  whose  sides  have  the  same  length. 

(iv)  A  triangle,  all  of  whose  sides  have  the  same  length,  is  an  equilateral 
triangle. 

4.  (i)  {A}  (ii)  0 

5.  (i)  rays  AB,  AC,  AD,  AE  (ii)  half-lines  AB,  AC,  AD,  AE 

(iii)  ABAC,  ACAD,  A  DAE,  AEAB,  A  BAD,  AEAC 

(iv)  (a)  j  A }  (b)  0  (v)  {Zi,  l2] 

(vi)  (a)  {ra}rAR}  (b)  {A}  (vii)  (a)  {half-line  AD,  l2]  (b)  { Z i,  Z2} 

(viii)  the  set  of  points  on  h  and  1 2,  except  A 

6.  (i)  \G,H\  (ii)  (iii)  {A,B\ 

(iv)  (A)  (v)  0  (vi )[A,B,E,D}  (vii)  {A,  B,C\ 

7.  (i)  the  set  of  points  on  l ;  the  set  of  points  on  one  side  of  l ;  the  set  on  the  other 

side  of  l 

(ii)  A  half-plane  is  the  point  set  consisting  of  all  points  on  one  side  of  a  given  line 
in  a  given  plane. 

8.  (i)  ((j  (ii)  0 

(iii)  Dihedral  angle  is  the  point  set  consisting  of  the  union  of  a  line  and  two  non- 
co-planar  half-planes  having  the  line  as  a  common  edge. 

(iv)  4  (v)  {/} 

(vi)  {P„  P2|  (vii)  (a)  {(,  //,!  (b)  {(} 

(viii)  (a)  |P2,  ff2]  (b)  (P,,  P2)  (ix)  0 

Discovery  Exercise  C-2  (page  237) 

1.  (iii)  any  number  of  lines 

(v)  The  members  of  this  family  are  said  to  lie  on  A,  intersect  at  A,  or  to  be  con¬ 
current  at  A. 

(vi)  No.  (vii)  one,  two. 

3.  (i)  parallel 

4.  (i)  AB,  AC,  AD,  AE,  BC,  BD,  BE,  CD,  CE,  DE 

(ii)  A,  B,  C,  D,  E 

(iii)  Collinear  points  are  points  on  the  same  straight  line. 

(iv)  {A,  B,  C\,  {A,  G,  D\,  { A,F,E },  {C,  G,  F j,  [C,  D,  E),  [E,  G,  B) 

( v )  AC,  AD,  AE;  AC,  FC,  EC;  AE,  BE,  CE;  CE,  DF,  AD;  AE,  FD,  FC; 
AD,  CF,  EB 

5.  (i)  one  (ii)  3  (iii)  three  collinear  points 

6.  (i)  uncountable  (ii)  the  line  (iv)  one 

9.  (i)  line  AB  (ii)  AB  (iii)  ray  AB,  ray  BA  (iv)  ray  AB 

10.  (i)  rays  on  AB,  BA,  AC,  CA,  BC,  CB 

(ii)  rays  on  AB  and  AC;  rays  on  BA  and  BC;  rays  on  CA  and  CB 

(iii)  Ray  on  BA  and  the  ray  on  AC  do  not  have  a  common  end  point. 

(iv)  ABAC,  A  ABC,  A  ACB  (v)  A  DEF,  AEFD,  AF DE 

Discovery  Exercise  C-3  (page  242) 

1.  (i)  3  (ii)  f  (iii)  5 

(iv)  6.1  (v)  2.725  (vi)  8.167 

(vii)  X\  —  x2,  if  ii  >  x2  or  a*2  —  X\,  if  x2  >  X\ 

(viii)  8a,  if  a  >  0  or  —8a  if  a  <  0  (ix)  6 

2.  (i)  —1, 5  (ii)  No. 


(iii)  Yes. 


(iv)  one 
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3.  B;  A  is  to  the  left  of  B  and  B  is  to  the  left  of  C. 

4.  Since  a  >  b,  M  is  to  the  right  of  N,b  >  c,  P  is  to  the  left  of  N. 

5.  (i)  2,  2,  4,  5  is  between  3  and  7. 

(ii)  5,  8,  13,  5  is  between  10  and  —3. 

6.  (i)  MN  <  MP,  NP  <  MP  (ii)  NM  <  NP,  MP  <  NP 

(iii)  MP  <  MN,  PN  <  MN 

7.  (i)  MN  +  NP  =  MP  (ii)  NM  +  MP  =  NP 

8.  (ii)  A  circle  is  a  point  set  such  that  each  member  of  the  set  is  the  same  distance 

(radius)  from  a  fixed  point  (centre). 

9.  (iii)  A  circle  is  closed,  i.e.,  it  has  a  finite  length  and  no  end  points. 

10.  (i)  1,11  (ii)  Q  is  the  midpoint  of  PR.  (iii)  No. 

(v)  If  PR  is  a  line  segment  and  Q  is  a  point  on  the  segment,  then  Q  is  the  midpoint 
if  PQ  =  QR. 

(vi)  Bisect:  to  divide  (separate)  into  two  equal  sets. 

11.  (i)  an  uncountable  number  (ii)  at  least  one 

12.  (ii)  If  A  is  7  miles  from  C,  A  is  between  B  and  C. 

Discovery  Exercise  C-4  (page  245) 

1.  (i)  completion  postulate  (ii)  measurements  of  angles 

(iii)  Z  ABC  -  ZABP  =  ZPBC,  ZABC  -  ZPBC  =  ZABP 

(iv)  an  indefinite  number 

2.  (i)  one 

3.  (i)  180°  (ii)  (c),  (e)  (iii)  145°,  108°,  75°,  96°,  88°,  65°,  50° 

4.  (i)  one  (ii)  90°  (iii)  A  right  angle  is  an  angle  whose  measurement  is  90°. 

5.  (i)  90°  (ii)  (a),  (b),  (e)  (iii)  20°,  28°,  36°,  48°,  18°,  54°,  72° 

6.  (i)  The  right  bisector  of  a  line  segment  is  the  line  containing  the  midpoint  of  the 

segment  such  that  the  line  and  segment  determine  a  right  angle.  (ii)  one 

7.  (a)  (i)  triangles  (ii)  acute  angles 

(iii)  An  acute  triangle  is  a  triangle  determining  three  acute  angles. 

(b)  (i)  triangles  (ii)  right  angle 

(iii)  A  right  triangle  is  a  triangle  one  angle  of  which  has  a  measurement  of  90° 

(c)  (i)  triangles  (ii)  obtuse  angle 

(iii)  An  obtuse  triangle  is  a  triangle  one  of  whose  angles  is  an  obtuse  angle. 

Exercise  D-l  (page  252) 

4.  180° 

6.  Draw  any  circle.  Draw  any  two  perpendicular  diameters  for  this  circle.  Bisect  the 
angles  so  formed  and  extend  the  bisectors  to  intersect  the  circle.  Join  the  8  points 
on  the  circle  in  order. 

Exercise  D-2  (page  255) 

6.  3  in. 

6.  The  circumscribed  circle  of  a  triangle  is  the  circle  which  contains  the  three  vertices 
of  the  triangle. 

Exercise  D-3  (page  256) 

1.  The  three  altitudes  of  any  triangle  are  concurrent. 

2.  The  three  medians  of  any  triangle  are  concurrent. 

3.  The  bisectors  of  the  angles  of  any  triangle  are  concurrent. 

4.  The  right  bisectors  of  the  sides  of  any  triangle  are  concurrent. 
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6.  Construct  the  right  bisectors  of  two  sides  of  a  triangle.  Their  point  of  intersection 
is  the  centre  of  the  circle  which  circumscribes  the  triangle.  The  radius  of  the  circle 
is  the  distance  from  the  centre  to  any  of  the  vertices  of  the  triangle. 

6.  The  orthocentre,  centroid,  and  circumcentre  of  any  triangle  lie  on  a  straight  line. 
This  straight  line  is  called  the  Euler  line  for  the  triangle. 

7.  The  exterior  angle  of  any  triangle  is  equal  to  the  sum  of  the  two  interior  remote 
angles. 

8.  If  a  transversal  intersects  two  parallel  lines: 

(i)  alternate  angles  are  equal; 

(ii)  corresponding  angles  are  equal; 

(iii)  pairs  of  interior  angles  on  the  same  side  of  the  transversal  are  supplementary. 


Exercise  8-1  (page  261) 

18.  and  19.  or 

20.  if  .  .  .  then  ...  21.  not 

22.  and  23.  if  .  .  .  then  .  .  • 

24.  if  .  .  .  then  .  .  .,  and  25.  not 

26.  if  .  .  .  then  .  .  .,  not  27.  if  .  .  .  then  .  .  and 

28.  If  2x  -f  4  =  8,  then  x  =  2  ;  P  — >  Q . 

29.  The  rooms  are  warm,  and  the  food  is  excellent;  A  and  B. 

30.  It  is  not  easy  to  bowl  a  perfect  game;  ~  Q. 

31.  a  >  b  or  a  —  b  or  a  <  b;  P  or  Q  or  R.  32.  x  +  3  ^  6;  ~  S 

33.  He  turned  around  and  looked  at  us;  D  and  E . 

34.  disjunction  35.  conjunction  36.  disjunction  37.  conjunction  38.  implication 

39.  disjunction  40.  disjunction  41.  negation  42.  implication  43.  implication 

44.  If  the  team  wins  today,  then  the  team  will  be  in  the  finals. 

45.  If  x  +  3  =  7,  then  x  =  4.  46.  If  x  +  b  =  a,  then  a  —  b  =  x. 

47.  If  x  X  b  =  a,  then  a  +  b  =  x.  48.  If  a  day  is  cloudy,  then  it  is  not  warm. 

49.  If  it  rains,  then  the  crops  will  grow.  50.  If  2x  +  4  =  14,  then  x  —  5. 

51.  If  an  argument  is  good,  then  it  is  logical. 

52.  If  an  argument  is  logical,  then  it  is  a  good  argument. 

53.  If  a  person  understands  logic,  then  he  will  understand  geometry. 


Exercise  8-2  (page  264) 

28.  none  29.  ~B  30.  T  31.  none  32.  A  ADC  =  90°  33.  none 

34.  AB  ||  DC  and  AD  ||  BC  35.  Z1  =  Z2  36.  none  37.  AB  =  DC 
38.  none  39.  none  40.  li\\  1 3  41.  h  \\  l*  42.  none 

43.  Two  circles  touch  externally.  44.  DE  1 1  BC 

Exercise  8-5  (page  272) 

18.  valid  19.  not  valid  20.  not  valid  21.  not  valid 

22.  valid  23.  A  monkey  has  four  legs.  24.  Z  ABCis  a  straight  angle. 

26.  Z  DEF  has  a  measurement  less  than  90°.  26.  none  27.  ZABC  =  ZDEF 

28.  A  single  point  is  a  geometric  figure.  29.  A  square  is  a  rhombus. 

30  Zl  +  Zi  =  (-2X+5)  +  ( —  3)(  —4) 

’-3  +  +5  (— 3)(+5) 


Review  Exercise  9-3  (page  294) 
6.  x  =  21,  Vertical  Angle  Theorem 
6.  y  =»  152,  Supplementary  Angle  Theorem 
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7.  x  =*  50,  y  =*  80,  Complementary  Angle  Theorem 

8.  a  =*  45,  Supplementary  Angle  Theorem 

9.  a  =  100,  Vertical  Angle  Theorem 

10.  x  =  90,  Supplementary  Angle  Theorem 

11.  x  =  90,  Supplementary  Angle  Theorem 

12.  x  -  50,  Vertical  Angle  Theorem  2/  =  130,  Supplementary  Angle  Theorem 

z  =  130,  Vertical  Angle  Theorem 

Exercise  11-1  (page  332) 

11.  If  two  triangles  are  congruent,  then  two  sides  and  the  contained  angle  of  one  triangle 
are  respectively  equal  to  two  sides  and  the  contained  angle  of  the  other  triangle. 


True. 


12.  If  two  angles  are  equal,  then  they  are  the  supplements  of  the  same  angle.  True. 

13.  If  a  triangle  has  two  unequal  angles,  then  it  has  two  unequal  sides.  True. 

14.  If  an  angle  is  less  than  a  given  angle,  then  it  is  part  of  the  given  angle.  False. 

15.  No  converse. 

16.  If  the  sum  of  two  angles  is  90°,  then  they  are  complementary  angles.  True. 

17.  Hypothesis:  BC  =  AC  =  AB 

Conclusion:  ABC  is  a  triangle  with  A  A  =  AB  =  AC.  True. 

18.  Hypothesis:  AAED  =  ACEB 

Conclusion:  AB  and  CD  are  lines  intersecting  in  E.  False. 

Exercise  12-2  (page  353) 

5.  (i)  APAB,  AQAC ,  A ABW,  Z TBC,  ABCS,  AACR 

(ii)  The  remote  interior  angles  of: 

APAB  are  AACB  and  A  ABC]  AQAC  are  AACB  and  A  ABC; 

A  ABW  are  ABAC  and  AACB ;  A  TBC  are  ABAC  and  AACB; 

ABCS  are  ABAC  and  A  ABC]  AACR  are  ABAC  and  A  ABC. 

(iii)  A  ABW,  A  TBC,  ABCS,  AACR 


7.  45°,  135° 


Exercise  13-5  (page  377) 
8.  105° 


Review  Exercise  13-10  (page  389) 


1.  (b) 

6.  (a) 


2.  (c) 
7.  (d) 


3.  (d) 
8.  (d) 


4.  (a) 
9.  (c) 


6.  (d) 
10.  (a) 


1.  2f  in. 

4.  If  in. 

7.  5.2  cm.,  11.4  sq.  cm. 


Exercise  13-11  (page  390) 

2.  5f  in.,  3§  in.,  3f  in. 

5.  7y^g-  in. 

8.  12.4  cm.,  4.0  cm.,  2.8  cm.,  8.7  cm. 


3.  f  in. 

6.  3f  in. 

9.  5.3  cm. 


Exercise  14-4  (page  405) 


3.  12,000  sq.  ft.  4.  2,400  sq.  cm. 

9.  (i)  mn  sq.  in. 


(iii)  The  area  is  tripled. 


7.  80  sq.  cm.  8.  700  sq.  in. 

(ii)  The  area  is  doubled. 

(iv)  The  area  is  four  times  as  great. 


Exercise  14-5  (page  408) 

6.  225  sq.  in.  6.  141  sq.  units 


4.  96  sq.  in. 


7.  24  sq.  cm. 
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4.  15  ft. 

7.  20  ft. 

10.  100  cm. 

23.  (i)  26  ft. 

24.  (i)  10  ft. 


Exercise  14-6  (page  415) 


6.  60  rods 
8.  75  miles 


16.  x 

(ii)  27.5  ft. 

(ii)  24  ft.  (iii) 


b2  +  a2 
2  a 

24.6  ft. 


c2 


6.  29  rods 
9.  63  in. 


17.  x 


c2  —  b2  —  a2 
2  a 


Exercise  14-7  (page  420) 

11.  ZABC  >  90° 

Exercise  14-8  (page  422) 

5.  850  sq.  ft.  6.  25,600  sq.  ft.  7.  62  sq.  units 

8.  17  sq.  units  9.  56  sq.  in.  10.  1.4  acres 

11.  28  sq.  in. 


1.  12  cm. 

4.  (i)  5  sq.  cm. 
6.  100  sq.  in. 

9.  32  sq.  in. 


Exercise  14-9  (page  424) 

2.  240  sq.  units  3.  14  sq.  in. 

(ii)  10  sq.  cm.  6.  24  sq.  in. 

7.  30  sq.  units  8.  8  in. 

10.  18  sq.  in.  11.  (i)  404  sq.  in.  (ii)  160  sq.  in. 


Exercise  15-1  (page  428) 


10  14  2  1 

3.  5  :  7  :  9  =  —  :  —  :  6,  k  =  12  :  18  :  24  =  2  :  3  :  4,  k  =  - 

3  3  3  6 


4.  4  :  5 
7.  (i)  2  :  3 


6.  18  inches,  12  inches 


6.  5  :  3 


(ii)  4  :  9 


14.  30 


Exercise  16-2  (page  430) 

15.  (i)  7  (ii)  y2  (iii)  x2  -  y2 


16.  ±  10  17.  (i)  ±  12 

(v)  ±(x2  -  y2)  18.  4 

19.  (i)  27 


(«)  ±| 


(iii)  ±  1 


< 


(iv) 


cl  -(-  b 


a 


(iv)  ±  ar 


20.  (i)  7  :  5 

12  5  3  b  T  a 

(v)  “ >  o’  - 

5  2  1  a 


(ii)  3  :  2 


2i.  (i)  | 


22.  42  cm. 


24.  (i)  - 
o 


(iii)  ar2 

(iii)  2  :  1 

2  1  1  6  -  a 

(v0  :,  ", 


(iv)  y2 
(iv)  b  :  a 


5’  2  r 


a 


2 

(iH)  z 

o 

2 

23.  (i)  - 
25.  (i)  - 


®! 

<ii>? 
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26.  (i) 


m 

m  -j-  n 


28.  (i) 


a  +  b 
2  a 


(ii) 

(ii) 


n 

m  n 
a  —  b 
2  a 


27.  (i) 


2m 

2  m  +  3s 


(ii) 


3s 

2m  3s 


Test  Papers  1-4 
Test  Paper  1  (page  456) 
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A 

A  X  A, 
relations  in,  169 
A  X  B, 

relations  in,  169 
Abscissa,  165 
Absolute  value, 
definition  of,  88 
in  equations,  90 
Acute  angle,  247 
Addition, 

identity  element,  40 
inequalities,  78 

of  rational  expressions,  152-154 
of  rational  numbers,  40 
Alexandria ,  229 
University  of,  370 
Alternate, 

angles,  258,  356 
Alternation, 

of  the  means,  429 
Altitude ,  396 
of  a  triangle,  253 
Analysis, 

of  a  deduction,  269 
of  geometric  deductions,  280 
of  a  problem,  97-100 
Angle, 
acute,  247 
bisector  of  an,  249 
completion  postulate,  245 
construction  of  an,  248 
definition  of,  234 
dihedral,  236 
measure  of  an,  244 
obtuse,  247 
reflex,  245 
right,  246 
straight,  244 

Angle  Bisector  Theorem,  384 
Angles, 

alternate,  258,  356 

classification,  with  a  transversal,  356 

complementary,  246 

congruence  postulates,  297 

corresponding,  258,  356 

of  an  equilateral  triangle,  376 


interior  remote,  257 
interior,  on  the  same  side  of  the 
transversal,  356 
supplementary,  246 
Angle  sum,  245 
of  a  triangle,  375 
Appolonius,  229 
A  pproximation, 
rational,  50 
Archimedes ,  229 
Area, 

measurement  of,  404 
of  a  parallelogram,  405 
of  a  polygonal  region,  394-5 
postulate,  404 
of  a  rectangular  region,  405 
of  a  trapezoid,  421 
of  a  triangle,  407 
Areas, 

of  polygons,  394 
ratio  of,  427 
Associative  Law,  10 
real  numbers,  53 
Assumptions,  237 
Atomic, 
sentence,  259 
Authorities,  267 
summary  of,  448 
Axes,  165 
Axioms, 

number,  275 

B 

Base,  54 
Between, 

parallel  lines,  395 
Betweeness, 
definition  of,  241 
Biconditional, 
sentences,  333 
Binary , 

relations,  160 
Binomials,  26 
Bisector, 
of  an  angle,  249 
right,  247 
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Bolyai,  230 
Boundary, 

of  a  half-plane,  183,  236 
C 

Cartesian  product,  169 
Cartesian  set,  167 
Centroid, 
of  a  triangle,  257 
Circle, 

circumscribed,  255 
Circumcentre, 
of  a  triangle,  257 
Circumference, 
of  the  earth,  370 
Circumscribed  circle ,  255 
Closure,  10 
real  numbers,  53 
Closure  Law, 

properties  resulting  from  the,  275 
Coefficients, 

equations  with  literal,  221 
Collinear  points,  238 
Common  factor,  122 
Commutative  Law,  10 
real  numbers,  53 
Comparison, 

solving  equations  by,  202 
Complementary  angles,  246 
Complementary  Angle  Theorem,  285 
Completeness  property , 
real  numbers,  54 
Completion  postulate, 
for  angles,  245 
for  area,  394-5 
for  line  segments,  241 
Completion  postulates,  274 
Compound  sentence,  259 
Compound  sentences, 
graphs  of,  85 
Concurrent  lines,  238 
Conditional  sentence,  260 
Conditions, 
sufficient,  442 
Congruence, 
aas  Theorem,  381 
fundamental  postulates,  296 
matching,  296 
postulate  (asa),  321 
postulate  (sas),  303 
postulate  (sss),  313 
Right  Triangle  Theorem,  382 
Congruent, 
angles,  297 
line  segments,  297 
Congruent  triangles, 
practical  implications,  326 


Conjecture,  227,  256 
Conjunction, 
of  two  sentences,  260 
Connective, 
if  and  only  if,  333 
sentential,  260 
Consequent, 
logical,  263 
Consistent, 

systems  of  equations,  220 
Constant, 
terms,  118 
Constructions, 

fundamental  ruler-compasses,  248-255 
Contradiction, 

Law  of,  346 
proof  by,  347 
Contradictory,  346-7 
Converse, 

Pythagorean,  418 
statements,  330 
theorems,  334-5 
Converses, 
multiple,  343 
Coordinate,  165 
x-,  165 
y-,  165 
Corollary, 

definition  of,  285 
Correspondence, 
one-to-one,  166 
Corresponding, 
angles,  258,  356 
Counterexample,  256 
Cross  multiplication, 
of  a  proportion,  429 
Cross-products,  162 
Curve, 
simple,  393 

D 

Decimal, 

non-periodic,  50 
Decimals, 

non-terminating,  45 
recurring,  45 
terminating,  45 
Deduction, 
logical,  259 
Deductions,  284 

analysis  of  multi-step,  309 
miscellaneous,  454 
multi-step,  317 
Deductive, 
proofs,  266 
reasoning,  262 
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Deductive  reasoning , 
summary  of  authorities,  448 
Defining  sentence,  70 
of  a  relation,  169 
Definitions, 

of  basic  geometric  figures,  232 
fist  of,  449-452 
Degree,  244 
Denominator,  32 
Density, 

of  rational  numbers,  48 
Dependent, 

systems  of  equations,  220 
Descartes,  Rent,  230 
Detachment, 

Law  of,  263 

Difference  of  two  squares, 
factors  of,  132 
Digit, 

problems,  217 
Dihedral  angle,  236 
Diophantus,  230 
Disjunction, 

of  two  simple  sentences,  260 
Distance, 

between  parallel  lines,  373 
problems,  110 
Distributive  Law,  10 
real  numbers,  53 
Division, 

inequalities,  79,  80 
of  rational  expressions,  150 
in  the  set  of  rational  numbers,  37 
by  zero,  11 
Domain, 

of  a  relation,  171 


E 

Edge, 

of  a  dihedral  angle,  236 
of  a  half-plane,  236 
Einstein,  230 
Elimination, 

by  addition  or  subtraction,  207 
by  substitution,  204 
Equality  relation, 

properties  of  the,  275 
Equal  Triangle-Parallel 
Line  Theorem,  407 
Equation, 

general  linear,  179 
in  problem  solving,  96 
quadratic,  135 
root  of  an,  67 
solution  set  of  an,  67 
verification  of  an,  69 


Equations, 

consistent  systems,  220 
dependent  systems,  220 
equivalent,  68 

equivalent  systems  of,  200-202 
first  degree  in  one  variable,  67 
fractional  coefficients,  72 
inconsistent  systems,  221 
involving  absolute  value,  90 
involving  products,  74 
with  literal  coefficients,  221 
in  more  than  two  variables,  210 
solving  by  addition  or  subtraction,  207 
solving  by  comparison,  202 
solving  by  substitution,  204 
Equiangular, 
triangle,  337 
Equilateral, 
triangle,  337 
Equivalent, 
equations,  68 
inequations,  82 
rational  expressions,  149 
systems  of  equations,  200-202 
Eratosthenes,  229 
Euclid,  229,  370 
Elements,  229 
Euler  circles,  7 
Existence, 
postulates,  274 
Exponent,  55 
zero,  57 
Exponents, 

Laws  of,  55,'  56,  57,  58 
Laws  for  integral,  61 
negative  integral,  60 
non-negative,  58 
Exterior  angle, 

of  a  triangle,  257,  351,  375 
Exterior  Angle  Theorem,  352 
Extremes, 

of  a  proportion,  428 


F 

Factoring, 

difference  of  two  squares,  132 
by  the  Factor  Theorem,  138 
by  grouping,  123,  133 
incomplete  trinomial  square,  137 
polynomials,  118 
summary,  142  ^ 
trinomials,  125-128 
trinomial  squares,  130 
Factors, 

common,  122 
in  the  set  of,  121 
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Factor  Theorem ,  138 
Fraction ,  32 

denominator  of,  32 
numerator  of,  32 


G 

Gauss,  230 
Generalization,  256 
Geometers, 
of  antiquity,  228 
Geometry, 
basic  ideas  of,  231 
the  story  of,  228 
Graph, 
origin,  166 
quadrant,  166 
Graphs, 

of  compound  sentences,  85 
of  ordered  pairs,  164 
of  relations,  172 
of  solution  sets,  75 
Greater  than, 
inequality,  78 
Grouping, 

to  obtain  a  difference  of  two  squares, 
133 


H 

Half-line, 
definition  of,  233 
Half -plane, 

boundary  of,  183,  236 
Harpedonaptae,  228 
Heron,  230 
Hilbert,  230 
Hypothesis,  263 


I 

I,  the  set,  13 
Identity  element, 
for  addition,  11,  40 
for  multiplication,  10,  22 
Identity  elements, 
real  numbers,  53 
If  and  only  if, 
connective,  333 
Implication,  260 
Incomplete  trinomial  square, 
factors  of,  137 


Inconsistent, 

systems  of  equations,  221 
Indirect  proof,  346 
steps  in  an,  348 
Inductive, 
reasoning,  256 
Inequalities, 
addition,  78 
rule  for  addition,  78 
rule  for  division,  79-80 
rule  for  multiplication,  79-80 
subtraction,  78 
Inequality, 
definition  of,  78 
greater  than,  78 
less  than,  78 
relation,  78 
sense  of,  79,  80 
Inequality  relations, 
for  real  numbers,  82 
Inequation, 

in  problem  solving,  97 
Inequations, 
equivalent,  82 
fractional  coefficients,  84 
intersection,  189 
involving  products,  84 
linear  relations,  182 
solution  of,  82 
union,  189 
verification  of,  83 
Infinite  decimal,  50 
Integers, 
addition  of,  14 
multiplication  of,  21 
the  set  of,  13 
Intercept, 

method  of  plotting,  180 
x-,  of  a  linear  relation,  179-180 
y-,  of  a  linear  relation,  179-180 
Interior, 

angles  on  the  same  side  of  a 
transversal,  258 
angles  of  a  triangle,  257 
Intersection, 
of  sets,  86 
relations,  186,  189 
Inverse, 

additive,  18 
multiplicative,  33 
Inverse  elements, 
real  numbers,  53 
Inversion, 

of  a  proportion,  429 
Irrational  numbers,  49 
rounding  off,  52 
Isosceles  Triangle  Theorem,  335 
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Klein,  230 


L 

Lattice,  164 
lines,  164 
points,  164 
Law, 

of  real  numbers,  53-54 
rela  ting  variables,  103 
Leibnitz,  230 
Less  than, 
inequality,  78 
Like  terms,  27 
Line,  231,  232 
segment,  232-233 
Linear, 

general  equation,  179 
Linear  equations, 
systems  of,  199 
Linear  relation,  179 
^-intercept,  180 
y-intercept,  180 
Linear  relations, 
defined  by  inequations,  182 
in  physics,  193 
Lines, 

concurrent,  238 
parallel,  355 
perpendicular,  246 
Line  segment, 

completion  postulate,  241 
directed,  14 
length  of  a,  240 
length  postulate,  241 
measurement  of,  240 
right  bisector  of  a,  253 
Line  segments, 
congruence  postulate,  297 
parallel,  355 
ratio  of,  427 
Lobachevski,  230 
Logical, 

consequent,  263 

Lowest  Common  Denominator,  72 


M 

M  ajor, 

premise,  263,  270 
M  atching, 

congruence,  296 
Mathematical  method,  227 


Means, 

of  a  proportion,  428 
Measurement, 
of  an  angle,  244 
of  area,  404 
Median, 

definition,  254 
of  a  triangle,  401 
Menelaus,  230 
M  inor, 

premise,  263,  270 
M  iscellaneous, 
deductions,  454 
Models,  231 
M  olecular, 
sentence,  259 
Multiple, 

converses,  343 
Multiplication, 

identity  element  for,  33 
inequalities,  79,  80 
of  rational  expressions,  150 
of  rational  numbers,  32 
Multiplicative  inverse ,  33 


N 

N-line,  12 
No-line,  12 
N,  the  set,  10 
No,  the  set,  11 
Natural  numbers,  10 
Negation,  346 
of  a  sentence,  260 
Negative, 

rational  numbers,  36,  41 
Neutral  element, 
for  addition,  10 
for  multiplication,  12 
Newton,  230 

Non-Euclidian  geometry,  230 
N on-periodic  decimal,  50 
Null  set,  0,  2 
Number, 
axioms,  275 
Number  line, 
rational,  48 
Numbers, 
integers,  13 
irrational,  49 
natural,  10 
rational,  31 
real,  52 
Numerals,  231 

in  standard  form,  62 
Numerator,  32 
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O 

Obtuse  angle,  247 

One-to-one  correspondence,  240 

Order, 

properties,  275 
in  the  set  of  integers,  18 
in  the  set  of  rational  numbers,  43 
in  the  set  of  real  numbers,  53 
Ordered  pairs,  162 
graphs  of,  164 
Order  relations, 
transitive  property,  44 
trichotomy  property,  44 
Ordinate,  165 
Origin,  166 
Orthocentre, 
of  a  triangle,  257 


P 

Parallel, 

construction  of  a,  253 
lines,  355 
line  segments,  355 
planes,  385 
postulate,  355 
Parallel  lines, 
distance  between,  373 
figures  between,  395 
Parallel  Line  Theorem,  359,  365 
Parallelogram, 
area  of  a  ,  405 
definition  of  a,  362 
Theorems,  371-2 
Parallelogram  Area  Theorem,  397 
Parallelogram-Diagonal  Theorem,  400 
Parallelograms, 
on  equal  bases,  398 
Parallelogram-Triangle  Area 
Theorem,  401 
Perpendicular,  246 
construction  of  a,  249,  252 
lines,  361 
planes,  385 
Phi,  0,  2 
Physics, 

linear  relations  in,  193 
Pi,  7 r,  50 
Plane,  231 
Planes, 

fundamental  properties  of,  384 
parallel,  385 
perpendicular,  385 
Plato,  229 

Playfair’s  Axiom,  355 


Plotting, 

intercept  method,  180 
Point,  231 
Points, 

collinear,  238 
lattice,  164 
Polygon, 

definition  of  a,  393 
simple,  393 
Polygonal, 
path,  393 
region,  394 
Polynomial, 
degree  of,  118 
factoring,  118 

general,  first  degree,  one  variable,  119 
general,  second  degree,  one 
variable,  119 
Polynomials,  25 
addition  and  subtraction  of,  26 
multiplication  of,  29 
Pons  asinorum,  339 
Positive, 

rational  numbers,  36 
Postulates,  237 
summary  of,  452 
Power,  54,  58 
Premise, 
major,  263,  270 
minor,  263,  270 
Premises, 

of  an  argument,  263 
Principle  of  equivalent  fractions 
( PEF ),  34 
Problem, 

variables  in  a,  102 
Problems, 
age,  114 
digit,  216 

distance,  speed,  time,  110 
involving  rate  per  cent,  108 
rate,  216 

Problem  solving,  96 
analysis,  97-100 
Proof, 

indirect,  346 
of  a  theorem,  286 
Proofs, 

deductive,  266 
Property, 

transitive,  54 
trichotomy,  54 
Proportion,  426 
properties  of  a,  428 
Proportional,  427 
fourth,  428 
mean,  429 
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Proportionality  factor,  427 
Ptolmey,  229 
Pythagoras ,  229,  411 
Pythagorean  Converse,  418 
triples,  419 
Theorem,  412,  448 

Q 

Q,  the  set,  31 
Quadrant,  166 
Quadratic, 
equation,  135 
Quadrilateral,  362 

Quadrilateral-Parallelogram  Theorem ,  371 


R 

R,  the  set,  52 
Range, 

of  a  relation,  171 
Rate  per  cent, 

problems  involving,  108 
Ratio,  426 
of  areas,  427 

of  the  areas  of  two  triangles,  427 
of  line  segments,  427 
Rational, 
number  line,  48 
Rational  approximation,  50 
Rational  expressions, 
addition  of,  152-154 
division  of,  150 
equivalent  forms,  149 
multiplication  of,  150 
reducing  to  lowest  terms,  147 
simplification  of,  146 
subtraction  of,  152 
Rational  numbers,  31 
addition  of,  40 
alternate  forms  for,  37 
basic  multiplication  property,  32 
in  decimal  notation,  45 
density,  48 

division  in  the  set  of,  37 
identity  element,  33 
negative,  36 
order  relations,  43 
positive,  36 
product  of,  32 
the  set  of,  31 
subtraction  of,  41 
Ratios, 

two- term,  428 
Ray, 

definition  of,  233 


Real  numbers, 

inequality  relations,  82 
laws  of,  53 
Real  numbers  ( R ), 
the  set  of,  52 
Reasoning, 
deductive,  259,  262 
inductive,  256 
Reciprocal,  33,  38 
Rectangle, 
area  of  a,  398 

Reducing  to  lowest  terms,  147 
Reflex  angle,  245 
Relation, 

defining  sentence  of  a,  169 
domain  of  a,  171 
inequality,  78 
range  of  a,  171 
Relations, 
in  A  X  A,  169 
in  A  X  B,  169 
binary,  160 
graphs  of,  172 
intersection,  186,  189 
linear,  179 
union,  187,  189 
Relativity, 
theory  of,  230 
Replacement  set,  25 
Rhombus,  374 
Right  angle,  246 
Right  bisector,  247 
construction  of  a,  253 
Theorem,  339 

Right  Triangle  Congruence  Theorem,  382 
Root, 

of  an  equation,  67 
S 

Satisfies,  69 
Scientific  notation,  62 
Sentence, 
atomic,  259 
compound,  259 
conditional,  260 
molecular,  259 
negation  of  a,  260 
simple,  259 
Sentences, 

biconditional,  333 
conjunction,  260 
disjunction,  260 
graphs  of  compound,  8p 
Sentential , 

connective,  260 
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Set , 

concept  of,  1 
equivalent,  3 
of  factors,  121 
finite,  2 

indicating  membership  in,  1 
infinite,  2 
intersection  of,  6 
null,  2 

subset  of  a,  5 
universal,  7 
Set-builder  notation ,  70 
Sets, 

disjoint,  5 
identical,  3 
intersection  of,  86 
of  points,  233,  234 
union  of,  6,  86-87 
Side , 

of  an  angle,  236 
Sides, 

of  a  polygonal  path,  393 
of  a  triangle,  234 
Similar, 
figures,  438 
Similar  figures, 

correspondence  between  parts,  440 
definition  of,  439 

Similar  Triangle  Theorem  (aaa),  442 
Simple, 
polygon,  393 
Solidus,  70 
Solution, 

of  inequations,  82 
Solution  set, 

of  an  equation,  67 
of  a  system  of  equations,  199-200 
Solution  sets, 
graphs  of,  75 
Space,  231 
Speed, 

problems,  110 
Standard  form, 
numerals  in,  62 
Statements,  267 
converse,  330 
Straight  angle,  244 
Substitution, 
elimination  by,  204 
Subtraction, 
inequalities,  79 
of  rational  expressions,  152 
of  rational  numbers,  41 
Sufficient , 

conditions,  442 
Summary, 
of  authorities,  448 


of  definitions,  449-452 
of  postulates,  452 
Supplementary  angles,  246 
Supplementary  Angle  Theorem,  286 
Syllogism,  270 
Synthesis,  267 
System, 
logical,  227 

solution  set  of  a,  199-200 
Systems, 

equivalent  (of  equations),  200-202 
of  linear  equations,  199 
Systems  of  equations, 
problems  solved  by,  214 


T 

Test  papers,  456-461 
Thales,  228,  339 
Theorem,  227 
aaa  Similar  Triangle,  442 
aas  Congruence,  381 
Angle  Bisector,  384 
Complementary  Angle,  285 
Equal  Triangle-Parallel  Line,  407 
Exterior  Angle,  352 
Isosceles  Triangle,  335 
Parallel  Line,  359,  365 
Parallelogram,  372 
Parallelogram  Area,  397 
Parallelogram-Diagonal,  400 
Parallelogram-Triangle  Area,  401 
Pythagorean,  412 
Pythagorean  (alternate  proof), 
413,  447 

Quadrilateral-Parallelogram,  371 
Right  Bisector,  339 
Right  Triangle  Congruence,  382 
Supplementary  Angle,  286 
Trapezoid  Area,  421 
Triangle  Angle  Sum,  375 
Triangle  Area  Ratio,  432 
Triangle  Inequality,  351 
Triangle  Proportionality,  434 
Vertical  Angle,  291 
Theorems,  284 
converse,  334-5 
Time, 

problems,  110 
Transitive  property,  44,  54 
for  inequalities,  19,  78,  82 
Transversal, 

angles  formed  by  a,  356 
interior  angles  on  the  same  side  of 
a,  258 
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Trapezoid, 
area  of  a,  421 

Trapezoid  Area  Theorem,  421 
Triangle, 
acute,  247 
altitude  of  a,  253 
angle  sum  of  a,  375 
area  of  a,  407 
centroid  of  a,  257 
circumcentre  of  a,  257 
congruence  postulate  (asa),  321 
congruence  postulate  (sas),  303 
congruence  postulate  (sss),  313 
definition  of  a,  234 
equiangular,  337 
equilateral,  235,  337 
exterior  angle  of  a,  257,  375 
isosceles,  235 
obtuse,  247 
orthocentre  of  a,  257 
right,  246 
scalene,  235 

Triangle  Angle  Sum  Theorem,  375 
Triangle  Area  Ratio  Theorem,  432 
Triangle  Inequality  Theorem,  351 
Triangle  Proportionality  Theorem,  434 
Triangles, 

definition  of  congruence,  299 
Trichotomy  assumption,  19 
Trichotomy  property,  44,  54,  78,  82 
Trinomials ,  26 
factors  of,  125-128 
Trinomial  square, 
factors  of,  130 
Triples, 

Pythagorean,  419 
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Undefined  terms,  232 
Union , 

of  point  sets,  234 
relations  involving,  187,  189 
of  sets,  85-87 

V 

Variable, 
terms,  118 
Variables, 
law  relating,  103 
in  a  problem,  102 
Vector,  14 

Venn  diagrams,  5,  7 
Verification, 
of  an  equation,  69 
of  inequations,  83 
Vertical  Angle  Theorem,  291 
Vertices, 

of  a  polygonal  path,  393 
of  a  triangle,  234 

X 

x-axis,  165 
x-coordinate,  165 

Y 

y-axis,  165 
y-coordinate,  165 

Z 

Zero, 

addition  and  subtraction  of,  11 
division  involving,  11 
multiplication  by,  11,  21 
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